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1. Vector operators

The operators corresponding to various physical quantities will be characterized by their
behavior under rotation as scalars, vectors, and tensors.

XN
J

We assume that the state vector changes from the old state |g//> to the new state |g//'> .

or

A vector operator V for the system is defined as an operator whose expectation is a vector
that rotates together with the physical system.

Wlv) =28l |v)
J

or

or
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or

For For n = ey,

0 ¢
RE=0 10
0 1

or

We can use this expression as the defining property of a vector operator.

Levi-Civita symbol: &k
a=e31=&12=1
an=a13=&21=-1
all other gjk. =0.

((Example))
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When V = and j:ﬂ,
[%,L,]1=ihe, %
When A =p,and J =L,
[p-L,1=ihe, p,

25 Cartesian tensor operators

The standard definition of a Cartesian tensor is that each of its suffix transforms under the
rotation as do the components of an ordinary 3D vector,
The Cartesian tensor operator is defined by

(') = ;%ikWWI%IW

under the rotation specified by the 3x3 orthogonal matrix R .

7;1' = RZ‘,SRz‘kSR_/lTklRJr
ki

The simplest example of a Cartesian tensor of rank 2 is a dyadic formed out of two vectors
U and V.

A ey

T, =UYV,

>

where U, and V, are the components of ordinary 3D vector operators. There are nine

components: 1+3+5 = 9. This Cartesian tensor is reducible. It can be decomposed into the
three parts.

~ A . V. +
Uy. = o. +
t 3 7 2 2 3 7

The first term on the right-hand side, U-V isascalar product invariant under the rotation.
The second is an anti-symmetric tensor which can be written as
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ik (IAJ X ‘A])k
There are 3 independent components.

0 ap 4y
—dp 0 ays

—a; —ay 0

The third term is a 3x3 symmetric traceless tensor with 5 independent components (=6-1,
where 1 comes from the traceless condition.

with a,,+a,, +a;; =0

In conculsion, the tensor YA;] = l}ll}/ can be decomposed into spherical tensors of rank
0, 1, and 2.

3. Spherical tensor
Notice the numbers of elements of these irreducible subgroups: 1, 3, and 5. These are
exactly the numbers of elements of angular momentum representations for j =0, 1, and 2!

The first term is trivial: the scalar by definition is not affected by rotation, and neither is an
j =0 state.

To deal with the second and third terms, we introduce tensor operators having three
and five components, such that under rotation these sets of components transform among
themselves just as do the sets of eigenkets of angular momentum in the j = 1 and j = 2
representation, respectively.

Suppose we take a spherical harmonics Y,"(6,4) = ¥,"(n), where the orientation of the

unit vector n is characterized by 8 and ¢. We now replace n by some vector V . Then we

have a spherical tensor of rank 4 (in place of /) with magnetic quantum number (in place
of m).

T =Y"(V)

The quantity
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R, (x,y,2)=1r"Y"(6,9)

is a homogeneous polynomial of order /.

The quantity B _(x,y,z) = 477[1’1/1[’(6’, ¢) 1s a first order homogeneous polynomial in x, y,

and z.
()
Bi(ey.2)= Ly 0.9) = -1
, : =
V. +iV
(ii)
Rolxy,2) = 477["140(6’,@ =z
O = v
(iii)

4r - xX—i
Pl,fl(xayaz): TI’YI 1(0’¢):—y

NG

T(l)_Kc—iVy

V="7

The above example is the simplest nontrivial example to illustrate the reduction of a
Cartesian tensor into irreducible spherical tensors.

T® =¥"(V)

|n'> =R n>

(n=(n

R+
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]'é+

l,m’)(l,m'|l’§+

L=y

m'

l,m>

(o’

l,m> = <n|1’§+ l,m'><l,m'|l’é+

Lm)=2 (n

m'

l,m>

or

l,m'>*

Y= 31" (){l,m|R

DY (R)={l,m|R

m,m

I m'>
If there 1s an operator that acts like V" (V), it is then reasonable to expect

L) =3 (VD (RY

mm'

RY"(VIR=Y"(V)l,m|R

m'

We define a spherical tensor operator of rank £ as a set of 2k+1, 72“‘) ,q=k, k-1,..., -k such

that under rotation they transform like a set of angular momentum eigenkets,

RTOR= 3 DO (RYFW, (1)
=
where
T =1 (V)
DY) (R)= <k,q|f€ k,q'>
or

D) (R) = (k.q|Rlk.q') = (k.q'|R"

k, q>
with g =k, k-1,..., -k. This can be rewritten as

k
p+T () p _ (k) ¢ p+y7 k)
R'TR="Y DY (R)TY

q'=—k

The switching of R — R* leads to another expression
g p
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k

pT (k) p+ _ (k) ¢ py7 (k)

RTVR" = Zqu,q (R)T! )
q'=—

Considering the infinitesimal form of the expression (1), we have

A

(k) 'i igl-n
ZT <’q|+ f

q'=—k

za‘Jn

a+

4)

or

)

q

79 4 1§, F 0= 7 4 2 S 0 g
h >Tq q h q' ’

q'=—k

or

[3on7= Y7 kg

4)

In general, we have

[,10]= Y70k q

q'=—k

4)

Using the Wigner-Eckart theorem, this can be rewritten as

T(k)

S gl feg)

T et

= (k.liq,
= Jk(k+1){k1;q,

This can be also described as

Y<kl|lJ k>

Y<k|[J|k>T%
>T(k)

qt+u

. (k1 k .
[J,, T®]= (=)o k(k+1)(2k+1)L jT(f)
o I qg u —(g+m) """

using the Wigner 3;j symbol.

Forn=ey, ey, e,
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k

[T 1= 21, (k.q'V | k.q) = g T (3)
q'=—k

o T01= Y10 (kg kg)
q'=—k

=~

T(k) Z <"y

.4)

[ji7Tq(k)]: Zk:f'q(k)< .q'

q'=k

.q) = (kT )k g+ DT )

These two commutation relations can also be taken as a definition of a spherical tensor of
rank k.

We now consider

k
Pk p+ _ k) ¢ pyT (K
RT™R" =Y DS)(R)T,

q'==k

This equation is rewritten as

k
p7 (k) _ ) ¢ PYT R D
RES = Y D RTR

q'=—k
Then have
=L WomR]jom)
g—
= Y S ORI RS jom)
q'=—k m'

(a) Spherical tensor operator of rank 1
The spherical tensor operator of rank 1 is related to the vector operator by the relation,

R V +il A L V=iV
Ti(l) —__x y , To(l) =V - )

V2 a T2

The vector operator V satisfies the commutation relation.

[V, J 1= ihe,V,
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Using this relation, we can show that

T 1 . |- 5 A
/.. 1,']=[J.,— N ]=—2[ iV, Z]=—2(—1th—th)=th

where

V., J 1=iheV, =iV, [V, J.]=ihey V. =ihV,
(b) Spherical tensor operator of rank 2

Spherical tensor of rank 2

) -iy)  (x—ip)(x+ iy)]

/ [22 _
P o(x,y,z)=r Y, (0,¢) = (3 - \/7 2 NG 2

~(2) :\/ETI(I)TI(I) ) 0(1) +711(1) 1(1)
70 — 1 /
8” \/g

N 15 +i
P, (x,y,2) = r'Y;2(0,4) = (" fly %

£, =\/%(ﬁl(”)z

(x,9,2) =r’Y,(0,¢) = 15 z(x—iy) +(x—iy)z

87 V242

AIOL O N OT-IO)
72(2): ETO I, +T, 71,

- 87 \/5

P (% ,2)=r"Y,(0,9) = ‘\/g o %(%C 1Y)z
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AMAD L ADAD
jo_ [BL L +1 T
! 8 \/5

5. Construction of new tensors: product of tensors
((Theorem))

Let X ;{‘1) and 2;’:” be irreducible spherical tensors of rank 4 and 4>, respectively. Then

f:](k) _ Z(kpkz“]v‘]z |k1,k2;k,q>)2';1"1)2$2)

91,92

is a spherical (irreducible) tensor of rank k. (k,,k,;q,,q, |k;,k,;k.q) is the Clebsch-Gordan
coefficient.

((Proof))

RTOR™ =Y (ky k34,05 by Ky e, g )(RX SV RTYRZER™
q91-92
= Z<k1’k23ql’%|k1’k23k’q>D$‘q)l(E)X;ﬁl)Dg%q)z(é)ZAg%)
95925992

= Z<k1,k2;q1,q2|kl,k2;k,q><k1,k2;ql',q2'|kl,kz;k",q'><k1,k2;q1,q2|kl,kz;k",q">D;{{;”)(l%))%$‘)ZAg?)
91.92.9192"
oz

42

k".q

= D 8,00, o (kky3a, 4, |k ke K" g ) DU (R) X SV Z L)
9,92
k".q"q"

= Z<k1ak2Q%va%v|klakzQkaqv>X;ﬁl)ZAg%)D;{2(ﬁ)

CAUIRUS
— (k) ¢ py7(0)
- ZDq'q (R)Tq'
o

where

pY (k) p+ _ (k) py vk
Rqul R _ZD‘II}% (R)qu,l

q'

AA(kz) D+ _ (ky) D A(kz)
RZ‘h R _ZD%'% (R)Z‘h'
9"

and the Clebsch-Gordan series given by

D;lk,'q)l (R)D;f?q)z (R)= Z<k1,k2;q1',q2' kl,kz;k",q'><kl,k2;q1,q2 klakz;k"aqu;g?(R)

k"g"q’
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where

D (R)=(I,m|R

l, m’>

Dy, xD, =D, .y, +D; y +..+D

(The proof of this series will be given in the APPENDIX.

((Example))
We now consider the case,

D xD,=D,+D, +D,
or

k=2,1,and 1.

Tensor of rank 2

k=2,
q1 = laOa'la and q2 = 1,0,-1, and
4z
F
-1,1) 0.1} (1,1
0=2
-1,00 0,0y 1,[]).. i
o=1
-1,-10 SN (0-1) (1.-1)
g=-2 0=-1 g=0
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10 =220 =0, =20, +i0,)P, +iV,)

| 2 2

v (1) 7 (1) v (1) 7 (1) T T T
jor _XOZP+ XPOZP _UF, 0, :_[UZ

7o _ XOZO42XPZ0 + X020 OV 420/, +0 Y, UV, +UV, -2U,
’ J6 J6 J6
oy XPZO+ Xz Oy, 0 W, (UV.+UV, » Uy .+U7,
- V2 2 2 2
79 =x9z0 =01, =S U iU )V, =iV)
When U, =V, = %, (in a special case),
72 1 VS I 2
5 2(x+1y)(x+zy)—5x - V) +ixy
T = -2 - ipz
7’_‘,0(2) _ A2+J’>2_222
Je
TP = 32— ip2
A . 1 .
TG = E(x +ip)X+ip) = 5 £ - PP —ixp
Therefore we have the following relations.
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-9 =TP+TY

Xy = —
2i

o TP 4T
yz = :
—2i

7’;(2)_7’2(2)

Z = =
-2

[MJ __fO _

Tensor of rank 1

0z
A

-1,1) k0,13

-1.0) (0,0} (1,0).' s

4=1
(0-1) 1-1
o=-1 =0

Xz -xPz2" Uy, -UV,

70 =
V2 V2

X029 - x92 vy, Uy,

70 =
V2 V2

_ X2 - X8z Uy, -U L

o
7 V2 V2

Tensor of rank 0
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0z
“1,1) 4

(0,0)

» O

(1-1

X2 X2 4 X920 UV, U U,

3 V3

0) _
To =

Tensor of rank 2

LY =Xx"2,"=UV,

7O _ X2+ X2 _ UV, +U,
1 \/E \/E

7O X"Z8 +2x"7" + X072 Uy 20V, +U_V,
0 \/g \/g

7O — X(EI)ZEII) +X£11)Z(§1) — UV, +U_V,
-1 \/E \/E

T =UV,

((Mathematica))

Spherical Harmonics as rotator matrices 15 1/18/2019



Clear["Global *"]; CCGG[{jl , m1_ }, {j2_, m2_}, {j_, m_}] :=
Module[{sl1},
sl = If[Abs[m1] < j1 &&Abs[m2] < j2 && Abs[m] < 7,

ClebschGordan[{jl1, ml1}, {72, m2}, {7, m}], O1]:

CceG[ji1 _, j2 , 71 :=

Table[Sum[CCGG[{j1, k1}, {j2, k2}, {7, k1 +k2}] X[j1, k1] Z2[j2, k2]
KroneckerDelta [kl + k2, m], {k1, -j1, 71}, {k2, -52, 72}1, {m, -3, 7}1:

CG[1, 1, 2]

X[1, -1] 2[1, -1], ,
{xT 1z] ] NS + :
X[1, 1] 2[1, -1] | 2 X[1, -1] z[1, 1]
\/E + 3 X[1, 0] z[1, O] + - ,
X[1, 1] Z2[1, 0] X[1, 0] 2[1, 1]
, X[1, 1] 2[1, 1
V2 ' V2 111 20, 1)
CcG[1, 1, 1]
{X[l, 0] 2[1, -1] X[1, -1] Z[1, O]
V2 V2 '
x[1, 1] 21, -1] x[1, -1} 2[1, 1] X[1, 1]2z[1, 0] X[1, 0] Z[1, 1]}
V2 V2 ' V2 V2
CcG[1, 1, 0]
{X[l, 1] 21, -1) _X[1, 0] 2[1, 0] X[1, -1] 2[1, 1]}
V3 V3 V3
6. Tensor of rank zero (scalar)

We now construct the tensor of rank zero (scalar) by the product of two tensors of rank
1.

fq(fgm _ Z<k1 =k,k, =k;q,,q, |k1 =k,k, =k;k=0,q= O>)A(;f1=1)2;fz=1)

9,92

=Y (k, =k.k, =k;q,,—q,|k, =k, k, =k;k=0,g=0)X " Z)

~—q
4

Here we note that
<k1 =k,k, :k;%a%|k1 =k,ky =k;k=0,q =0>¢0 onlyif ¢, +¢, =0

and

—l 4
<k1 :k,kz :k;q‘la_ql kl :k’k2 :k;k:O’q :O>:_\§ﬁ
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Then we have

7 (k=0) _ L X0 )
Tq=0 \/TZ( l)q q _ql

which is the tensor of rank zero (a scalar).

((Mathematica))

Clear["Global +"]; CCGG[{j1 , ml }, {2 , m2 }, {j , m }] :=

Module[{sl1},
sl = If[Abs[ml] < jl1 &&Abs[m2] < j2 && Abs[m] < j

ClebschGordan[{jl1, m1}, {j2, m2}, {j, m}], Null]];

CG[k_] := Table[{{k, g}, CCGG[{k, q}, {k, -a}, {0, 0}1}, {a, -k, k, 1}];

CG[1]

({1 = (o =1 (01, =)

CG[2]

({2200 =)o (20100 oo (e o0 o) (21 - (2021, 7=1)
CG[3]

(303 = (e 20 = (e =),

{13, 03, —%}, {{3, 1}, v—%}, {€3, 2}, V_l?}' {13,

CG[4]

(a0 Sh (e 30 S0 (8 -20 S {1 00 5

R S T LU T R CC T P PR LI I )
7. Tensor operator: example

[V,.J 1= ihe, 7,
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V.,J1=0,V.,J 1=ihV_ [V ,J. ]=-ihV,

[V,,J 1=~V [V,,J 1=0,[V,,J. ]1=ihV,

V..J =iV, [V.,J, 1==itV,[V,,J.]1=0
or

[J,.V1=0,J, V1=tV [J V1= iV,

[Jyan] = _ihl/za[JyaVy] = Oa[Jyal/z] =l]‘;ll/l

[,V 1=ihV [J.V,1=—ihV [J.,V.]=0

Here we introduce

R 1 -
L/ 4
1 ’\/E + \/E(x y)
Vo=".
A 1

vV, = ~iV)

. 1 o~
—V =—(V,
NFISRN
It is possible and useful for many purposes to think of ¥,,¥,,V , as forming three “operator
eigenstates” I}I,I}O,I}fl ofjhaving j =1 and m = 1,0, amd -1.

This is compared with

1,0) =2

A

JJL)=0,J,

L1),J | 1,-1) =27

1,0),
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J_|L1) =v28]1,0),J_|1,0) = V2A[L-1),J [L-1) =0
J L1y =A[L1),J [1,0) = 0,J |1,-1) = 7[1,-1)
or
J L) =0,J[1,0)=0,7 |1,-1)=0
J |10y =~27[1,1),J |1,0) = v271,-1),
J L) =L, J [1,-1) = —H|1,-1)

J.JL=1) =+271,0),J_|1,1) =+/27[1,0)

8. Wigner and Eckart Theorem

k
[J.T9= Y 79 (kg | |k, q) = g T o
q'=—k

(a's j' [T, T e jom) = hglez; j',m'|T0|es; j,m)
or

h(m'=m—q)a'; j',m'|T}"|et; j,m) =0
Then we have

(s 1, j.m) = 0
unless

m-m—q#0

[T T01= 0k F @)k £q+ DT

(a)
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(a's j'sm'[J,,.T®]

a; jom) = h(k—q)(k+q+){e; j',m' T8 |et; j,m)

or

L Tk 05
(s jm T =T,

a; j,m) = hf(k = q)(k+q+1){e; j',m' [T | ex; j,m)

T Pk
J.T

a; j,m) = hyJ(k—q)(k +q+1) (e j',m'|T )| s j,m)

a;j,m>_<av;jv,mv|f;(k)j+

<av;jv,mv

a;j,m+l>

NG+mYG=m+D{a's ' m=1T 0| e j,m) =[G = m)(j +m+1D){a'; j',m'[T°
= (k= q)k+q+1){e; j',m'[T4)] es; j,m)

(b)

[, T e j,m) = hf(k+ q)(k — g+ 1){e; j',m' [T )| s j,m)

<av;jv,mv

<a';j',m'|j_f;k) a;j,m> = h\/(k+q)(k—q+1)<a;j',m'|f;fl) a;j,m>

a;j,m)—(a';j',m'mk)j_

JG=mG+m+){a's jm+ 1T e j,m)
—NG+m)(j—m+1D){a'; j,m|T"

= J(k+q)k —q+ D (e j',m' [T

a;j,m—l>

a;j,m>

or

a;j,m> =\/(jim)(jim+1)<a';j‘,m'|Tq(k) a;j,mil>

+J(kF @)k tq+1){a; j',m|TH)

\/(j'im')(j'im'+l)<a';j',m'$1|Tq(k)

a;j,m>

We find the same recursion relations for the (a'; j',m' 7w a; j,m) as we find for the
q

Clebsch-Gordan coefficients (i, j,;m,,m, jl,jz;j,m> =(j,k;m,q|j.k; ' ,m')
with
J1=J J2=k mi =m, my = q, j=J m=m
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NGEm)GFm ) ksm,g| ks ' m')
=G tm(iFm+D){jk;mFlq
+y(k £q) kT q+1){j,k;m,qF1

ks j' m'FD)

j,k;j',m'$1>
or
By changing by + - F and F —> £, and m'—> m'F1 we have

NGER)GFM D (ks m.g| ks j'sm'F1)
=JGFmGEm+D){(j.kim+lq

+(kF @)kt q+1){j,k;m,q+1

Jioks ' m')

Jks ' m)

Therefore the m behavior of the (a'; j',m'|T"
Clebsch-Gordan coefficients. We see that

a;j ,m> must be the same as that of the

(a's j',m|TY

a;j,m> =<j,k;m,q j,k;j',m'>>< term independent of m’, m, and q.

or

(Wigner-Eckart theorem)

(a' j'”f"k ‘|og> is the reduced matrix element, independent of m’, m, and q.

where

((Note)) As the Wigner-Eckart theorem, one can use conventionally the form

The /2 j+1 factor is arbitrary, but conventional. Here we use the formula which is used
by Zettli.
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((Note))

Recursion relation of the Clebsch-Gordan coefficients

|j1,j2;j,I71> = ZZ|j1,jz;ml,m2><j1,j2;m1,m2 j1aj2§jam>

where
(m—m, _m2)<j17j23m17m2 j1aj23j,m>= 0

and

\/(jim)(jim+1)<j1,j2;m1,m2|j1,j2;j,mil>

j1aj2;jam>
+\/(j2 Fm, +1)(J, im2)<j1aj2§m1am2 $1|j1,j2§j,m>

=G, Fm +D(G 2m) i josm F1m,

or

\/(jiM)(j$m+1)<j17j2;m1’m2|j1’j2;j’m>

=Gy £m)GyFmy D) i josmy FLmy| jis jos jom F1)

+ Gy £my) Gy Fmy + D) (i ysmy,my 1 iy fos jom F1)

9. Defintion of matrix element

We define the matrix element of the Clebsch-Gordon coefficient as

(a's j',m|T450) a; j,m) = CCGL{j" {k.q}, ]
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J

[m1q=j1> Im1=j1-1> [m1q=-j1>
<m2=j2|
<m2=j2-1|
Jo
<JZ1 m2|Tq(k)|J1 ’ m1 >
<m2=-j2|
where

10.  Numerical calculation of matrix using Mathematica

Clear["Global %"]; CCGG[{jl , ml1 }, {j2_, m2_}, {j_, m_}] :=
Module[ {sl},
sl = If[Abs[m1] < j1 &&Abs[m2] < j2 &&Abs[m] < 7,
ClebschGordan[{j1, ml1}, {j2, m2}, {j, m}], 011~
CCG[j2 , {k1_, g1}, ji_] :=
Table[{{ml + gl, ml}, CCGG[{jl, ml}, {k1, g1}, {72, ml+qg1}]}, {ml, 51, -51, -1}];

Using this program, one can get the table of the matrix elements of the tensor operator,

i

j.m)

for given £, ¢, and j. Here the matrix can be obtained using the notation of matrix
(mathematica)
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CCGLYJ', ik, q3, )]

10 Example 1: Tensor of rank 0 (scalar)

<0(';j', mv|f;(i€0=0)

a;j,m>¢0
only if
m'=m and j'=j
((Example))
k=0,q=0; j=0,j'=0
CCcG[O0, {0, O}, O]
{{{0, O}, 1}}
k=0,qg=0; j=1,j'=1
CCG[1, {0, 0}, 1]
{({{1, 1}, 1}, {{0, O}, 1}, {{-1, -1}, 1}}
11. Example 2: Tensor of rank 1 (vector)

<0(';j', mv|f;(k:l)

a;j,m) #0
only if

m=m+q, j'=j+1,j,| j—1]

(1)

k=1,q=1: j=0, j=1
CCG[1, {1, 1}, 0]
{{{1, 0}, 1}}

k=1,q=0: j=0, j=1
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CCG[1, {1, 0}, 0]
{{{0, 0}, 1}}
k=1,q=-1: j=0, j=1
ccG[1, {1, -1}, 0]
{{{-1, 0}, 1}}

2.1)

k=1,q=1: j=1, j=

ccGc[2, {1, 1}, 1]

1
{12, 13, 13, Ml,OL-J;},{w,lb —1)

k=1,q=0: j=1, j=

ccG[2, {1, 0}, 1]

(e 10 ) o, o 20, (10, 2))

k=1,q=-1: j=1, j=

w N

CCG[ZI {11 '1}1 1]

({10, 13, =1, {t-1, 0}, =1, ({-2, -1}, 13}
Ve 7z
2.2)
k=1,q=1: i=1, j=1

CCG[1, {1, 1}, 1]

{{{2, 1}, wu11}, {{(1, 0}, -—=1}, {{(0, -1}, -

V2 V2

k=1,4=0: j=1, j=I
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ccG[1, {1, 0}, 1]

1 1
1/1 r T — (7 O/O /O ’ _1/ -1 ) S —
{{1 } ﬁ} {{ bo 0}, {{ } ﬁ}}
k=1,q=-1: j=1, j=l1

CCG[ll {11 _1}1 1]

({10, 1}, =1, {{-1, 0}, —1}, {{-2, -1}, Null}}
V2 V2

23)
k=1,q=1: j=1, /=0

ccGlo, {1, 1}, 1]

(({2, 1}, Null}, ({1, 0}, Null}, {{0, -1}, —=}}

3

k=1,q=0: j=1, /=0

ccG[o, {1, 0}, 1]

({{1, 13, Null}, {{0, O}, -~—=}, ({-1, -1}, Null})

3

k=1,q=-1: j=1, /=0

CCG[OI {11 _1}1 1]

{{{0, 1 , {{-1, 0}, Null}, {{-2, -1}, Null}}

), — )
BRVEY

12.  Parity operator

We consider the case when
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=7, =,
1) =V, ==V == =i7))
Then we have
(a)
A r) _
(sl )= o
. 7m L 70
av; -v,va a; -,m — av; -v,mv -1 1
(a's)m e jom) = ' [ = ]
unless m'=m +1 and j'=j+1,7,
(b)

~

VZ a;j,m>:<av;jv,mv|f(')(l)

<av;jv,mv

unless m'=m and  j'= j+1,,

i-1|

13. Selection rule for the rank 1 tensor (vector)

Spherical tensor of rank 1

T(l)__x+ly
1 = _—
V2
TO =2
yp—

V2

From Wigner-Eckart theorem
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<n‘,l‘,m‘|72“)

where / is interger. For the parity operator, we have

ST I ()
7rTq T = 7;
and
Vs

n,l,m> = (—l)l n,l,m>,

Thus the matrix element is equal to zero for /'=1, since

<n‘,l‘,m‘|72(2)

Finally we have the selection rule

<n‘,l‘,m‘|72“)

14. Selection rule for rank-2 tensor

Spherical tensor of rank 2

- =0P+TY

YT
f‘(z) _ f‘(z)
- X
)

From Wigner-Eckart theorem

<n‘,l‘,m‘|f“;2)

n,l,m);«éO

Spherical Harmonics as rotator matrices

n,l,m> = —<n‘,l',m‘|7%72(2)7%

n,l,m);ﬁ 0 for m'=m+gq and for I'=7+1,1,

<n,l,m|7%=(—1)l<n,l,m|

n,l,m);ﬁ 0 for m'=m+gq and for /'-/ = +1

28
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for m'=m+gq and for I'=1+2,/+1,1,|/ -1

/- 2| . For the parity operator, we have

9
A(2) A _ A(2)
7ﬂ; 7r—7;

and

7

n,l,m>=(—1)l

n,l,m>, <n,l,m|7%=(—1)l<n,l,m|
Thus the matrix element is equal to zero for I'=/+1 since
<n‘,l‘,m‘|72(2)

n,l,m> = <n‘,l‘,m‘|7%72(2)7% n,l,m> = (—1)1'”<n',l',m'|72(2)

n,l,m>

Finally we have the selection rule;

(i

n,l,m);ﬁ 0 for m'=m+q and for I'-/ ==%2,0

15. Projection theorem (Eigner-Eckart theorem for a scalar product J- I})
A.0  The projection theorem for the first rank tensor

JT0=>(-n"J,1,"
q

1. Decomposition theorem

<j',m'|fq(l) j,m> _ <J",m'|J;EJ{-.|_11‘)(1)) j,m> 5., )
2. Factorization theorem

(j'm'|[J (- T jym)=(j",m'|J | jm)< jl|T-TV | j>. )
3. Decomposition theorem of the second kind (the projection theorem)

R e AT A LR S Ve G

JG+D

((Proof of the theorem I))
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M=(j'm|J,J-T")

J> m> - Z(_l)ﬂ<j' ’ mv|jq (j/tfi/t(l))

U

Jim)

Here we use the commutation relation,

A

J 1" =17,1,"1+1,"J,
Then we get

M={(j"mJ (J-TV)

j.m)

=20 (S m (0T ) fom)+ D (DG | (T, D) am)
H H
Here we note that
[, T 1= Jk(k + D (ki q, |k L kg + )T
For g =-pand k=1, we have
[, TV = V2 (L, | L1 £,0)
Using this commutation relation, we calculate the second term defined by
2D m T (T, D] fom) = 2D T fom) (L=, | LELO )
H H
=(j",m'\J, 1) jom) > (1) (L=, | 1,151,0) = 0

U

(We check the final result using the Mathematica). Then we have

M= 0 md E O | o)
)7

We note that

(om'J, Jle=1jm)y< jIT >

jom)={jlim, p

=8, O pmen s lim pt| s jom+ ) < 1T || j >

:5j,j'5m',m+y \Y J(] + 1)<J>15m>,u

JL jom+ p)
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(om0 | jsm) = (7'm IJ =) 27 m=g [T, o)
J"
=(j'\m —g)(j",m'~q|T "] j,m+ )}, m+ﬂj jom)
=(/',m >< : ><J .m'~q|T, )
=5,,,,,,,+q<] m ><], m)(JmT," Jam+ﬂ>

=5m'm+q<]’m q - ><]’ ulJ> >

x < jlsm+ =g | jo; jlom >< JI T j >
=S S GHDN TG+ < SNTO Y 7> (7 m!
(Llim+ pu~ L m)(jLm, )

)

Here we note that

(_1)ﬂ<"’ , ; 'm+ﬂ>=<j,1;m+ﬂa_ﬂ j’l;j’m>

(see the proof of this equation below). The sum over x is

Lm)(jiLsm, )= 2 (jlim + 1,

7]

\m)
.m)

Z(_l)ﬂ<jal; m+ p,—

><<j,1;m+,u,—
=0.

J.J'

(from the condition of orthogonality), where we use

Z<j1=j2;m1am2

my,my

j1aj2;j'am'> = 5j,j'5m,m'

j1=j2;j=m><j17j2;m1=m2

(jtm' [T, D<JNTON >,

Jom) = 8y (s,

(7 31) =6 5 16 e 5 + DL, )
Then
Here we put
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m=m+q
we have the form such that

<j"m'|jqiﬂ(l)jﬂ

= j(+D8, ,{j'\m'T,"”

J.m)
Then we get the final result

: _<j',m'|jq(j-T(l)) j,m>
R TT

<jv’mv|fq(1)

((Note-1))

Proof of
(Jolsm, pa| j.1s jom+ ) = (=D)* (flsm + = pa| j1; jom)
(jom+pl | jom) =[G +D(jdsm, p| j.1s jom+ pe)

When x is changed into -z,

Jom)=jG+D{jsm—pu| L jm— )

<j’m_'u|jw
Whenm'=m - g, or m=m'+ 4,

Jomp) =i+ D {jm+p,—p

(g.m'lJ,

Jols jm')
Replacing 4/ into L,

Jom+ )=+ D) (jm+ p—p

(jomlJ ., Jilijom)

Here we note that

J, =(=D"J_,, or J,==D"J,"

U
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Then we get

Jom+p)y=~j(G+D{jm+ u—p

(jom|J_ | jom+ p) = (=D (j,m|J* Jil jm)

Then we have

A

J

Jom) = (0!G D m+ p—p

Sm+ wy=(j,m+pulJ, Jils j,m)

(J.m
Since

jﬂ j’m>*

Jﬂ

(Jom+pld | jom)=(j.m+u

from the definition, we finally obtain the relation

(Gom+ ul | jom) = (DG +D(Glm+ p=p| j.1; j.m)
or

(Jlsm, p| j.1; jom+ ) = () (jlsm + p,=pa| j s j,m)
((Note-2))

We show that

D (D" (L= g, 1|1,1:1,0) = 0
u

using the Mathematica

((Mathematica)) We use the Mathematica to calculate the Clebsch-Gordan coefficient.
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Clear["Global *"];

ClebschGordan[{1, -1}, {1, 1}, {1, 0}]
1

VZ

ClebschGordan[{1, 1}, {1, -1}, {1, 0}]
1

V2

ClebschGordan[{1, 0}, {1, 0}, {1, 0}]
0

Sum[ (-1)" ClebschGordan[{1, -u}, {1, u}, {1, 0}], {u, -1, 1, 1}]

0

((Proof of the theorem II)

(j',m'|J,(J-T™)

j,m> — Z<j',m'|jq|j",m"><j",m"|j-T(l)

jn,’nn

J-m)

We use the fact that J - T is a zero-rank tensor and

<ju ,mu|j . T(l)

Jom) =85 8 < JIT TV >

J'j T m"m

Then we have

(om0

jmy= DG 78 Sy < FIT TV | >

J"m"

=(sm'l,

Jom)< jIlJ-TV ] j>

((Proof of the theorem II1))

o |l (D] _<j"m'|jq(j.T(l))j’m>
<] M |Tq ]’m>_ ](]+1) é‘]'»]"
_ gy < 1T >

JsJ'

JG+D
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16 Calculation of the reduced matrix ( j'”.f 2“ i)

In the projection theorem

. rm'J | imy< i\ J-TV || >
<jv’mvT(1) j,m>: <] | q J > J || ||] »
’ J(+1) ’
we put
Sy s
T, =J,
Then we get

(' sm'|J,

jmﬁ<jwﬁnj>5
JG+1)

<jv’mv|jq(1)

j,m> = i

or

<JII* N j>=6,,j(j+1)

16  Calculation of the reduced matrix (; ”.f “ i)
In the Wigner-Eckart theorem,

(7, [00) jom) = (ke = L, g .k =15 j,m ) O] )
we put

1=,
Then we get

(o' o] jom) = (jk =1sm,q = 0] jk =15 j,m'} 7| /)

for ¢ = 0. Here we note that

<jv,mv|j0

j,m> =mho,, O,

m'm'= j,j'

(j,k=1;m,q=0

m
'7k = 19 '7 = é‘m m'
FhRm
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Then we have

A

1=

1 A3
T VY

or

(i) ) =G +D

((Proof))
The proof of the formula

<],k =lm,g=0|j,k= l,],m> = m
is given by Mathematica as follows.
((Mathematica))
Clear["Global «"]; CCGG[{jl , ml_}, {j2_, m2 }, {j_, m }] :=
Module[{sl},

sl = If[Abs[m1] < jl1 && Abs[m2] < j2 &&Abs[m] < 7,
ClebschGordan[{j1, m1}, {j2, m2}, {j, m}], O]1;

jli=1;
ml
Table[{m1, ccael{31, m1}, {1, 0}, {31, m1}], }om1, 31, -31, 213
V31 (31+1)
1 1 1 1
11717 ’ Ol OIOI ’11 [ e —
N A T R N A Pl
j1=2;
ml
Table[{m1, ccael{31, m1}, {1, 0}, {31, m1}], }om1, 31, -31, 213
V31 (31+1)

2 2 1 1 1 1 2 2
2! P 4 - r 1! [A— r {Ol Ol O}l ’11 - Y 2 — r ’21 - — o - -
N N O = ERRNES)
j1 =3;
ml
Table[{m1, ccael{31, m1}, {1, 0}, {1, m}], —————1}, {m1, 31, -31, -1}]
Vil (3l+1)
V3 A3 1 1 1 1
31_1_ ’ 21_1_ ’ 1! ’ ’ Ol OIOI
R N R PPN R
1 1 1 1 V3 3
-1, - r - ’ -2, - [ 4 =3, -y~
th s e P Ee E el
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18.  Lande g-factor
The magnetic moment is defined by

fi= —%(i, +28)

The total angular momentum is

~

J=L+S

The expectation value of the m-th component of the magnetic moment m can be obtained
from the projection theorem (decomposition theorem of the second kind, see Rose),

<Az
njG+n

J‘I

<j’m|/:lq j’m>= ;j’m>
Now we have

ﬁ-j=—%(i+23‘)-(i+3‘)=—%(i2+2S‘2+3i-§)-

and
JP=[*+8*+2L-S
or
7?22 Q2
jgd -8
Then we get
ﬁ-j=j-ﬁ-=—%[E+2S2+%(ﬁ—i}—52)]-
and

<N -pllj>= —%hz{l(l+l)+2s(s+1)+%[(j(j+l)—l(l+l)—s(s+1)]}

Then the expectation value of the magnetic moment along the z axis is

Spherical Harmonics as rotator matrices 37 1/18/2019



_<JlS-allj>

mli| j,m)=—"——"—~— ',mj i,m
(jom|f| j,m) 70+ 0) (j,m|Jy| j.m)
S Hs MR ey 2s(s +1)
h R +1)

+%[(j(j+1)—l(l+1)—S(S+1)]}

== [3(j(j+ 1) =10+ 1)+ (s +1)]
2j(j+1)
since | j,m) is a joint eigenstate of J°, 7, 8%, and J, =J. with eigenvalues

nj(j+1), B°l(I+1), B*s(s+1), and 7im , respectively.
Here we introduce the Lande g-factor as

8 Hs J

n= 7

Then we have

Jy

<j’m|/:lo j’m>=_gjl;lUB <J’m j’m>=_gjl;lUB mhz_ng:uB

and

_3_ s(s+D-1(+])

8T 2+

19.  The expectation value of S,

Since

JoP-§ P8

S-J=S-(L+8)=8*+L-§S=8"+ : :

we get the expectation of S, as
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<jlIJ-S|j>
R’ j(j+1)

(gsm

So j’m><j,m jo

(om[So j.m) ;jom)

B mh
21%j(j+1)
mh les(s+1)—l(l+l)

R JG+1)

LG+ =1 +1) +s(s+1)]

where we use the projection theorem.

20. Spin-orbit interaction: example of equivalent operators
The idea of operator equivalents finds applications in many branches of physics. As
one of typical examples, we consider the effect of the spin-orbit interaction.

N
Hg, = Zé:(”i)li §,=AL-S
i=1

where A is the spin-orbit interaction constant. We use the equivalent operator

<J,m'|jq J,m>
JG+D

<jITV N>

(1)
Tq

(Jsm'|T°) j,m) =

for the rank-1 tensor (vector): operator equivalents.

<L|EmI|IL>

JL(L+1)

<SSl S>
JS(S+1)
) (LM '|E|LM ) (SM'|S|SM,)

JLL+1) JS(S+1)

<LML';SMS'|§(’?)IA[ $;

LM S, M) =[[(LM'|E| LM, 1-[(SM,’

S|SM.,)

= (Lleai|L)s

If we sum over all the electrons (i) , we get

(LM,';SM §'|H o LM 1S, M ) :<LML';SMS'|Z§(F1‘)21‘ S,

LM, ;S,M)

5 (LM ,'|L|LM ) . (SM'|S|SM )

JLL+1) JS(S+1)

= Z{eleifLys

S;

Noting that

(LM, SM s |H o LM 38, Mg ) = (LM, s SMs'|AL-S|LM ;5. M)
= /1<LMLV|IA‘|LML>'<SMSV|‘§| SMS>
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Then we have

MLM '|L|LM ) -(SM !

Sism,) =¥ (L|eei|L)(s

X(LML'|i,|LML> (SM'|S|sM,)

JL(L+1) JS(S+1)

S;

)

or

§;

(Ll L)s]s)s)
A=
~ JL(L+1),/S(S+1)

20.  Magnetic form factor
Here we use the projection theorem,

<jlI-VIj>
n’j(j+1)

<j"m'|[}q

jom)=(J'sm'|J | jo)

where J -V is a scalar so its expectation value is independent of m.

V=>e""$,=> f3, J=8,=Y5,
14 14

14

where the atom site is denoted by j = {/, d}, and v is the vector connecting atom at the
site {/, d} and electrons surrounding the nucleus. We also put

f — eimrv
v

b

for the simplicity. & is the wave vector. §,, is the resultant spin determined from the
Hund rule. Then we get

j[} = (Zﬁ/ﬁvjsld = Sld (Zﬁ/ﬁvj .
Here we use the projection theorem,

<28, f.8, 114>
1*S(S +1) (1)

A)=(A18.]2)

I

=F, (K)<ﬂ’v|‘§ld| /1>
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where

<AUSy -2 15, 14>

Fa0) = —55(571)

is called the magnetic form factor. It is obtained by the Fourier transform of the
normalized spin density at the site j (or denoted by /, d).

21.  Quadrupole interaction
Using the Wigner-Eckart thorem, we get

(k=2
o

(o002 jum) = (j.k = 2im.q] j.k = 2: j.m') 7|0 1)

for 72(":2) = ng:z) (spherical tensor of rank-2)
and

(k=2)
q=0

(7. m1O%7 ] jom) = ik = 25m,q = 0]k = 2; j,m) |07 /)

In this last equation we put m'=j and m =j

<j,m': J Q;S% Jj,m= j> = <j,k =2m=j,q=0|j,k=2;j,m'= j><j Q(k:z)“j>
Then we get

(j Q(k:2)|j>: (j,m'= j|Q;ﬁEZ) jm=j) _

<j,k =2m=j,q=0|j,k=2;j,m'= j>

Using this relation, we have

(m'QV?| j,m) = (Jok = 2m,q|j.k =25 j,m') j,m'= j|OSS? | jom = j)

’ ! ’ <j,k=2;m:j,q:O j,k:2;j,m'=j>
(j ke =2;m,q| j,k =2;j,m')

1
=—e
2 Q(j,k=2;m=j,q=o

Jok=2;j,m'= j)

where we define
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3(k=2)
q=0

1
(Jum'=JI0S7 jom = j) = €0

APPENDIX

1. Orthogonality condition

The CG coefficients form an unitary matrix. Furthermore, the matrix elements are taken
to be real by convention. A real unitary matrix is orthogonal. We have the orthogonal
condition.

<j1aj2aj=m|j1aj2’m1’m2> = <j1,j2;m1,m2|jl,j2;j,n’I>* = <j1,j2;ml,m2|jl,j2;j,n’I>
Closure relation
(Jis dosmysmy | s josmy' s,y = " Ciis sy | oo o Jsm) i s Jom| Jis oy my'smy')

J>m

=" Uis hosmysmy | i jos Jom) s Josmy'smy'| i s jom)
Jj.m

_5’"1 my " my Ny
or
<mm i imMi imt m i i im) =8 S
jl’jZ’ 127772 jl’]Z’j’ jl’jZ’ 127772 jl’]Z’]’ my,my" my my
j.m
Similarly,

(s s dom| s oz J'sm') =" (s s Jom| s Josmymy )i, josmyamy | iy oz Jj'sm')
Jj>m

=" Uvssmysmy | i, jos Jom) s josmy,my | i, oz j'sm')
Jj>m

:5 4,5

J,J' m,m'

or

D (s dusmysmy| jis oy jom) i jysmysmy| iy oy j'sm) = 8,5,

my,ny

As a special case of this, we may setj =", m' =m=m; + m,.
p ysetj=j 1 2
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2.

<jlaj2;m1’m2|jl’j2;j’m>‘2 =1

m=my +m,

which is just the normalization condition of | JisJas ] ,m> .

2. Clebsch-Gordon series

D;lkvlq)l (k)D;f'Zq)z (R) = Z<k1ak2;91'a%' kl,kz;k",q'><k1,k2;ql,q2 klakz;k"aqu;{;?(R)

k"q"q'

((proof)) Sakurai Modern Quantum Mechanics

Dr(nﬁrzl(k)Dr(niznzz(k)z Z<j1,j2;m1,m2|jl,jz;j,m><j1,j2;ml',m2' jl,jz;j,m'>D,(,f,3,(lé) (1)

Jj.m,m"
We start with the notation given by
DyxD;, =D;.;, +D Tt D

Jit+j2-1 : 1= /2l

This means that a similarity transformation must exist which reduces D, x D, to the block

form
Dljl —jzl(k) 0 o 0 0
O D|./'1*./'2|+1 (R) o O O
0 0 o Dl./1+./rl (k) 0
0 0 o 0 D;., (k)

First we note that the left-hand side of Eq.(1) is the same as

A

R j]ajz;ml"m2'>: <j1’m1

A

R|jiom Y joomy|R| joomy"y = DY) (RYD) (R)

mymy mymy

<]1’]2;m1’m2

((Note)) This expression can be understood from the following consideration.

A

. i i A s i i
R(O)=R (0)= eXp(—% &)= eXp[—%ﬁ(le +J,,)]= eXp(—% &) eXp(—% &,,)
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.. I3 TR P ' !
<]1,]2;m1,m2 |eXp(_Ea]1y)eXp(_Ea]2y)|J1’Jz;ml >y >

= <j1am1|exp(_%a}1y)|jlam1'><j2amz |exp(—é62}2y)|jz,m2'>

— D(./l)
1

mym

1'(H)D(j2)z'(g) — D(./l)l'(l’é)D(./z)zy(é)

mom mym mym

This matrix element can be also calculated as

A

R

A

Rj1aj2;j'am'>

J'1aj2;m1'am2'>: AZ<j1,j2;m1,m2|j1,j2;j,m><j1,j2;j,m

Jom.j.m’

><<j1,jz;j'm'|j1,j2;m1'm2'>

= 2 disdosmims |G s Jsm)Dy (R)S
Jom.j.m’

><<j1,j2;j'm'|j1,j2;m1'm2'>

= J1s J2s MMy | J1s Jos JsMN J1s Jas ]| J1s J25 11 1 ni;;z' R
Z< . | . >< . ,|. . ' '>D(/)(R)
Jumn’

s dusmysmy | iy oz jom) oo josmy'my'| i, jys jm)DS(R)
Jom,m'

using the closure relations. Note that all the Clebsch-Gordon coefficients are real.

<J1a]2;m1am2

3. Formula for tensor product
We define

rOm-1%2) =27, M7, (2)

which represents an interaction between two independent subsystems 1 and 2. Here we
discuss the matrix element of the type

G s m TP ) - T9Q2) s /s jm)

where T (1) is the tensor operator of the rank k for the subsystem 1 and T ®(2) is the
tensor operator of the rank & for the subsystem 2. Here we note that

|j1,j2;j,M>= Z

my,m,

j1aj2;m1am2><j1ajz;m1am2 j1aj2;jam>
and

j1'aj2';j'am'>: Z

Vo
my',m,

jl',jz';ml',m2'><j1',j2';m1',m2' J'1'aj2';j'am'>
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By using these, the matrix elements becomes

Uit in s 7| TR Q) -TOQ) iy jusimy= S DTG smy smy |0 g5 7 sm'Y Ui osmysmy| s dos jom)
q.m;',my'

(s smy my' [T (T () i, jysmy,my)
Here we have

<j1'ajz';ml"m2'|fq(k)(1)f_q(k)(2)|jlajz;m1’m2> = <j1',m1'|fq(k)(1)|jl,m1><j2',m2'|f_q(k)(2)|j2,m2>

since two factors operate in separate decoupled systems. According to the Wigner-Eckart
theorem,

<j1',m1'|fq(k)(l)|jl,ml> = <j1,k;m1,q

Joks g m) < i ITR ), >

(oo, | T, @) ooy ) = (fnuksmy =g ookes o' oy < iy 1 TR )] jy >

Then we get

<j1'>j2';ml'am2'|fq(k)(1)fq(k)(2)|j1>j25m1>m2> :<j1>k;m1>q jpk;j1'>m1'><j2>k;m2>_9|j2>k;jz'>mz'>

<H'NTPW i >< RNV, >
Using this relation, we have

P T V| (k) ~ (k) . .
(s a5 7 sm | T OT () i oz jom) S st i Ui

o ) o ) = 11312;m1=m2|11312513m> <J1a]2;m13m2
<i'"NTOWINjy >< B NTOD N jy > v

x (i ksmyq| ik g, sm") oo ksmy=q| s ks ' my")
= > A m gy smy omy )Gy, jysmy,my | i gy Jam)

P
my,my

j1aj2;j=m>

my,ny

X<j1=k;mlaq

jlak;jllam1'><j25k;mza_q|j25k;j2"m2'>
since

<j1,j2;m1,m2 j1ajz;j'am'>* = <j1’j2;j"m'|j1’jz;m1’m2>
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G gas s m TP -TOQ) jiy, jos jom e e o
<<1j.T|TA<k>(D|Hj oy '||f<’!>(12)|2|j >>= DGt sy 0 155 3y (s o | s s g m)
1 1 2 2 q,m, ,m;

(i ksmy,q| i ks i smy Yoo ks my =g 7o ks ')
:§m!m' Z(_l)ml'_ml<j1'3j2';ml‘am'_m1'|j1'5j2';jlgm'>

'
my,nmy

X(flajz;mlam_ml|j1=jz;jamleak;mlaml'_ml|j1=k;j1'=m1'>

><<j2,k;m—m1,ml —ml"jz,k;jz',m —m1'>
We may also apply the Wigner-Eckart theorem to the entire matrix element

(jm| TP M) -T%(2)

j,m>:5 0, <j,k:0;m,q:0

m,m'= j,j'
<jIT®)-T®2)| >
=5, .5, . <jIT®0)-TQ)| >

m,m'~ j,j'

ok =0; j,m)

where
(j.k=0;m,q=0|j,k=0;j,m)=1.
Using the above two equations, we get

(s 1o’ m | T - TP @) jis o3 jom) = 6,8, < W NTOW Ny >< L INTH @)y >
z'(—l)ml'ﬂnl <j1'3j2';ml'3m'_m1'|j1'7j2';j'7m'>
X<j1’j2;m1’m_m1|jlajz;jam><j1ak;m1am1'_m1|jlak;j1',m1'>
><<j2,k;m—m1,ml _mll‘jzak;jz',M—ml'>

=3, <i'ITPWIj, >< j, 1T )l j, >

m,m

z'(—l)mlel <j1'7j2';m1"m'_m1'|j1'7j2';j'7m'>
X<j1’j2;m1’m_ml|jl’jz;j’m><jl’k;ml’m1'_m1|j1’k;j1"m1'>
x(jyksm—m, m —m,'| j,,k; j,' s m—m,")
=0, 0, (DT X2+ 14[2 7, '+

m,m

<JNTOWN G >< BNTEN Gy > W s dos i Jo'545K)

or

(o5 e [TOQ) TR Q@) is oz Jom) = 8,08, (=127 x (27,4142, '+1

<HNTOWI G >< BNTC@N o > W G dos ' Jo'5 1,5
where the Racah coefficient ¥ is defined by (Tinkham, Rose)

Spherical Harmonics as rotator matrices 46 1/18/2019



(_1)7./1 Sh m'-m | + Coe .
= s Jas s 11— s Jas )]s
e S simmenlin s

W(j17j27j1'7j2';j7k):\/(
X( Jy,ksm—m,m _m1'|jzak;j2"m_m1'>

{
X<j1ak;m1am1'_m1|j1ak;j1"m1'>
{

s L I ' " o LA I
X\J1oJy sy sm—my | ] ], ,],m>

A.S  Wigner 3j coefficient

The Clebsch-Gordan coefficients are sometimes expressed using the Wigner 3 symbol,

Lo
m, m, —m

Connection among these two is given by

m, m, —m

.. ... iem A S Ja T
<]1s]2;m13m2 ]1s]z;]am>=(_1)h 2 \/2]4‘1(1 : J

or

ho Lo J _ (_l)m—lerjz <j1,jz;m1,m2|j1,jz;j,—m>
mm, m \/2j+l

They have the symmetry
<j1>j2;m1>mz j1>j25j>m>:(_1)j1+j27j<j2>j1;m2>m1 j2>j25j>m>

A.6  Property of the Wigner 3j symmbol
We have that an even permutation of the column leaves the numerical value unchanged

iood B_(Boi i_(h
m, m, m, m, m; m, my; m; m,

An odd permutation is equivalent to multiplication by (=1)"*/>*”
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(_1)./‘1+./‘2+./‘3(j1 jz sz_ jz j1 js

m, m, m

We also have

jl j2 j3 :(_l)jl+j2+j3 jl j2 j3
m.m, m -m, —m, —m,

A7.  The orthogonality property

D (i dysmismy| oo oz jom)Gis josmy'smy| iy jos jom) =6, 6, .

J.m

<J'1,Jz;m1,mz|jl,jz;j,m>=(—1)-"‘-’Z*mmih /> Jj

m_ m, —m
<J1,J2;m1,m2|J1,J2,],M>=(—1)'/ / \/2]4-1[1 : j
m,_m, —m

5ml,ml'5m2,m2' = z<j1,j2;j,l’I1|j1,j2;ml,m2><j1,j2;m1',m2'|j1,j2;j,l’n>
Jm

=Z(_1).f|*_/§+m ’2.]‘{‘1(]1 .]2 .] j(—l)'jl'/2+m\/m(.]1' .]2' J j
Jsm ml m2 —m ml m2 —-m
=Z(_1)2/12./z+2m(2j+1)(fl J2 J j(h' sz J j
Jj.m ml m2 —m ml m2 —m
ZZ(2J+1) jl .j2 J jl jz ]
Jom m m, mj\m' m' m

Similarly, we have
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O j O = z<j1,j2;m1,m2|j1,j2;j,M><j1,j2;m1,m2|j1,j2;j',I’I1'>

= Z (_1)./1*./z+m ,2]"‘1 VR L) J (_1)_jl—_j2+m'\/m N )2 ]
my ,my m-m, —m m, m, —-m'
. P , jl j2 ,] .jl j2 jv
=2j+1 )2 2atmem
(J )’";”:2( : (ml m, _”J(ml m, —mJ

_ (21.“)2(_1)2_,[2_,2””,(11 b J(J J> j'J

1
mymy mem, —mpjm m, —m

—(2j+1) Z (]1 J2 J J(h J2 J ,j

my ymy ml m2 —m ml m2 —m
((Note))
(_1)2./1*2./2”'" =1

(a) Suppose that j1=1/2 and j>=1. j = 3/2 or 1/2. Then m is a half-integer. m = 3/2, 1/2,
-1/2, or -3/2. Then ji - j» + m=integer.

(b) Suppose that j1=1/2 and j>=3/2. j =2 or 1. Then m is an integer. m =2, 1, 0, -1, -2.
Then i - j> + m=integer.

A.8 Mathematica for Wigner 3j coefficient
((Mathematica)) Calculation of the Wigner 3; coefficient

VV?)J[{jl,I’nl}rnﬁz,mz},{]'3,1’113}]—{j1 )2 hJ

m.m, m
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Clear["Global %"]; W3J[{jl_ , m1 }, {j2_, m2_}, {j_, m_}] :=
Module[{sl},

sl = If[Abs[ml] < j1&&Abs[m2] < j2 && Abs[m] < 7,

(_1)jl—j2—m
ClebschGordan[{j1, m1}, {j2, m2}, {j, -m}], Null”;
V235 +1
W3J[{2, 1}, {2, 1}, {2, -2}]
_ 3
35

W3J[{3/2,1/2}, {3/2,1/2}, {2, -1}]
0

W3J[{2, 1}, {2, 1}, {3, -2}]
0

W3J[{4, 0}, {4, 0}, {0, 0}]
1

3

W3J[{3, 0}, {2, 0}, {3, 0}]
2

V105

W3J[{j, -m}, {0, 0}, {j, m}] // Simplify[#, Abs[m] < j &&Abs[m] < j] &

(-1)3m

V1+273

A.9 Matrix elements of vector operator

Spherical tensor of rank 1

"t :_Vx +iV, _ V.
1 V2o 2
To(l):V
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Using the Wigner-Eckart theorem, we have

<Jv’Mv|fq(l) J,M> — <J,1;M,q J’I;Jv’Mv><Jv”f(k)“J>
where
J=J+1,J, J-1, M = Mtq
Forg=1,
(J+1L,M 1O, M) = (T ;M q =1|J,15J +1,M +1){J +1|T O] )
_ (_1)2(J+M)\/(1+J + M +1)(J + M +2) W FO))
2(1+J)(1+2J)
_ (1+J+M+1)(J+M+2)<J+1”f,(l) |J>
201+ J)(1+2J)

(J,M +1|1,""

J,M)=(J;M,q=1

T, M+ 1) | )

_ (J—M)(J+M+1)<J |J>
2J(J +1)

f(l)

(J-1,M +1|T"

J,MYy=(J;M,q=1

J1J =L M +1)(J ~ 17O

2J(2J +1)

/)

f(l)

Forg=0,

(J+1L,M|T"

J,M)=(J;M,q=0

T+ 1M + 1T

B (—I)Z(J*M) J-M+1)(J+M+1)
- QJ+D)(J+1)

:\/(J—M+1)(J+M+1)

/)

<J+1”f“>

/)

(J + 1”7”“

/)

2J+1)(J +1)
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J,M|T™® J T, MY JT|T®
0

/)

/)

J,M)y=(J;M,q=0
M

VI + 1)<
JM)=(J;M,q=0

_ (J+M)(J—M)<J_1”j;(1)
J2J+1)

f(l)

J|

J-1,M|T® J LT =1L, MMJ=1|T®
0

/)

/)

For g =-1,

(J+1L,M -1|T) JLJ+ LM -1)(J +1|T"

/)

f(l)

J.M)=(J,;M,q=-1
— (=1)20 0 (J—M+1)(J—M+2)<
2(J +1)(2J +1)

(=M +1)(J-M +2)
- 2(J +1)(2J +1)

/)

J+1]|

(41

/)

(J, M -1 J LI M -1)(J TP

/)

f(l)

J.M)=(J;M,q=-1
— (=1)2D (J+M)(J -M+1) <J
2J(J +1)

I+ M)J-M +1)
- 2J(J+1)

/)

<J f(l)

/)

f(l)

(J-1L,M 1T JLJ -1, M —1){J -1|

/)

/)

J,MYy=(J,;M,q=-1

B (J+M)(J+M—1)<J_1
- 2J(2J +1)

f(l)

Here we note that
(_1)2(J+M) — 1
when J is either a positive integer or a half-integer.

A.10 Matrix elements of vector operator (J° = J)
We now calculate the matrix element with J” = J,
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where M'=M +g¢q
Forg=1

(J,M +1|T,"

J.M)=(J ;M ]

VATV YRRV W)

I =M)(J +M+1)
- J2J(J +1)

(J

7))

J. (J f“‘)“ J)
2

V2 S M) JIT+1)

=(J,M +1|-

For ¢=0

(J.M|T,"

J,M)=(J ;M0
M

JIT+D)

=(J,M

J 1 MY |T0)0)

)

V)

JIT+1)

Jy

J,M)

Forg=-1

(J.M -7

J.M)=(J ;M ~1

T, M=) [70])

s N+ M) =M +1)

- J27+1)

(J

7))

DALl
NN N T )
(o))

JIT+1)

=(J, M —1|(-1)*V*"

J
=(J,M—-1|—=|J,M
TRTRIEAYRY)

where we use the relations

(J,M +1]J,

J,MYy=(J =M)(J +M +1)

(J,M -1|J_

J,MYy=(J +M)(J M +1)

(J,M|J,

J,M)=M

J,M)
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Here we note that
(_1)2(J+M) — 1

when J is either a positive integer or a half-integer. Since

V. ==21"

V.= To(l)

v =219
we have

A.11 Operator equivalents
We start with

f(l)

(M

J.M)=(J;M,q

J L, M|

/)
Suppose that f“q(l) =J ,- Then we get

(.,

J.M)=(J;M,q

T30, M) ] )
or

(J.M +1]J,

J,M)=(J ;M

T3, M 4 1) ] )

(J, M|,

J,M)=(J ;M0

T30, M) )
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(/.M =17,

J,M)=(J ;M -1

150, M =1)(J'[]7)
From the above equations we have the following relations

f'(l)

J

J LT, MY
J LMW'

J) )

5y )

In other words, T q(l) may be replaced by cJ , » the angular operator times a constant c.

<J,M' f:[(l)
o,

I M) (JLM.q

JM)  (JLM.,q

or

s
7 =

q

A.12 Calculation of the scalar product
DA =P 4V —V

(J, M|V W

JMy= Y ()7

M'

J, MY T, MW

J,M)

=(J. MV,

J,M=1)(J, M -1

J,M)
VIPlo) i)

=(J,M|J
SR I +1) I +1)

J.M=1)(J,M-1]J_

J,M)

(J,M I,

JM)=> (I, M|V _

M'

J,M YT, M|,

J,M)

=(J,.MV_

.M +1)(J, M +1)W7,

J,M)

VPl @)
JIJ+1) {JJ(J +1)

=(J,M|J_

I M +1)(J,M +1|J_

J,M)
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(J M| T M) = (T M|V |J,MNJ,MW,|J, M)

M

=(J.M |J.M)J, M|,

J.M)
VPl )

=(J,M|J
Mo I +1) JI(T +1)

J,MYJ,M|J,

J,M)

((Mathematica))
Clear["Global *"];

ClebschGordan[{J, M}, {1, 1}, {J, M+1}] // FullSimplify[#, {2J > 1}] &

(J-M) (1+J+M)
J (1+J)

V2

ClebschGordan[{J, M}, {1, 0}, {J, M}] // FullSimplify[#, {230 > 1}] &

M

VJ (1+J)

ClebschGordan[{J, M}, {1, -1}, {J, M-1}] // FullSimplify[#, {2J > 1}] &

(—1)2 (@) [ Zea?ann?
J+J2

V2

J+J2+M—M2 // Factor

(1+J-M) (J+M)

A.l3
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D™ gy smy m=my | )y s m ) ) (s s mym—my | i, gy am)

: . 1
<J1ak’m1am1 -m

j1ak;j1'am1'>X<j2ak;m_m1am1 —m1'|j2,k;j2',m—m1'>

— (_1)’”1'*’”1 (_1)_/1'_/2'+m'\/m( Jl 'JZ ' J 'J(_l)_/l_/frm m( Jl JZ J J

m" m'-m;" —-m m, m-m, -—m

A ' . k . A ' . k
X(_l)_/lkarml m(]l ' Jl 'j(_l)_/zkﬂnml m( JZ JZ j

' '
m, m'-m;, —m, m—m, m—m' —m+m,

— (_1)2_/172k+_/l '7_/2'+2mfml+m'+ml'\/2j|+1\/2j+1\/2j1 '+1\/2j2'+1
N DR
m" m'-m' —m'\m m-m, —m

N I AR N A A
m, m/'-m, -m'\m-m, m-m' —m+m'

(Wigner-Eckart theorem)

Appendix (Tinkham)
v V.+iV, V. e +tie,
= — = — e =—
1 V2 V2 1 V2
I/0 = I/z eO = ez

where
e e, =(-1)"0,,
Then the vector V can be expresses by

V=Ve +Ve +Ve =V e+Ve, ~Ve. = Z(—l)ﬂVweﬂ
u

The scalar product of two vectors has the form
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-vv

VW= (-D""V_ e, We
v
=2 (D" WL (DS,
v
- z(_l)ﬂ V..,
u

==V W +Viw,-Viw,
=V Ww +VWw,-V.W_

Appendix Spherical Harmonics as rotator matrices

Using the relation

|‘.Rr> = 1§|r>
|m) =|9tr)
=Rle.)
=R.(HR,(0)e.)
= Zz%z(¢)1%y(e)| Im')(Im'|e. )

Then

I§Z (¢)I§y (9)| lm'><lm’ e, >

(infn) = 3 (om

m'

Here note that
(n|lm)=Y"(n)=Y"(0,4)
or
(im|n)y =17 (6,$)]

(Imle) =[Y,"(0,¢)] evaluated at = 0 with ¢ undetermined. At 6= 0, ¥,"(6,4) is
known to vanish for m#0. Then we get
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<lm

e.)=[Y"(0=0,4)19,

m,0

= 2€+11)/(COSH=1)§/710

\ 4z ’
_ /2€+1§mO
4z ’

7" 0.4)] =Y (im

R.(P)R,(0))Im')Im'|e.)

20 +1
“\ an ;<lm

or

n n 4 . .
(ImR.($)R (6)|10) = T’jlm (6,9)]

Since

we have

<lm

or
—im¢ D _ 4r m *
e " {m|R,(0)]10) = |7 1" (0.9)]

or

5 mg | 4 m .
(1R, (0)}10) = € | == 13" (0.9)]

RGR, @m0, = |2 (m

R.(H)R,(0))10)

R GR(0)10) = (in]expl=—-J 1R (0)10) = & "*(im|R,(©)]10)

Important formula

Wigner-Eckart theorem
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<av;jv’mv|f'q(k) j’k;jv’mv><avjv”f'(k)" ql>

a; jm)=(j.k;m,q

s Jasdom) =6, .0, (1" x (24142, +1

<JNTODN 4 >< BNTON fo > Wi s di's Jo'5JK)

(i S m TP Q)T (2)

Equivalent operator:

A J,m'j J.m A )

<JamT;”J,m>=< Vom0
JjG+1)

1. Decomposition theorem

(m'|J (T -T™)
JGU+1

Jm) s 1)

JsJ'

<jv’mv|qu(1)

jom)=
2. Factorization theorem

(j'sm'[J,(T-T™) Jom) < jI-TV | j>. 2)
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Equivalent operator
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(LML M) = (M | T.M)

Nuclear quadrupole fioeld
(Yosida)

The nucleus is not just a point, but has a finite size. If we define the nuclear charge
distribution function p(r)and the electrostatic potential due to the electrons around the

nucleus by ¥(r).
H = p(r)V (r)dr,
where dr denotes the volume elements. Expanding V(r) about the origin, we get

oV
Ox ;0x,,

oV 1
H=ZeV0+ZPj(a—)0 +52ij'( Yot
J J Jsk

X
Here Ze, P; and Qj’ are defined by

Ze = _[ p(r)dr (nuclear charge)
P = I p(r)x;dr (electric dipole moment)

Qu'= I p(r)x;x,dr (electric quadrupole moment)

The electric dipole moment P; vanishes if the nuclear charge distribution has inversion
symmetry with respect to the origin, as is assumed here. The first term is the energy of the
nucleus when the nucleus is regarded as a point charge. Neglecting this term, we get

1 '
H,=H-ZeV, =5;ij Va
Js

where

o'V
o=
s (Gx]@xk )y

The Hamiltonian Hyg is the interaction of electric field gradient and the quadrupole moment.
We introduce the traceless tensor as
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3Q11 '_Z Qn' 3Q12' 3Q13'
Q_/‘k = 3Q_/‘k'_5_/‘k ZQn' = 30,,' 30,, '_Z o,' 30,
3Q31 ' 3Q32 ' 3Q33 '_Z Qn '

Then we get

Hy = éZijV_/k +%[ZQ1‘[ 'j[Z V_z/)

Jik
with
O, = Jp(r)(3x_jxk — &8, )dr
Suppose that

pr)=Y es(r—r)
Then we have

Q_/‘k = Ze(3xyxik _5_/‘kri2)

((Slichter))
We are in general concerned only with thr ground state of a nucleus or perhaps with an
excited state when the excited state is sufficiently long-lived. The eigenstate of nucleus are

I,m> withm =1, I-1, I-2,...,-1 (2] +1 states). Then we need only

the matrix elements of the quadrupole operator,

characterized by the state

(Lm0 1,m)

According to the Wigner-Eckart theorem these can be shown to obey the equation

(1m'|Q | Im) :c(l,m’|%(iai +1,0)=5,,1°|1,m)

where c is a constant. We will show you later how to derive this form.

The Hamiltonian is then given by
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e IV )
H=—=—>V [=-(UI1,+1,] )-0 ,1

We choose a set of principal axes such that

e

o =0 for a# f

Then we get a simplified Hamiltonian

H = #?_I)[Vm(ﬁj —I)+V, (31 -1)+V_ (317 -1)].
Since

VetV +V.=0 (from the Laplace’s equation)
we have

He Ly Gl Py, 7,0 1)

4121 -1)

We define

eq=V..

- VMV— v,

where 7 is called the asymmetry parameter and ¢ is called the field gradient. then we have

_eZLQ r2_ g2 72 72
a1 —plCL I =1,

((Equivalent operator))

Spherical Harmonics as rotator matrices 65 1/18/2019



. UU0,+0,0 | A
Tl(2) 170 01 =——(U,U,+U0,U,)
2 2
O U +0U0,) o~
1) O 420
7’:'(2) _U1U71+2U0U0 +U71U1 — 2 0
0 \/g \/g
A T U + 7 7 A A A A
fo YU Ly 00
2 2
R A 1 ~
T¥=UU0,=-U"
2
s 121 . . . . IP=1% (1. +1]1)
T =—=—( +il ), +il )=—"—2 i—2 2=
2 2 2( x y)( x y) 2 2
f‘(z):_ +[0+[0 + | = [z[x+[x[z _l y Z+ z=y
1 2 2 2
_(uug}z%z o
FO) 2 LU -U 1))
0 \/g \/g
f'(z)_iOIA——'_[A—AO: izix—'_ixiz —j iyiz+iziy
: 2 2 2
A i72 2 .7 o .5 sz_Az (ixi +iix)
Y = ——(Ix—zly)(lx—zly):[ ; J_l yz y
or
I1,+1,1, =—i(T)"-T?)

Spherical Harmonics as rotator matrices 66

1/18/2019



S Y AN
izix + ixiz = i(j;—(IZ) _7’:;(2))

The operator equivalent
Thompson p.321

(a)

(1T, o

Im)={1,k=2m,q=0|Lk=21m)<I|T"?|I>
_ 3m® —1(I+1)
JIA+ DRI -1)(21 +3)

_(u” +J+2i"2
2
(.m]

I T |1 >

_L _(I—m+l)(l+m) )
\/g I,m>—\/g[ : +2m” +
_(I+m+l)([—m)]
2
= %[3;712 —I(I+1)]
where
<I,m+1|f+ I,m>:\/(l—m)(l+m+l)
<I,m|f+ I,m—l>:\/(l—m+l)(1+m)
<I,m—1|f7 I,m>:\/(l+m)(l—m+l)
<I,m|f7 I,m+l>:\/(l+m+1)(1—m)

Then we have

<I,m|_(f+f;”+j+2f; 1, m)

(k=2)
(I,m|T,_, JIA+ )21 -1)(21 +3)

I,m>:

<I|TY2 1>

The atomic spectroscopic quadrupole moment Q is defined by
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(k=2)

0=(1,1

T, |LI)

B 3P —I(1+1)
1A+ DRI-1)(21 +3)

o | A@IEY e s
VT +D@I+3)

which is consistent with vanishing matrix elements for /=0 and /= 1/2.

1|70 | 1 >= [AFDRI+3)
\ 121-1)

Suppose that

<I|T*?|1I>

<I,m|fq(fg I,m>:c<l,m|3IAZ2 I’

Im)=d[3m* = I(I +1)]

((Equivalent operator))

Then we have

<I,m|T =0(k=2) [,m>= 3m2 —[([+1)
! VIA+DQRI-1)(2I +3)
C3m? —I(1+1)

- IQI-))

<I|T*? | 1>

0

(b)

(Im+2|1,_,"

_ B —-m=-DI-m)I+m+D)(I +m+2)
N2 JIA+ 1)1 =1)(21 +3)

<I|T*1 >

and

<I,m+2|f+2

I,m> = Z:<I,m+2|f+ I,m'><[,m'|f+

m'

[,m>

:<I,m+2|f+ I,m+1><[,m+l|f+ I,m>
=J—m=1)(I—m)(I +m+1)( +m+2)

Then we have
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Then

(d)
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q
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=%(2m—1)<[,m—1|f_ 1,m)
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(e)

ILm=2|T_ "2\ Imy=(1,k=2m,qg==2|Lk=21,m=2)<I||T*?|I>
q
_pyoem 3 NU+m=DI—m+2)I+m)([—m+1) 1T 7
2 JIA+ DI -1)(21 +3)
and
(Lm=2|1 | Lm)=>(I,m=2|I_|1,m")(I,m'|_|1,m)

=(ILm=2|1_|I,m=1}{1,m—1|I_|1,m)
= J+m=1)(I —m+2)(I +m)(] —m+1)

or

where we use the relations

(Lm+1]1,

Im) = (I —m)(I +m+1)

(Im-1|I_

Im) = (I +m)(I-m+1)

A

(1,m|I,

I,m>=m

((Mathematica))

Claculation of the Clebsch-Gordan coefficients for the rank 2 tensors

Spherical Harmonics as rotator matrices 70 1/18/2019



Clear["Global *"];

ClebschGordan[{J, m}, {2, 2}, {J, m+2}] // FullSimplify[#, {J > 1}] &
-1+J-m) (J-m) (L+J+m) (2+J+m)
(1+J) (-1 +23J) (3+2J)
ClebschGordan[{J, m}, {2, 1}, {J, m+1}] // FullSimplify[#, {J > 1}] &
[ \/ (J-m) (L+J+m) (1+2m)
-3+J(1+4J(2+3J)))

ClebschGordan[{J, m}, {2, 0}, {J, m}] // FullSimplify[#, {J > 1}] &

—J(1+J)+3m2
NI (-3+3(1L+4T7 (2+J)))

ClebschGordan[{J, m}, {2, -1}, {J, m-1}] // FullSimplify[#, { J > 1}] &
_ (Jem) | 3 \/ (1+J-m) (J+m) (“1+2m)
-3+J(1+4J3(2+3J)))
ClebschGordan[{J, m}, {2, -2}, {J, m-2}] // FullSimplify[#, {J > 1}] &
- (J+m) (1+J-m) (2+J-m) (-1 +J+m) (J+m)
(1+J) (-1 +2J) (3+2J)

(-3+J(1+43J3 (2+J))) // Factor

(1+J) (-1 +23J) (3+2J)
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A 7.0, +U,U | A
i =D Lo 0,400,
2 2
o S UU +UU,) >
o U0, +20,0,+0.0, ~ > +2U,

Fo - U0U1+2 LU, :%(UUOHJOU)
. A 1~
T9=0U0,=-U"

2
where

or
ixiy +iyix = _i(fz(Z) _ffg))
Ljrofeal? = er®
izix + ixiz = 1(7’;7(12) _7’:;(2))
Comment

A2 A2

UOWEICEAREAES A
Wigner-Eckart theorem

Lk=21',m) < I'| TGy || I >

(I',m'|T ()

q=0

I,m>=<1,k=2;m,q=0
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I,m>=<[,k=2;m,q=0

(rm[E 105 Lk=20m)y <I|TG) |1 >

Slichter page 169 - 170

The last term of the right-hand side is independent of m and m'.
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