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Abstract

A lecture note on the lattice waves in the solid is presented. In a crystal each atom are
coupled with the neighboring atoms by spring constants. The collective motion of atoms
leads to a well-defined traveling wave over the whole system, leading to the collective
motion, so called phonon. Here the equation of motion of atoms around thermal
equilibrium position will be discussed in terms of several methods, which include
numerical calculation on the eigenvalue problem (based on the Mathematica) and the
translation operators in the quantum mechanics. We show that all these methods lead to
the same conclusion, the existence of lattice wave, phonon in the quantum mechanics.
For students who just start to study the solid state physics, it may be difficult to
understand the validity of the assumption that the deviation of the displacement of the
atoms from the thermal equilibrium is well described by a traveling wave. We
numerically solve the eigenvalue-problem of the motion of atoms in the linear chain
(typically 50 - 100 atoms) using Mathematica. We will give a bit of evidence for the
existence of the normal modes propagating along the linear chain.
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1. Introduction

Phonons are a quantum mechanical version of a special type of vibrational motion,
known as normal modes in classical mechanics, in which each part of a lattice oscillates
with the same frequency. These normal modes are important because, according to a
well-known result in classical mechanics, any arbitrary vibrational motion of a lattice can
be considered as a superposition of normal modes with various frequencies; in this sense,
the normal modes are the elementary vibrations of the lattice. Although normal modes are
wave-like phenomena in classical mechanics, they acquire certain particle-like properties
when the lattice is analyzed using quantum mechanics (see wave-particle duality.) They
are then known as phonons.

There have been many excellent textbooks on the physics of lattice waves. Typical
books!'* which we read during the preparation of writing this lecture note, are presented
in References. These books are very useful for our understanding physics.

2 Lattice waves
2.1  Overview

Consider the elastic vibrations of a crystal with one atom in the primitive cell. We
want to find the frequency of an elastic wave in terms of the wavevector k and the elastic
constants. When a wave propagates along the x-direction, entire planes of atoms move in
phase with displacements either parallel or perpendicular to the direction of .

We can describe with a single co-ordinate u, the displacement of the plane s from its
equilibrium position.
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Fig.1(a) and (b)
Planes of atoms in thermal equilibrium (blue atoms ). a is the nearest
neighbor separation distance between planes. Planes of atoms when
displaced as for a longitudinal wave (red atoms). The direction of the
oscillation is parallel to that of the propagating waves. k is the wavevector.
The coordinate us measures the displacement of the planes. Longitudinal
wave. k =n (2n/Na). N=10. a = 1. n =4. N is the total number of planes.
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Fig.1(c) and (d)
Plane of atoms as displaced during passage of transverse wave (red atoms).
Atoms in thermal equilibrium (blue atoms). The direction of the

oscillation is perpendicular to that of the propagating waves. k = n (2n/Na).
N=10.a=1.n=4.

For each wavevector there are three modes; one of longitudinal polarization, two of
transverse polarization. We assume that the elastic response of the crystal is a linear
function of the forces. Or the elastic energy is a quadratic function of the relative
displacement of any two points in the crystal. The forces on the plane s caused by the
displacement of the plane stp is proportional to the difference wus+p - us of their
displacements.

For brevity, we consider only nearest-neighbor interactions, so that p = +1. The total
force on s comes from planes s = 1.
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Fig.2 (b) Transverse wave.

Fig.2(a) and (b)
The displacements of atoms with mass M are denoted by us.1, us, and us+1.
The repeat distance is a in the direction of the wavevector k. The direction of us is
parallel to the direction of the wavevector k for the longitudinal wave (a) and is
perpendicular to the direction of the wavevector k for the transverse wave (b).

05 One dimensional case: longitudinal mode
We start our discussion with the Lagrangian for the displacement of the s-th plane,
given by

L=T-V,
— i =l — %, =@+ (5 - )], @.1)
1 1

B Emuf - EC[(MHI - us )2 + (uS - uS*I)Z]

where x;s is the position of the atom at the s-th site and a is assumed to be the length of the
unstretched spring.



X, =u,+sa

where a is the distance between the adjacent atoms in thermal equilibrium. The
Lagrange’s equation for this system is derived as

i ﬁ - 8_L , (2.2)
dt\ ou, ou,
or
. 1
mii, = _E Cl2(u,,, —u)=D+2(u, —u,,)]
=—C(-u,,, +u +u,—u_,) , (2.3)
= C(uerl - 2us + usfl) = F;
where
F; = C(uerl - us) - C(us - usfl)

is the effective force on the s-th plane (Hooke’s law), C is the force constant between
nearest-neighbor planes, C, # C, (Cr: force constant for longitudinal wave, Cr: force
constant for transverse wave). It is convenient hereafter to regard C as defined for one
atom of the plane, so that Fy is the force on one atom in the plane s. The equation of
motion of the plane s is

2
du,

M
dt*

=C(u,,, —2u,+u,_,), (2.4)

s+1

where M is the mass of an atom in the s-th plane. Suppose that this equation has the
traveling wave solutions of the form

u, =ue' ™", (2.5)

Note that the validity of this assumption will be verified by solving directly the
eigenvalue problem (see Sec. 2.5). The boundary condition is illustrated below.

Ma

Fig.3 One-dimensional array of equal masses and springs. This is the simplest model of
a vibrational band.



Alternative representation of the Born-von Karman boundary condition. The object
connecting the ion on the extreme left with the spring on the extreme right is a massless
rigid rod of length L = Na.

Fig.4 The Born-von Karman periodic boundary condition for the linear chain.

23 Born-von Karman boundary condition
The Born-von Karman or periodic boundary condition;

us = uerN 2 (26)
us :ei(ksa—a)t) ) (27)
The periodic boundary condition requires that
o1, o k=L 2.8)
a N
M
- k' —_——
i e o~
-5/ -7/a 0 ='a xfa
Fig.5 Nmodes for —7z/a<k<rx/a
where
gz_ﬁ’_ﬁ+1’...’ﬁ_1’l_ (2.8)
2 2 2 2
N

For each £, there are one longitudinal mode and two transverse modes. Then we have

(1+2)N modes = 3N modes

(i ((very important))
N atoms: each atom has 3 freedoms 3N

_i(ksa—awt)
s € >

u



k'=k+ 2—ﬁn (n: integer). (2.9)
a

The displacement of the n-th atom for the wave £’

il(k z—ﬁn)vafwt]
u = ei(k'safa)t) —e -a =ei(ksa7a)t)' (210)

So the displacement u; is the same as for the wavevector k, for any atom whatsoever.
Thus the wave &' cannot be physically differentiated from the wave £.

2.4  First Brilouin zone
What range of & is physically significant for elastic waves?
= Only those in the first Brillouin.

Ups _ gita @.11)
u

N

The range —7 to 7 for the phase ka covers all independent values of the exponential.

—r<ka<n or -Z<p<, (2.12)
a a

In the continuum limit (a = 0),

Ky = > 0. (2.13)
a
15t Brillouin zone
K k'
|V % "
w3 0 ;fa 2niz
Fig.6 The relation between &’ and k = k’+27/a.
Suppose that
, 2 .
k'=k+—n (n: integer) (2.14)
a

Then
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i+ n)a
a

Usii _ gika _, _ e (2.15)

Thus the displacement can always be described by a wavevector within the first Brillouin

2r . . . .
zone. Note that G = —n is a reciprocal lattice vector. Thus by subtraction of an
a

appropriate reciprocal lattice vector from k, we always obtain an equivalent wavevector
in the 1st zone: k = k' + G, where k' is the wavevector in the first Brillouin zone.

2.5 Normal modes
We solve the equations of motion

dZ
M d;;“ =Clugy —2u, +u,,), (2.16)
by assuming that
u, =e' ™, (2.17)
Then we have
d’u,
rEEiL LN (2.18)
Uy =eu, (2.19)
2 ika —ika
— o’ Mu, = Cle™ + e —2)u,, (2.20)

leading to the dispersion relation
, C 2C 4C . , ka
w” =—(2-2coska)=—(1-coska) =—-sin"(—), 2.21
M( ) M( ) Vi ( 2) (2.21)

or

W= \/% | sin(%) |. (2.22)

It is usual for one to assume that wis positive. Then the wave propagates along the
positive x direction for £>0 and along the negative x direction for £<O0.

The boundary of the first Brillouin zone lies at k = +Z.
a

11
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Fig.7 The dispersion curve (@ vs k) for a monatomic linear lattice with nearest neighbor
interactions only. The first Brillouin zone is the segment between —7/a and 7/a. w
is linear for small k and that da/dk vanishes at the zone boundaries (k = +7/a.

, 4C . z[kaj 4C
o’ =—sin’| —| or 0=,—
M 2 M

2.6  Continuum wave equation
We consider an original wave equation given by

sin[l%aj‘ dispersion relation  (2.25)

2
du,

M
dt*

=C(u,,, —2u,+u_,). (2.26)

s+1

We assume that us(x) = u(x, ). In the small limit of @ = Ax, sa = x and s is continuous
variable. Under this assumption, u(x, f) can be expanded using a Taylor expansion,

Ax ou(x,1) N (Ax)* 0°u(x,t)

3
' ox 21 o +0(Ax)", (2.27)

u () =u(x+Ax,t) =u(x,t)+

Then the original wave equation can be rewritten as

12



2 2 A2
% 0 u()zc,t) _ Clu(x.) +£8u(x,t) N (Ax)" 0 u()zc,t)
ot I ox 2! ox (2.28)
2 A2 ’
—2u(x,t) +u(x,t)— Ax ou(x,1) + (Av)” 0 u()zc,t)]
I ox 2! ox
or
M Qu(x,t) = C(Ax)? M] , (wave equation) (2.29)
ot ox*
or
ﬁzu(azc,t) :E(Ax)z ﬁzu(azc,t) :£a2 ﬁzu(azc,t) _ 2 ﬁzu(azc,t) ’ (2.30)
ot M ox M Ox ox

which is the continuum elastic wave equation with the velocity of sound given by

vz\/%a. (2.31)

((Note)) Units

[C]=N/m. [M]=N s*/m. [a] =m. [v] = /s
The solution of Eq.(2.30) is given by

u(x,0)= f(x—vi),
where f'is an arbitrary function.

3. Eigenvalue-problem; solution using Mathematica
We solve the eigenvalue-problem given by

a)zus =K(-u,, +2u,~u_,), 3.1

s+1

where s = 1, 2, ..., N, K = C/M. These equations can be expressed using a matrix M (for
example, N x N) and column matrix (1xN);

MU= &U. (3.2)

Here « is the eigenvalue. The number of eigenvalues is N. For example, the matrix M
and the column matrix U for N = 12 (for example), are given by

13



2K -K 0 0 0 0 0 0 0 0 0 0
-K 2K -K 0 0 0 0 0 0 0 0 0
0 -K 2k -K 0 0 0 0 0 0 0 0
0 0 -K 2 -K 0 0 0 0 0 0 0
0 0 0 -K 2 -K 0 0 0 0 0 0
M= 0 0 0 0 -K 2 -K 0 0 0 0 0 (3)
0 0 0 0 0 -K 2 -K 0 0 0 0
0 0 0 0 0 0 -K 2k -K 0 0 0
0 0 0 0 0 0 0 -K 2 -K 0 0
0 0 0 0 0 0 0 0 -K 2k -K 0
0 0 0 0 0 0 0 0 0 -K 2K -K
0 0 0 0 0 0 0 0 0 0 -K 2K
and

U

U,

U

u,

uS
U= ZG , for each eigenvalue. 3.4)

7

Ug

Uy

Uy

Uy

Uy

Using the Mathematica (program called Eigenvalues), we can calculate the dispersion
relation of ax vs k = (#/a) (n/N) with N = 1, 2, 3,..., N-1, N. For simplicity, here we
choose N = 100. For comparison we also make a plot of the solution given

byw =+/4C/M |sin(ka/2)|. We find that there is a good agreement between these two
curves. K = C/M.

((Mathematica-1))

Phonon dispersion relation for one atom in the unit cell.

14
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Fig.8 The dispersion relation with red (from Mathematica calculation) and blue
(wzﬂsin(ka/Z) with K = C/M). The x axis is k = (#/a) (n/N) with n = 1,
2, ..., N (= 100). The y axis is w/(2\/K). The agreement between these two
results are excellent.

((Mathematica-2))

Here we use the Mathematica program (Eigensystem) to obtain the eigenvalues and
the corresponding eigenfunction U. For each eigenvalue, we can calculate the deviation
(us) of the position of the atom from the equilibrium position, as a function of the
equilibrium position xs = s a, where s = 1, 2, 3,..... ,N. Here we consider the eigenvalue
problem (N = 50). We show the plot of Un=(u1, u2, u3, ..., ux) as a function of the location

(xs=sa),wheren=1,2, ..., N. ||u|| =1. We find that the wavelength A, is given by A, =
2Na/n. The corresponding wavenumber ¢n is equal to kn = (2/4n) = (w/a)(n/N). The
deviation us is well described by the form sin[ns(n/N)] = sin[kn(sa)] (= "**).

0.2

0.1F

—0.1r

-0.2F

Fig.9 Plotofu = (u1, uz, us, ...., uso) as a function of xs = s a for the eigenvalues @ (i=
1,2,3, ..., 10). o<a<...<awo. Note that u is normalized (||u|| =1). N=150.
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Fig.10 Plot of u = (w1, u2, u3, ...., uso) as a function of xs = s a for the eigenvalues
w(i=1,2,3,...,10). o<a<...<ano. The wavenumber k, = (/Na)n. The
value of 7 is denoted in each figure.
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Fig.11 Plot of u = (w1, u2, u3, ...., uso) as a function of xs = s a for the eigenvalues
an (n =5, 10, 15, 20, 25, 30, 35, 40, 45, 50). »<wi0<...<axo. |u=1. N=

50. The wavenumber k, = (#/Na)n. The value of n is denoted in each
figure.

((Note))
The eigenvalue problems for several simple systems (chains of 2 atoms, 3 atoms, 4 atoms,
and 5 atoms) is discussed in detail in my web site,

http://bingweb.binghamton.edu/~suzuki/pdffiles/Oscillation and Waves Note.pdf

4. First Brillouin zone and group velocity
4.1  Definition of the group velocity
The transmission velocity of a wave pocket is the group velocity

ow
Vg :a—k:vka)(k). (41)

This is the velocity of energy propagation in the medium.

2
v, :88_2): C;l[ cos(éka}, 4.2)
Va
Vg =0 at k:;

The wave is a standing wave: zero net transmission velocity for a standing wave. Note
that the phase velocity is defined by v, = w/k .

Long wavelength limit

When ka « 1,
l-coska=1-{1-—(ka)" | = —(ka)". (4.3)
2! 2
Then
2
=L C g o o=, k, (4.4)
M 2 M M
Vv, =2—2) =1[%a =V, at ka = 0. 4.5)

18



The velocity of sound is independent of frequency in this limit. Thus @ = vk, exactly as
in the continuum theory of elastic waves --- in the continuum limit @ = 0 and thus ka = 0.

4.2 The physical meaning of the first Brillouin zone
We discuss the physical meaning of the first Brillouin zone. To this end, we consider

the case of uy; with

k=k0=3£ and k=k, +G=—+

() k=k,

T 2z _Ix
3a a 3a

T

25'

At t=0, we have u, =ue'™ ™ at t=0. We make a plot of

i(zsfa)t)
Re[u,]=Re[e * ]= cos[%sj ,

as a function of s, where s =0, 1, 2, 3, ..., where u = 1 in Fig.17.

T 2z 7

(i) k=k,+G=—+" =1

We also make a plot of Re[u,]= Re[el(

Fig.12(a)

3a a 3a
T

; s]] _ COS(%’SJ at £ =0 in Fig.17.
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S
Plot of Re[e™* "] at t = 0 for k = ko + G = 77/3 (the red solid line) and &
= ko = 71/3a (the dotted blue line).

As shown in Fig.12, the wave represents by the solid curve (k = 77/3a) conveys no
information not give by the dashed curve (k = 7/3a). Because the wave displacement is
defined only at lattice points, the propagation of a large wavenumber (ko + G) lying
outside the first Brillouin zone is identical to a short wavenumber ko lying inside the first
Brillouin zone. In a continuum, the amplitudes would have a value everywhere, as
represented by the continuous lines, so that both wavenumbers would be distinguishable.
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((Exmple))
Re[u,/u]

.06 ’

1
—

0.5

V
—
TH®
L4
[e)

W

—0.5}

Lol

Fig.12(b) Identity of long and short waves on a lattice. N =20. a = 1. k= 3n/(10a).
G=2ma. k'=k+ G=237/(10a). Re[us/u(0)] for k= 3n/(10a) (green line).
Re[uy/u(0)] for k£ = 23n/(10a) (black line). These two lines intersect each
other at the integers s (s =1, ,2, 3,....... , 20).

4.3 Standing wave
At the zone boundary k = + 7/ a , the group velocity is equal to zero, implying that no
energy is propagated. The amplitude Re[us] at time 7 is described

Refu,] = Relue’ ™ ] =Relu(-1)’e™ |= u(-1)’ cos e (4.1)

The alternate atoms oscillate in opposite phases, because (-1)’= -1 for odd integers s and
(-1)*=1 for even integers s. Note that the wave is a standing wave. A standing wave is an
example of wave motion with zero group velocity. The wave moves neither to the right
nor to the left. This situation is equivalent to Bragg reflections of x-ray.

20
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Fig.13 The condition for the Bragg reflection in the reciprocal lattice.

k—k'=2r/a (or k=r/a and k' =-7x/a)

The Bragg reflection arises when k = + 7/ a . Even if we excite only the state k = 7/a. we

should obtain k& = -7/a through the Bragg reflection. The superposition of these two wave
leads to a standing wave,

[ei(ksafa)t) + ei(k'safa)t) ] — 1

V2
_ Le’”‘” {2005 Sﬁ} _ e {cos ST

V2 2isinsm isinsz

L

V2

e*ia)t [ei.m' i efi.m' ]

(4.6)

This implies that the wave cannot propagate in a lattice, but through successive
reflections back and forth, a standing wave is set up.

4.4 General property of the group velocity
There are two main features of the phonon dispersion relation;

(1) E = hax is an even function of k; hew | =he, or E , = E, , where 7 is the Dirac’s

constant (7 = h/2m) and 4 is the Planck’s constant. This is related to the fact that
the equations of motion are invariant with respect to the time reversal.

(1) Periodicity in £, . = E, with G [=(27/a) times integer] is the reciprocal lattice.
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Fig.14 Values of £ in the first Brillouin zone related by the symmetrical relation

(Ex+6 = Ex and Ex = E ). k = +r/a is the boundary of the first Brillouin
zone (|k|<m/a).

We now consider the value of the group velocity at the Brillouin zone boundary.
From the condition E, = E , , we have E(3) = E(4). From the condition £, = E, ., we

have E(3) = E(5). Therefore, we have E(4) = E(5). On taking 6 — 0, the group velocity at
the boundary of Brillouin zone is defined as [E(5)— E(4)]/26, which reduces to zero

(d B/ dk—0).

((Note))
It follows that from the condition (E, = £ , ), we have E(1) = E(2). On taking 6—0,

the group velocity defined by[E(2) — E(1)]/26 reduces to zero (d£i/dk—0). On applying
the periodicity condition E, = E, ,; this result can immediately be extended as follows.

dE/dk—0 at k = 0, +27/a, +4n/a,..... This prediction (only from the symmetry
consideration) that the group velocity is equal to zero at k = 0, may be inconsistent with
the result derived from the linear chain model above described. In the linear chain model,
it is predicted that there is a discontinuous jump in the group velocity at k£ = 0, from -vo

(vo=avC/M ) at k=0 to —vo at k= 0". We note that this motion at k£ = 0 is a translation
of the crystal as a whole and it is therefore not property of a vibration.

S. Determination of force constants
5.1 The system with the nearest neighbor interaction
We can make a statement about the range of the forces from the observed dispersion

relation for @. The generalization of the dispersion relation to p nearest planes is found to
be

w; =£Z[1—cos(pka)](?p : (5.1)
M p>0
wla wla
M [ dkes; cos(rka) =2yC, | k[l - cos(pka)]cos(rka) . (5.2)
—7la p>0 -la
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force constant

Fig.15 Linear chain having the nearest-neighbor coupling (Ci), the second
nearest-neighbor coupling (C»), and the third nearest-neighbor coupling
(C3), and the

Here
rla sin(rk ) la
[ dk cos(rka) = [ a } -0, (5.3)
—-la ra —la
and
rla la 1
.[dk cos(pka)cos(rka) = Idkg[cos{(p + r)ka} +cos{(p - r)ka}]
-rla -rla
1 rla 1 27T f _ ?
=— jdkcos[(p—r)ka] =5, orrTr
2.5, 0 otherwise
(5.4)
Thus
rla (j
M .[dka),f cos(rka) = 27—, (5.5
a
-la
or
A4a la
C, == [ dkes; cos(pka), (5.6)

-r/a
gives the force constant at range pa, for a structure with a monatomic basis.

5.2 System with long-ranged interactions
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Fig.16 Linear chain with the nearest-neighbor and the next nearest-neighbor
interactions.

Here we assume that there are the second-, third,...nearest neighbor interactions in the
system in addition to the nearest neighbor-interaction. Then the Lagrangian L is given by

L=T-V

‘2 M 22 C,(u,~u,,)’ : (5.6)

vpl

—z M’ z {u —qu) +(u, —u,_ p)z}—m

The Lagrange equation is

d oL oL

a4 ok _ o 5.7
dt du,  ou, ©-7)
or
Mii, ==>"C, (u, —u,,,)— > C,(u, —u,_,)
i r (5.8)
=>C,(u,,, —2u, +u,_,)
p=1
Here we assume a traveling wave given by u_ =ue'™™ . Then we have
~Maou, =Y C, " — 2+ e N, (5.9)
p=l
or
~Mo* =3C (" —2+e), (5.10)
p=1
or
dzéixmfmwm) Ci 1~ cos(ka)] + 2 qlam%m+
p=1
(5.11)

which includes the higher harmonics terms through long-range spring constants. The
value of C, can be determined experimentally from the phonon dispersion relation.
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6A.. Vibration of square lattice*

@ o @
@ ® @
. . 11 .
Fig.17 Square array of lattice constant a. The displacements are normal to the

plane of the lattice.

We consider transverse vibrations of a planar lattice of rows and columns of identical
atoms, and let u(/, m) denote the displacement normal to the plane of the lattice of the
atom in the /-th column and m-th row. The mass of each atom is M, and C is the force
constant for nearest neighbor atoms.

The equation of motion is expressed by

M% = C{[u(l +1,m) + u(l — 1,m) - 2u(l,m)]

+[u(l,m+1)+u(l,m—1)—-2u(l,m)]
(6.1)

We assume that the solution of u(/, m) is given by
u(l,m)=u(0)expli(lk.a + mk,a— ot), (6.2)

where a is the spacing between nearest-neighbor atoms. The equation of motion is
satisfied only if

= \/%\/2 — cos(k,a) - cos(k,a) , (6.3)

where the first Brillouin zone is

ek <Zand-Z<k <X, (6.4)
a a a a
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eciprocal lattice point
Infa

/zune houndary

.| 2wla
, ke

[ First Brillouin zone

Fig.18a Brillouin zone of the two-dimensional square lattice with a lattice constant
a. Bragg reflections occur at the zone boundary of the first Brillouin zone.

Fig.18b Three-dimensional plot of the dispersion relation (of the 2D square lattice.
The height (w) is plotted as a function kxa vs kya (in the 2D wavevector-
plane).
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Fig.18c Contour plot of constant energy in the reciprocal lattice plane. The first
Brillouin zone is shown by the red solid line. The energy of the point (the
corner of the first Brillouin zone) is higher than that of the point ( the
middle of the zone boundary).

6B.Two-dimensional triangular lattice (supplement)
Problem 5-10 (H. Myer, Introductory Solid State Physics, Taylor & Francis, 1990.

London, U.K.).
Consider the following two-dimensional close-packed lattice and its unit cell:
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(ILm+1)
(1-1,m+1)

(-1, T »@+1.m)

(+I,m-1)
(I,m-1)

Fig.19a Real space for the 2D triangular lattice.

Primitive cell vectors a; and a; are shown. Determine the first Brillouin zone appropriate
to this lattice. Arrange that the reciprocal lattice vectors b1 and b are correctly oriented.
Then, using the nearest-neighbor approximation for a vibrating net of point masses,
determine the dispersion equation [let the central mass points have coordinates (lai, maz)].
Calculate the frequency at two-non-equivalent symmetry points on the zone boundary.

((Solution))
The primitive lattice vectors:

1 3

a, = a(cos(0°),sin(0°)) = a(1,0), a, = a(cos(60°),sin(60°)) = a(E,T) .

The reciprocal lattice vectors;

NER|

ar o) sin(—30°)) = FF V3 1
b, —E((cos(—30 ),sin(—30°)) \/ga( > 2),

b, = 4T7Z((cos(90°),sin(90°)) _ A7 o
a

5 Va

We set up the equation of the motion for the atom at the center. There are nearest
neighbor interactions from atoms surrounding the atom at the center.
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Mu(l,m)=Clu(l +1,m)+u(l,m+1)+u(l—-1,m+1)

+u(l =1,m)+ul,m—1)+u(l +1,m—1)— 6u(l,m)] M)

where M is the mass of atom, C is the spring constant, and #,,,,, is the displacement
vector for the atom at the position (/a1, maz). We assume the solution of the form as
u(l,m) = u(0)explik - (la, + ma,) — wt].
with
u(l£1,m) =exp(tik-a)u,,, ,
u(l,m=*1)=exp(tik -a,)u,,, .
Substituting these into Eq.(1), we get

— Mw*u(l,m) = Clexp(ik - a,) + exp(ik - a,) + exp[i(—k -a, + k - a,)
+exp(—ik -a,) + exp(—ik -a,) +expli(k -a, — k -a,) — 6]u(l,m)

Then we have the dispersion relation of @ vs k as

Mao*
2C

=[3—cos(k-a,)—cos(k-a,)—cos(k-a,—k -a,)]

where
k=ke +ke,

The Brillouin zone for the triangular lattice is shown below.
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by

L,m+1
(I-1,m+1) (ro+1)

2
(-1, o >0 (1+1,m)
by
1+1,m—-1
I,m—1) (+lm=1)
Fig.19b Relation between the real space (lattice vectors a1 and a2) and the
reciprocal lattice (b1 and b2). The magnitude of a; and b; are chosen

appropriately.

(a) At the middle of a Brillouin zone (zone boundary)

k:q+@
2
1 1
k al=5a1 b=rm, k-a, Eaz b=n
Then we get
Mo’
=3 —cos(r)—cos(mr)—cos(r—rm)=4
2C
or
o =3€
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(b) At the corner of a Brillouin zone.

k=b1+2b2
3
1 2
k alzgal-blzT, k azz—az-bzz
Then we get
Ma* 27 A 27, 9
=3—cos(—)—cos(—)—cos(———)=—
2C ( 3 ) ( 3 ) ( 3 ) 2
or
a)2:£
M
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Contour plot of constant energy in the reciprocal lattice plane. The first
brillouin zone is shown by the blue solid line. The energy of the point K
(the corner of the first Brillouin zone) is higher than that of the point M

( the middle of the zone boundary).
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The Brillouin zone for the 2D triangular lattice is shown below.

Fig.19¢
((Note))
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7

—_—

7

| —

Fig.19d Reciprocal lattice. Brillouin zone. M (the zone boundary) and K (the
corner). The numbers are related to the number of Brillouin zone.

75 Two atoms per primitive basis
We consider a cubic crystal where atoms of mass M lie on one set of planes and
atoms of mass M lie on planes interleaved between those of the first set.
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Fig.20(a)

Fig.20(b)

Fig.20(c)
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[ ] [ ] ® [ ] [ ] [
[ ) a/2 @ a/2 J [ [ [
IQI = |
-
=]
X1 Y X Y X4l
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Fig.20 (a), (b) Diatomic linear chain, There are two atoms with masses M; and
M, per unit cell (lattice constant a). (b) The plane of atoms stacked
alternatively (lattice constant a).

The Lagrangian of the system is given by

1. ., 1
L=—MX>+—-M)Y>+--
2 o2

1 a a a
——Cl (X, ~Y -+ -X - +(X =Y  ——) +--
2 [( s+1 s 2 ) ( s s 2 ) ( s s—1 2 ) :l

or
1 -2 1 .2
L :—Mlus +_M2vs +oee
21 ? : (7.1)
_EC[(I’[HI _Vs)z + (v, —us)2 + (u, —V‘H)z + ]

Note that the coordinates of the positions of the atom with mass M and atom with mass
M, are described by

a
X, =sa+u,, Y =sa+—+v,.
‘ ‘ ‘ PR
or
a a a
Y -X ——=(sa+—+v)—(satu)——=v, —u_.
2 2 2

The Lagrange’s equations are as follows.

daL_a

dt o, ou,’
or

(7.2)

M.ii, = —%C[— 2(v, —u)+2u, —v_)], (7.3)
or

M = —C(— v, +2u, —v_, ) = C(vs +v,, —2u, ) . (7.4)
Similarly
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d oL oL

dor_ob 7.5
dt ov, Ov, (7.5)

—v)+2(v, —u)|=Clu,, —2v, +u,). (7.6)

s+1 s+l

M,y = —%C[— 2(u

Let a denote the repeat distance of the lattice in the direction normal to the lattice plane.
Equation of motion is given by

d’u
1 7 = C(vs + vsfl - 2”@)
e , (7.7)
MZ 7‘; = C(uerl + us - 2vs )

Here we assume that each plane interacts only with its nearest-neighbor and that the force
constants are identical between all pairs of nearest-neighbor planes. Suppose that u; and
vs have the forms of

u = uei(skafa)t)
' (7.8)

v = vet(skafa)t)

N

Then

—o'Mu = Cv(l + e’”‘”)— 2Cu

A . (7.9)
—o’'M,y = Cu(e’k” + 1)— 2Cv

When the determinant of the coefficients of u and v vanishes, the homogeneous linear
equations have a non-trivial solution.

2C - M0’ —C(1+ e
—Cli+e™) 20-M,w°

=0, (7.10)
or
M M,0* —2C(M, + M,)o* +2C*(1-coska)=0. (7.11)

We examine this equation in the limiting cases

(1) ka « 1
(i1) ka = = at the zone boundary

(1) ka « 1
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1—coska ~ %kza2

M M,0* -2C(M, +M,)o* +C’k’a’ =0, (7.12)

or

o C, + M) £CP(M, + M,)* =M M,C*k*a?

MIMZ
i 272 2
:C(M1+M2) n 1_MleCka (7.13)
MM, C*(M, +M,)’
_C(M, +M,) —1+ MM, Ckd’
MM, | | 20°(M,+M,)’
Then we have the two roots for ka « 1
) 1 1 .
w” =2C VJFM_ (optical branch), (7.14)
1 2
2 C 2 2 .
" =———— k“a” (acoustic branch). (7.15)
2(M,+M,)
(*) The extent of the first Brillouin zone is Tk
a a
(1) ka =+7
MM,0" -2C(M, + M,)o* +4C =0
(M,0* —2C\M, 0> —2C)=0 (7.16)
or
a)zzjzw—c; a)zzf/[—c. (7.17)
1 2
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W \
ranch i i
i B
- M,
- /acoustic
i phonon
i branch
‘ | | | ‘ L ‘
-n/a 0 n/a
k
for M, > M,
Fig.21 The dispersion curve (@ vs k) for a diatomic linear chain with nearest

neighbor atoms interacting with interaction C only. The masses of the
atoms are M and M>; The first Brillouin zone is the segment between —7/a
and s/a. There is an acoustic mode (lower branch) and an optical mode
(upper branch).

We consider the particle displacement in TA and TO branches. For the optical branch at &
=0, we have

—@’Mu=2Cv-2Cu
or

u_ 2€ ~ = 2¢ __M, : out-of-phase (7.18a)
v 20-M® R M,
20-M20) -

1 2

We also note that the velocity of the center of mass defined by

v, = M+ My (7.18b)
M, +M,

is equal to zero.
For the acoustical branch at £ = 0, we have

~@’Mu=2Cv-2Cu. (7.19)
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Since w? =0, then we have

u=v. : in-phase

- aut-of-phase
— T, U#0 v=0

u=0 w1

-—

O—e}—

— —

iy |

e, —®
in-phase

Fig.22 Nature of the vibration in the acoustical and optical branch of a vibrational
spectrum.

u = uei(skafwl) — vei(Ska*fU’) . (720)

K > Us

. . . — . Vs
Acoustical waves in a diatomic linear lattice (k = 2—)
a

Fig.23 Transverse acoustic waves in a diatomic linear lattice.

u cos(ska) = vcos(ska). (7.21)

Optical waves in a diatomic linear lattice (k = 2£)
a
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i ; I I
Li.: - Wa ly Wy
- - e’
- -lcoslska)
Fig.24 Transverse optical waves in a diatomic linear lattice. Figure represents a
snapshot of the wave motion.
Mu+M,v .
v,=————2 =0 = The velocity of center of mass does not move.
M +M,

The atoms vibrate against each other, but their center of mass is fixed. If the two atoms
carry opposite charges, we may excite a motion of this type with the electric field of a
light wave.

electric
H field
light
wave —
K = Eennn — &
wikirating
E electric
field
Fig.25 Origin of the name of optical mode

So that the branch is called the optical branch. The atoms (and their center of mass) move
together, as in long wavelength acoustical vibrations, whence the term acoustical branch.

‘@in-phaae E

no electric field

Fig.26 Origin of the name of acoustic mode

This is a frequency gap at &k, = + 2 of the first Brillouin zone.
a

((Note))

If we look for solutions in the gap with @ real, then k will be complex, so that the
wave is damped in space.
((Mathematica)) phonon dispersion for the system with two atoms in unit cell
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w/w0

R Ty
1 2

Fig.27(a) The dispersion curve of the diatomic linear chain with two atoms in a unit
cell. The ratio M>/M; is varied as a parameter between 2, 3, 4, ... and 10.

((Note-2)) Link
Phonon dispersion relation in the Brillouin zone (Wolfram Demonstrations Project)
Phonon modes in one dimensional crystal with two atoms.

http://demonstrations.wolfram.com/PhononDispersionRelationInBrillouinZone/
((Example)) Change of the unit cell size from 2a to a when M> become equal to M.

E. Hanamura (Problems in Solid State Physics, in Japanese) Problem 3-1.

We consider a one-dimensional chain, where two kinds of atoms with different masses
M, and M are alternatively arranged. The size of unit cell is 2a, where a is the nearest
neighbor distance between two different atoms. There are 2N atoms. N atoms of the mass
M., and N atoms of the mass M>. There is only the nearest neighbor interaction between
these two atoms. We consider the limit that that M; becomes equal to M> (M1 = M> = M).
In this case, there are 2N atoms of the mass M. The nearest neighbor distance is a.
Discuss the dispersion relation of these systems.

M M
® ® ® ® [ ®
a a
- | | > >
Fig. M> # M. The size of unit cell is 2a. There are N unit cells in the system. L
= 2aN.
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First we consider the case (only the longitudinal wave) where M is not equal to M>. The

size of unit cell is 2a. The Brillouin zone is in the range |k| <2£. The total number of
a

atoms are 2N, leading to the 2N modes; 1 acoustic branch (N modes) and 1 optical branch
(N mode). The size of the system is L = 2Na.

u, =uexpli(s2ak — wt}]
v, =vexpli{s(2a + 1)k — wt}]

We use the periodic boundary condition;

uNJrs = us s vN+s = vs
or
exp[i(2Nak)] =1.
or
2m 7w on
2Nak:27m, or = =——,
2Na a N

There are N modes for each branch (1 optical and 1 acoustic branches). We choose
|| < z
2a
where k = 0, £n/(aN), £21t/(aN). The dispersion relation is given by
M M,0* -2C(M, + M,)®’ +4C’sin’(ka) =0

For k= ii,
2a

MM,0" -2C(M, + M,)&” +4C* =0.
or
(M, = 2C)(M,w° —2C) =0

or
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In the limit of M1 = M> = M, these are equal (@ = 1/% ).

For k=0,

MM,0" -2C(M, + M,)o* =0

M1M2

) /4
In the limit of M1 = M> = M, the latter is equal to (v = VC ).

or

N M
® ¢ ¢ ® ® ®
a a
- > > > > >

Fig. M = M. The size of unit cell is a. There are 2N cells in the system. L = 2Na.
Now we consider the case (only the longitudinal wave) where M1 = M, = M. The size of
unit cell is a. The Brillouin zone is in the range |k|<z/a. The total number of atoms are 2N,
leading to the 2N modes; 1 acoustic branch (2N modes). No optical mode exists. The size
of the system is L = 2Na.

u, =uexpli(sak — wt}]
We use the periodic boundary condition;

u2N+s = us 2

or

expli(2Nak)] =1.
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or

2m 2z n
2Na a 2N’

2Nak =2mn, or k=
where n = -N, -N-+1,....... , N-1, N. There are 2N modes for 1 acoustic branch,
|k| < s
a

The dispersion relation is given by

s

In the zone boundary,

w=2 £
\/M

sm(—)‘

T
k|:;

wNCIM

S / 7
5]
1.0}
0.5+
x _x n . @
2 2
Fig. The dispersion relation for M1 = M>. When M is slightly larger than M,

the dispersion relation consists of the optical branch (N modes) and the

acoustic branch (N modes) for the first Brillouin zone (|k|<2£). The
a
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extended zone scheme for the optical branch and acoustic brance (for M> =

M) is shown in this Fig.. When M| = M>, w at k :izi for the optical
a

branch becomes equal to that for the acoustic branch. The size of the
Brillouin zone becomes twice larger. Correspondingly, a part of the optical
branch (denoted by green line) shifts to the acoustic branch by -7/a, while
a part of the optical branch (denoted by blue line) shifts to the acoustic
branch by 7/a.

F. The folding effect
We use the above examples to explain the folding effect of the first Brillouin zone.

(1) Suppose that there are one kinds of mass (the mass M; denoted by red circles).
Here we have a chain with the total size L = 2Na, where 2N is the number of unit cell and
a is the lattice constant. When we consider the lattice vibration in this system (only in the
case of longitudinal waves).

2N cells
o O O O O o o o o o o
<—a—>
- L=2Na -

Then we have one longitudinal acoustic branch with 2N modes in the first Brillouin zone
(|k(a)|<m), since the lattice constant is a. The total number of modes is 2.

[

20+
My=0d] 2N cells)

Acoustit §2N modes),

05t

ka

T 7
—x - z n
2 2

(1) Suppose that there are two kinds of masses (the mass M (= M) denoted by red
circles and M> (M> #£M1) denoted by blue circles). Here we have a chain with the total
size L = 2Na, where 2N is the number of unit cell and 2a is the lattice constant. When we
consider the lattice vibration in this system (only in the case of longitudinal waves).
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N cells

—0—6—0—6—0 0609
~—2a >

T —I9Ng
—Z1INa -

Then we have one longitudinal acoustic branch with N modes, and one optical branch
with N modes. in the first Brillouin zone (|k(2a)|<7, or , |ka|<n/2), since the lattice
constant is 2a. The total number of modes is 2N. When M; becomes different from M>,
the lattice constant changes from a to 2a. Correspondingly, the size of the Brillouin zone
suddenly reduces from the region of |ka|<x to the region of |ka|<7/2. As a result, at the
zone boundary (|ka|=7/2), there occurs the folding effect of the acoustic branch. A part of
the acoustic branch (Jka[>7/2) becomes the optical branches in the new first Brillouin

zone (|ka|<n/2).

o

Opfical (N modes)

L5¢
=) (N cells with two basis atoghs)

ka

8. The number of modes; degree of freedom
8.1 One-dimensional case

We consider the degree of freedom for N atoms in the linear lattice chain. There are N
atoms (each unit cell has one atom). Each atom has three degrees of freedom. One for
each of the x, y, z directions. Then we have 3N degree of freedoms. This indicates that
there are 3N modes in the system. This implies that the number of allowed & values in a
single branch is just N for each Brillouin zone; 2N transverse acoustic (TA) modes and N
longitudinal acoustic (LA) mode.

2 TA mode (2N states)
1 LA mode (N states)
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k nfia

Fig.27(b) Longitudinal and transverse acoustic modes. The transverse modes may be
degenerate as in the cubic structures

8.2 Three-dimensional case
We consider the lattice waves in the 3D system. The displacement vector us is given

u ~e*® (7.1)

where R, is the position vector of the atom located in the equilibrium positions of the
lattice.

R, =na, +n,a, +n,a,, (7.2)

a1, a2, and a3 are the primitive lattice vectors along the x, y, and z directions. From the
boundary condition, we have

MR, +Nw) _ KR, . or eMar _ 1 ’ (7.3)
leading to the selected values of wavenumber Ax

k. = 27 [, :2—”11 forai=am=as=a. (7.4)
Na, Na

Similarly, we have
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27 2 2 2

k, = lL=—-I1, and k£, = l,=—-I 7.5
¥ Ny, Ny’ ° Nga,°' Nga° (7.3)
Here /1, >, and /3 are integers given by
R
2 2 2
N,
N, _N, N,
=—— ——+1-,—. 7.6
> ) 2 (7.6)
N,
N NN
2 2 2
N,

This means that there are N (=N1N2N; ) modes, where N is the number of unit cells in the
system.

Each mode has 3 degrees of freedom (1 longitudinal mode and 2 transverse modes).
Then the total number of modes is 3 x N=3N.

(a)

In the case of one atom per unit cell, we have 3N degree of freedom, with N
longitudinal acoustic mode and transverse acoustic mode 2N
(b)

We consider the number of degrees of freedom of the atoms. With p atoms in the
primitive cell and N primitive cells, there are pN atoms. Each atom has three degrees of
freedom, one for each of the x, y, z directions, making a total of 3pN degrees of freedom
for the crystal. The number of allowed k values in a single branch is just N for one
Brillouin zone. Thus, the one LA and two TA branches have a total of 3N modes. The
remaining (3p - 3) x N degrees of freedom are accommodated by the optical branches.

3 acoustical branches
1 longitudinal acoustical (LA) mode
2 transverse acoustical (TA) mode
3p - 3 optical branches
(p - 1) longitudinal optical (LO) mode
2(p - 1) transverse optical (TO) mode
For p =2, for example, we have 1 LA, 1 LO modes, and 2 TA and 2 TO modes.

9. Classical Model
9.1 Theory of the transverse wave in a string
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Fig.28 Oscillation of one-dimensional continuum

Suppose that a traveling wave is propagating along a string that is under a tension 7s.
Let us consider one small element of length Ax. The ends of the element make small
angle 6a and G with the x axis. The net force acting on the element along the y-axis is

sz =Tsin@, —Tsind,
=T(sing, —sinf,) =~ T (tan, —tanb,) ’

() (&
Fy_T[[aij [axl]' 2

We now apply the Newton’s second law to the element, with the mass of the element
given by m = uAx,

(9.1)

or

82
F, =ma, = uAx atzy . 9.3)

Then we have
0%y ayj [ayj
AmEL | & [
P S[[Gx &)

a5 e "
wo’y \ox), \ox), 0%y

T ot Ax ox*

N

which leads to a wave equation given by
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—7=§?—7=—7—— 9.5)

y= L (9.6)
y7i

Here we use the Taylor expansion,

2
(f’_yj _(a_yj _ (@j _(a_yj _ Axﬁ[a_yj -9 9.6)
ox), \ox), \0Ox).,.. \Ox), Ox \ Ox Ox
9.2  Energy density of the elastic wave

2
When the length of element changes to Ax to Ax, |1+ [Z—yj , the work done in the
X

system (= W.) of the conserved system is given by

2 2 2
—T Ax |1+ ¥ +ﬂdA=—ﬂdA[l+l ¥ —1]:—£Ax a_yj . (9.7)
‘ ox ‘ ‘ 2\ Ox 2 ox

Since the potential energy AU is related to W. by AU =—-W_, the potential energy AU is
given by

2
AUngx[a—yj ) (9.8)
2 ox

The kinetic energy contribution AK is given by

1({oy ?
AK = piAx—| — | . 9.9
yz 2[&j 9.9)

Then the energy density is given by

T (ovY oY
AE:AK+AU=A¢Aﬂ1j+ﬁ(le (9.10)
2\ ox 2\ ot

10. Quantum mechanical approach: phonon
10.1 Annihilation and creation operators'?
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We assume U = (u1, ua, ,ux) for the eigenvalue = ax. The displacement u(x) is
expresses using a Dirac delta function,

u(x):Zusé'(x—sa), (10.1)
with L = Na . The Fourier transform of u(x) is given by

U, = .[ dxu(x)e™ = ha, (10.2)

Tz
The inverse Fourier transform of Uk is

ﬂkv a tkva

tkva U

J—EL[QZ
_ L ik'a(s—s)

- EE%ZE (10.3)
=_zm”

= us

1
Twee

or

7=§:WUW (10.4)

The Lagrangian of the system is given by

L=T-V
. 10.5
- 3| it =5l -, ) 103
L2 2 ‘
We use the notation
:LZU o (10.6)
JN T
Since u; 1s real, it is required that
Uu,=U,. (10.7)

Using these relations, we have
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St = Y YN U0 =Y T U
k k' s k s

N

Here we use

N
s=1

ze[(kJrk')sa — Névk' -

v

Similarly

>y, —u, ) =2>UU_ (1-coska) = Z%Ma),kaUk :
k

s k

where
2C
w; :ﬁ(l —coska).
Then L can be rewritten as
. Mao?
=S, -M%yu, |
—\ 2 2
The linear momentum Py conjugate to Uy is defined by
oL

P=—""=MU_,.
k ou, —k

Then Hamiltonian H is obtained as

: 1 1 1
H:Zﬂme=§z&ﬁ&m+§MdMUJ.
k k

Note that we define the Fourier transform of the linear momentum by

—iksa P
k

1
2
iksa

1
"W

B,

with
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(10.8)

(10.9)

(10.10)

(10.11)

(10.12)

(10.13)

(10.14)

(10.15)



P, =P". (10.16)

Let us work it out by the operator technique, starting from the commutation relations,

[u,, po]=1R3, .. (10.17)
Then the commutation relation is preserved in [U,, B.]=ihd, ., since
—ik! m
[U ,P ] [ ﬁkm
: rz =T

_ —iksa ik's'a
I e [us’ps']e

N s s
= ﬂ z z e*ik&‘aeik's'aévs .

N s s

lh —i(k—k'")sa .
=—)>e *“ =iho,,.
N2 ’

(10.18)

Thus our new displacements and momenta are canonically conjugate, and non-
commuting, if they are of the same wavenumber; otherwise they are dynamically
independent operators. The Hamiltonian is rewritten as

| | N
H :—z[ﬁpk ﬂ+§Mw§Uk Ukj. (10.19)

The final step is the introduction of annihilation and creation operators defined by

( Ma)k 1 iP)
\/_ U 1/Mha) g
S (10.20)
Mo 1 -
LU, iF,")

\/_( \/Mha)k

where ax and ax" act to destroy, and create a phonon of waveuumber, k and energy %o, ,

respectively. One can get the expressions for Py and Uk from the above equations for a,

N
and a,

; Mho,

b=

(a, —a,), (10.21)
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h v
Uk = m(a,ﬁra% ), (1022)

The annihilation and creation operators satisfy the commutation
la,,ai] =6, (10.23)

la.a,]=laf.ar] =0, (10.24)

The transformed Hamiltonian is

L1 1
H:Zk:ha)k[akak+§j:Zk:ha)k[Nk+§j, (10.25)

where N, =a/a,. So that each phonon may be regarded as possessing an energy /i, .

The total Hamiltonian is the sum of the Hamiltonian of independent linear oscillators of
angular frequency ax. The various properties of the operators and eigenstates of the
Hamiltonian are seen in the Appendix A.

10.2 Symmetry of lattice and translation operator'>!3

We now consider the displacement defined by

u(x) = (x|u) = u(x|s). (10.26)
When we use the Dirac notation <x|s> = 0(x —sa) , the ket vector is described by

)= X,

5). (10.27)

We introduce the translation operator given by 7(a). The Hamiltonian H is invariant
under the translation of the system by the lattice constant a. In other words,
T'(a) commutes with the Hamiltonian H. The eigenstate of H should be simultaneously

the eigenstate of 7 (a). T(a) is a unitary operator, but not a Hermite operator. Then the
eigenvalue of 7(a) is a complex number (see the Appendix B for more detail).
Since T (a)|s> = |s + 1> , the ket |s> is not an eigenstate of 7(a). Suppose that us has the

form of exp(isak), where £ is a real parameter. |u> is a linear combinationof |s> with s =0,
I, ..., N-1.

|u> — zel.vak
s

s). (10.28)
When 7{(a) is applied to the eigen ket |u>, we get
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T(a)|1/l> — ZeisakT(a)|S> — Zeisak
— e‘—ika Z ei(erl)ak ‘

S+1>

(10.29)

S+ l> =™

which means that |u) is the eigenket of 7(a). Similarly, we repeat this process N times,

[T(a)]N|U> — efikNa

uy=|uy, (10.30)

—iNka

since [T(a)]" =1 (we use the periodic boundary condition). Then we have e ™*=1, or

k =]2V—7Zn where n =0, 1, 2,..., N-1 (0<k < 2—7[). Alternatively we chose the value of &
a a

as the N states for -~ <k <Z (the first Brillouin zone).
a a

It follows from this discussion that when |u> :|uk>are introduced, the N harmonic

oscillators (N being the number of atoms in the crystal) becomes uncoupled and that to
each |uk> corresponds to one separate oscillator with the angular frequency ax. This

motion is called a normal mode of vibration or a normal mode. This motion does not
describe the motion of a single atom in the crystal but, rather, of all atoms in it.

A few examples will show how this works. We take a normal mode for which &
equals the reciprocal lattice G (=277/a). In this case, the coefficient us equals unity. This
motion is a translation of the crystal as a whole and it is therefore not property a vibration.
The case just considered corresponds of course to the center (k = 0) of the Brillouin zone.

In order to have another example, we consider the case where k equal to a point at the
zone boundary of the Brillouin zone. The displacement vector is out of phase in going
from one cell to the next, whether the successive lines show the evolution of the motion
in time, the harmonic function depicted corresponding to the particular frequency of this
normal mode.

11. Crystal momentum

A phonon of k will interact with particles such as photons, neutrons, and electrons as
if it had a momentum 7k . However, a phonon does not carry physical momentum. The
physical momentum of a crystal is given by

¢ : (11.1)

=M ﬁ gaseﬂ““

where
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U, = %jdxu(x)e’bC = % Zuse”"““ . (11.2)

We assume that #_is independent of's; u_ =u . Then the momentum Pk is evaluated as

M . iksa
Pk zﬁugek‘

M u[l+ e+ .+ eV, (11.3)

JN
= MNus, ,

where k = ?V_W (r=0, £1, £2,..., £N/2). The mode k = 0 represents a uniform translation
a

of the crystal as a whole. Such a translation does carry momentum. For most practical
purpose, a phonon acts as if its momentum were /ik, sometimes called the crystal
momentum.

12 Semiclassical approach
12.1 Simple case
The energy of a lattice vibration is quantized. The quantum of energy is called a

phonon. Elastic waves in crystals are made up of phonons. Thermal vibrations in crystals
are thermally excited phonons. The energy of an elastic mode of angular frequency ax is

&, =[<nk>+%jha)k, (12.1)

when the mode is excited to quantum number <nk>, where the mode is occupied by n

photons. The term %ha) is the zero pint energy of the mode. We consider the wave of the

mode & with the amplitude.
u=u, cos(w,t—kx), (12.2)

where u is the displacement of a volume element from its equilibrium positions at x in the
crystal.

u, =u,cos(wt —kx) =u,(cos wt cos kx + sin et sin kx) . (12.3)
The energy in the mode is

& =[(K)+(P)I=2K) (- (K)=(P)) (12.4)
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when it is averaged over time.

1 (ou)’
K==—p|l—1|, 12.5
2 p( atj (12.5)
Ou . .
m = u,@, [~ sin @, cos kx + cos w, t sin kx|, (12.6)

where p is the mass density.

1 - i
JKav == puieo] [dVi=sin® @ytcos ke+cos” ayrsin e o

— 2sin @, ¢ cos w, ¢ sin kx cos kx]

Note that
dV = Adx

where 4 is the total area in the y-z plane (the x axis is normal to this plane), and the total
volume V' is given by V= AL = ANa. Here we have

x=0~Na(=L)

T2y, [z 0],

e

from the boundary condition: cos(kNA) = 1 = kNa = 2 (). Then we obtain

k=

N
?j, (12.8)

Na Na
[ dxcos o= Idx%(l+cos2kx):%Na+[ksin2kx]éV“ =%Na. (12.9)
0 0

(~+ 2kNa = 2[2—” éjNa — 4n1).
aN
Similarly, we have

Na Na
IdxsinzkxzéNa, Idxsinkxcoskxzo. (12.10)
0 0

Then we have
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.[KdV = .[KAdx =%pu§a)2(sin2 ot +cos’ ot) =gpu§a)2. (12.11)

The time average kinetic energy is

Vool Vo,
(K) = puyo ?.([dt—zpuoa) . (12.12)
. 1
Since <K>=E€, we have
14 11 1
Zpuéa),f =3¢ =E[<nk>+5jhwk, (12.13)
or
1
2h[<nk>+j .
Uug=——"2 s u, =—u,. (12.15)
0 pVo, i \/E ‘
Since pV = NM ,
1
2h[<nk>+2j
Uy =—— % (12.16)
NMo,

This relates the displacement in a given mode to the phonon occupancy # of the mode.
An optical mode with @ close to zero is called a soft mode.

12.2  General case
The Lagrangian L is given by

L=T-V = 2[%@3 —%C(um —u, )2}

(12.17)
= L(th) Uy eyl Uy Uy ey Uy )
The linear momentum conjugate to us, is given by
D, =8—_L=MLZY. (12.18)
S ‘

Then the Hamiltonian H can be derived as
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H= z pu, —
—ZMu —Z—u +z U, —u,) . (12.19)
= Z—u + Z U, —
Now we calculate the total energy for the case of u, = ucos(ska — o).

u, =u(-1)(-w)sin(ska — awt), (12.20)

or

E =%Muza)22[l—cos2(a)t—ska)]

' : (12.21)
| P 1

+5Cu (l—coska)z 1—cos Z(a)t—ska—Eka)

with p = % (mass density), V"= Na. The dispersion relation is given by

, 2C
=—(—-coska). 12.22
0] v (I—coska) ( )

Then the total energy is

E = %Muza)z {2 [1 —cos2(wt — ska)] + 2[1 —cos2(at — ska —%ka)}} .

N N

(12.23)
The time-average is
(E)= lj M ’ 221— L st
s , (12.24)
1 2 2
=—plu o
5P
where
7= =M NV
1) V Na

In general, we use
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u, = Zuk cos(ska — wt) .
k

Then we have

(E) =L prrS uler?
27 4

(12.25)

(12.26)

This energy is compared with the result derived from the quantum mechanics.

LS il =zhwk[<ﬁk>+lj.
2 T T 2

or

or

2 2h[<ﬁk>+;j i 2h[<ﬁk>+;j

u, = =
g PV, NMo,

where pV = NM . Here we define the effective amplitude as

where

(o = he] -

NMw,

Conclusion

We have shown that the well-defined lattice waves propagate over the crystal,
forming a so-called phonon as a quantization of the lattice waves. Phonon has the dual
characters of wave and particle, which is essential to the quantum mechanics. Phonon is
one of bosons, obeying the Bose-Einstein statistics. Phonons will be seen to play an
important role in any phenomena for which the energy of importance is comparable to
hw , the energy of the phonon in question. In the BCS (Bardeen-Cooper-Schrieffer)
model for the superconductivity, a specific interaction between electrons can lead to an
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(12.30)
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energy gap separated from excited states by a energy gap. The formation of Cooper pairs
is due to the electron-phonon interaction. The first electron interacts with the lattice and
deforms it; the second electron sees the deformed lattice. Thus the second electron
interacts with the first electron through the lattice deformation.
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APPENDIX

A Simple harmonics (1D) in quantum mechanics'>

(a) Annihilation and creation operator

The commutation relation

[x,p]=in. (A1)

The Hamiltonian of the simple harmonics is

A 1 . P ma)z )
H=—p +—2x". A2
P T (A.2)
The eigenvalue-problem of the simple harmonics
H n> = 8n|l’l> , (A.3)

with
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g, = (n + %jha)o, (A.4)

where n =0, 1, 2, 3,....
In the ﬂx}} representation, the wave function of the simple harmonics can be described as

2 2 2
(_f_m%ﬂT%xzw@ &, (x]n). (A5

Here we introduce the creation operator and annihilation operators given by

AP RN \/W ip
a—ﬁ£x+mw0j \/5[ - x+\/mha)oj’ (A.6)
B ip =L /ma)OA_ ip
¢ _\/EKx ma)oj ﬁ[ no \/mha)oj’ &7

with
p="0 (A8)
1 h
xX= a+a' )= 1+a), (A9
\/5,6’( ) 2ma)0( ) )
. 1 moy,(~ ~\ 1 |mho,(. .
= T5a —a )=+ —-a ), A.10
pp M) [P ) a0
A A 1 ma, [~ av ~ a4 Ala o
[ ,p]= —la+a ,a—a ]:——_ a,a ], (A.11)
(2pf i :
or
la.a7]=1 (A.12)
? ip ip 2 P’ 1
ata=t-| 2~ 2+ = |+ -i—[p3]| (A13)
2 mao, mao, 2 m'w;, mo,
or
SO B S |
aa= H—-—ho, (A.14)
ha, 2
or
A ~ 1
H =ha)0(N+5j, (A.15)
where
N=a'a. (A.16)
The operator N is Hermitian since
Nt =(aa) =aa=N. (A.17)
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The eigenvectors of H are those of N , and vice versa since [FI ,]\Af 1=0,

[N,al=[a*a.a]=a%aa-aaa=a*,ali=-a, (A.18)

(N,a7=[a"aa |=aaa —atara=alaar]=a". (A.19)
Thus we have the relations

[N,a]=-a, (A20)
and

[N,a']=a", (A21)

Rjn) = hw[n +%j| . (A22)
From the relation [](7,&]| n> = —d|n> ,

(Na—aN)|n) =—d|n), (A.23)
or

N(@n)) = (n-1d|n). (A.24)
&|n> is the eigenket of N with the eigenvalue (n-1).

&|n> ~ |n - l> : (A.25)
From the relation

[N,a"]|n)=a"|n), (A.26)

(Nd@ —dN)|n)=-dln), (A.27)
or

N(@*|n)) = (n+1)a*|n). (A.28)
&+|n> is the eigenket of N with the eigenvalue (n+1).

&+|n> ~ |n + 1> (A.29)

Now we need to show that n should be either zero or positive integers: n =0, 1, 2, 3,....
We note that

<n|d+&|n> = n<n|n> >0, (A.30)
<n|&&+|n>=<n|&+& +1|n>=(n+l)<n|n>20. (A.31)
The norm of a ket vector is non-negative and the vanishing of the norm is a necessary and
sufficient condition for the vanishing of the ket vector. In other words, n>0. If n = 0,
&|n> =0.If n#0, &|n> is a nonzero ket vector of norm n<n| n> .

If n>0, one successively forms the set of eigenkets,
aln),a’|n),a’|n), ....a" n),, belonging to the eigenvalues, n-1, n-2, n-3,....., n-p,

This set is certainly limited since the eigenvalues of N have a lower limit of zero. In
other words, the eigenket a” |n> ~ |n — p), or n-p = 0. Thus n should be a positive integer.

Similarly, one successively forms the set of eigenkets,

&+|n>,&+2 n>,&+3|n>, &+p|n>, belonging to the eigenvalues, nt1, n+2, nt+3,....., ntp,

Thus the eigenvalues are either zero or positive integers: n =0, 1, 2, 3, 4,
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The properties of a* and a

1.

(b)

A

al0)=0,

since <O|&+&|O> =0.
&+|n>:\/m|n+l>,
[]Q,&+]n>:&+|n>,

N&+|n> —4*N n)+a'|n) = (n +1)&+|n>.

&+|n> is an eigenket of N with the eigenvalue (n + 1).

Then

&+|n> =c|n+l>.
Since

<n|&&+|n> = |c|2<n + l|n + 1> = |c 2
or

2

<n|&+&+l|n> =n+l =|c

b

we obtain

=T,
&|n>=\/;|n—l>,

[N,d] n> = —&|n>,

Na ny = aN ny—aln) = (n—l)&|n> ,

&|n> is an eigenket of N with the eigenvalue (1 - 1)
Then

&|n> = c|n —l> .

Since
<n|&+&|n> = |c|2<n—1|n—l> = |c|2 =n,
=

Basis vectors in terms of |0)

We use the relation

1) =a*(0),
2)=gza == (o).
3)=za2) ==l flo).
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(A.32)

(A.33)
(A.34)
(A.35)

(A.36)

(A.37)

(A.39)

(A.40)

(A.41)
(A.42)
(A.43)

(A.44)

(A.45)
(A.46)



..
|”>:ﬁ“

rt)= ()

The expression for fc| n> and f9| n>

xn>— h (& 1"

+a
2ma,

0),

(A.48)

A

Jn) = /2 ,:w (Varin+t)+van-1),  (A49)
pln) =1,”17;0)ol-(&+ —a

1)) = J@i(«/ﬂ FAn+l)—nn-1).  (A50)
are as follows.

Therefore the matrix elements of @, a*, x, and p operators in the ﬂn>} representation
(=,
(n|a*|n)=vn+15,,,.,.

e h
{n'[&ln) =

(A.52)
(v n+ 15;1' n+l + \/;5,1' nfl)’
2ma, ’ ’

() =iy " 16, ).

(A.51)

(A.53)

<n|fc|n> =0,
(n[pln)=0,

(A.54)
Mean values and root-mean-square deviations of x and p in the state | >

(A.55)
(A.56)
2 ) 1 h
= = — A.
(Ax) <nx n> (n+2jma)0’ (A.57)
(Ap) = <n|f92|n> = (n + %jmha)o : (A.58)
The product AxAp is
AxAp = (n + %jh > %h (Heisenberg’s principle of uncertainty), (A.59)
Note that
P r:a)o (@ +afa" +a)= nf’wo (@a +aa+ataraa),  (A60)
= ’"’;wo (a* -a)a -a)= ’"hzwo @76 +aa-aa—aar), (A6l
and
(nl(a" Fln)=o0, (A.62)
(nja’[n)=0, (A.63)
(n|a*a+aa*|ny=(nl2a*a+1ny=2n+1, (A.64)
Mean potential energy
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(V)= meo*(nfi?|m) =~ ma* (Ax) =z, (A.65)

Mean kinetic energy
1 2 1 , 1
- = =—c . A.

(K)= o {nl]n) = - (p) =1, (A66)
Thus we have

(V)=(K). (A.67)
(Virial theorem)
B. Translation operator in quantum mechanics'>

Here we discuss the translation operator T (a) in quantum mechanics,

) =T(@y), (B.1)
or

(W= . (B.2)

In an analogy from the classical mechanics, it is predicted that the average value of x

in the new state |‘//'> is equal to that of x in the old state |l//> plus the x-displacement a
under the translation of the system

(yfl) = (v [t +dy),
or

Wl @37 @|y) = (v [t +d),
or

T*(a)iT(a)=3+adl. (B.3)
Normalization condition:

(W) =T (@T(@ly) = (w]y),
or

TH@)T(a)=1. (B.4)
[f (@) is an unitary operator].
From Eqgs.(B3) and (B4), we have

iT(a)=T(a)x+a)=T(a)% +al(a),

or the commutation relation:

[2,7(a)]=al(a). (B.5)
From this, we have

fcf(a)|x> = f(a))€|x> + af“(a)| x> =(x+ a)f“(a)|x> :
Thus, T (a)| x> is the eigenket of x with the eigenvalue (x+a).
or

f(a)|x> :|x+a>, (B.6)
or

T*(a)T(a)x)=T"(a)|x+a) =|x). (B.7)
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When x is replaced by x-a in Eq.(B7), we get

|x—a>:f+(a)|x>, (B.8)
or

<x—a| = <x|f(a) . (B.9)
Note that

<x|1//'>=<xf(a)|y1>=<x—a|y1>=1//(x—a). (B.10)
The average value of p in the new state |l//'> is equal to the average value of p in
the old state |l//> under the translation of the system
(w'[plv) ={v[plw)., (B.11)
or

(W[ (@pT(@|y)=(w|plw),
or

T (a)pT(a)=p. (B.12)
So we have the commutation relation

[7(a), p]=0.
From this commutation relation, we have

pT(a)p)=T(a)p|p)= pT(a)p).

Thus, T (a)| p> is the eigenket of p associated with the eigenvalue p.
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