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It may be useful to rewrite ensemble theory (micro canonical, canonical, and grand canonical
ensemble) in a language that is more natural to a quantum-mechanical treatment, namely the
language of the operators and the wavefunctions. As far as the statistics are concerned, this
rewriting of the theory may not seem to introduce any new physical ideas as such; nonetheless, it
provides us with a tool that is highly suited for studying typical quantum systems. And once we
set out to study these systems in detail, we encounter a stream of new, and altogether different,
physical concepts

1. Fundamental
We introduce the density operator p . In thermal equilibrium, the expectation value of

a macroscopic observable B,
(B)=Trlp(1)B],

has to be time independent. This is only possible if p(¢) is time independent:
ih% p=[H,p], (Liouville theorem)

This equation is similar to the Heisenberg’s equation of motion for the Hermitian

operator, except for the sign. Since % p =0 (in thermal equilibrium), [H, p]1=0. This

equation implies that p is a conserved quantity and is a function of the Hamiltonian H.

p=pH).

2. Density operator for the canonical ensemble
The density operator for the canonical ensemble is given by
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defined by

where f = . H is the Hamiltonian of the system. Z () is the partition function and is

Zo(B) = Trlexp(-BH)]

We use the basis of energy eigenstate ¢n> , Where

H

4,)=E|4,)

Then we get
exp(~fH) = Y e
_ z o
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where we use the closure relation. Then the density operator is

~ 1 _pE, B
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where P is a probability and is given by

The partition function is

Zo(B)=Trle ™

=2
_ z o

4,)

The average value of operator B
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The average energy is
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which can be rewritten as
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The energy fluctuation:
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Representation of the density operator under the basis of |r>
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where we use the transformation function

<r|p>= (272;-1)3/2 exp(%p-r)
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< |p> (2727;-1)3/2 Xp(—%p-r)=<p|r>

H = 5 p (Hamiltonian for the free particle).
m

(p|p)=0(p-p")
Here we use the spherical co-ordinate (p co-ordinate) for the integral
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Note that
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where A, is the thermal length,
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The diagonal element:

1
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are just the probabilities for finding a particle at r. The iff-diagonal elements have no
vlassical analogy.

3. Density operator for the Grand canonical ensemble
The density operator for the grand canonical ensemble is given by
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where the partition function is given by



Z(B, 1) = Tr[e 70

Here, we use the energy-particle representation. Since [H,N]=0, we have simultaneous

eigenkets such that
H|E,(N)) = E(N)|E(N)),
N|E,(N)) = N|E/(N))

Then we get the partition function as

Z(B, 1) = Trle P9
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Zo(Bot) = 2" Zer ()

with
A=e

The average value of operator B
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In the energy-particle representation, we get

<B>G

Z (ﬂ L) 1;) §<E (N)|Be " ﬂN)|E )

"z (ﬂ ) Nzo  ZAEMIBE ()E,N]e | E, ()

AN E.(N)|B E.(N))e™™Ms.
Z (/8 ,U)z I[N%fg] 3 )| ‘ '/( )>€ "

1
ANUE (N)|BlE (N))e 7Y
g B OIAE e

8

If <B> oy 18 the average value of B in the canonical ensemble,
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then we have
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The average number:
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where @, is the grand potential and is defined by

=k, TInZ,(B.1)



The number fluctuation is evaluated as follows.
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4. Entropy and density operator for the canonical ensemble

We show that the entropy in the canonical ensemble, is expressed in terms of the
density operator p. as

S =—k,Tr[p.Inp].

((Proof))

We note that



Z.(B)=Trle "=
where F'is the Helmholtz free energy and is given by

F=-k,TInZ.(p)= —%anC B

Thus we can write the density operator as

pe=e"e™

Then we have
Inpe = B(F—H)
(10 ) =~y BF ~(H)) == (F = E) == (-5T) = §

or
S= _k3<1nf7c> =—k,Tr[pcInp.]

S. Entropy and density operator for the canonical ensemble
We show that the entropy in the grand canonical ensemble, is expressed in terms of
the density operator p. as

S =—k,Tr([pgIn p;]

((Proof))

We note that
Z5(B)=Trie "] =

where @ . is the grand potential and is given by
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Thus we can write the density operator as

D, = ePPe e P

Then we have
Inpg = B(@g—H + uN)
—ky(Inpg) =k, <@y~ H + uN >
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So the entropy is independent of the representation of p. The entropy is a genuine

mathematical invariant of a quantum system.
In the actual evaluation of thermodynamic average, the similarity of

A 1 ~
Pc =——exp(-pH),
Z C
to the expression for the time evolution operator

T= exp(—%ﬁlt) .

has often been used. Thus, by putting



One can treat the inverse temperature as an imaginary time variable.
6. Density operator for the microcanonical ensemble

Since the density operator for the microcanonical ensemble is characterized by a
stationary distribution, we have

[Puc-H1=0

leading to the simultaneous eigenkets of H and Py - Here we use the energy eigenstates

to get the expression of p, ..
H|E,)=E,|E,)
with

(E

n

E,)=8

n,m

For an isolated system, the principle of a priori probability states that all possible states of
the system have the same probability. Therefore we can write

bMC = Zl)m Em><Em
with
P 1 1 forE<E <E+0E
" T(E) |0 otherwise

where the constant P, can be obtained from the normalization condition
Tr{pyel =1

We define



T(E)=Q(E,N,V)SE
=W(E,N,V,5E)

E<E, <E+0E E<E, <E+0E

ol 3 ENEN= 3]

1 E<E, <E+0E
Tr[f)Mc]=TE)Tr[ 2. |ENEN=1

Then we have

1 E<E, <E+0E

B

m

Puc =

Em ><Em

The expectation value of the operator B in the microcanonical ensemble is

1 E<E, <E+0E R
(B)= ) Tr| Z BIE,)E,|l
The average energy:
1 E<E, <E+J0E R
(E) = 5 [ Y. H|E,XE,|
1 E<E, <E+0E
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The entropy S is given by

S =k, InT(E)

75 Probability distribution function for the Microcanonical ensemble (classical
mechanics

We define the State density function in the phase space as

f(NF) :f(qap) :f(qlaqza""qszvaplapza-'-apy\/)



for £ to £ +0F

otherwise

NF)_I
A =10

Using the property of the Dirac delta function, f(*T’) can be rewritten as

fOT)=6(E-H,(q,p))E

where H,(q,p) is the N-particle Hamiltonian. The total number of states for E to
E+0F

[(E) =W (N,E,V,0) = Q(N,E,V)éE = [d"Tf ("T)

Q(N,E,V) is the density of states (units of erg™"). We define the probability distribution

function

o (VT = SO0 S(E-Hy(q,p)OE _
Me W(N,E,V,0E) Q(N,E,V)E

where
[a"Tp("T) =1

The average value of the physical quantity
(), = [d"TB('D)pe ("T)

The average energy:
(E)ye = [d"TH (4, P)pyuc("T) = E
(N),.= j d"TNp,.("T)=N

The entropy S(N,E,V') is defined by

S(N,E,V)=k,InW(N,E,V,5E)



8. Exmaple-1
R. Kubo, Statistical Mechanics: An Advanced Course with Problems and
Solutions (North-Holland, 1965).
Chapter 2, Problem 2-29 (p.138)

The Hamiltonian of an electron in magnetic field B is given by
H=-u,6-B

where ¢ is the Pauli’s spin operator and x, stands for the Bohr magneton. Evaluate (i) the
density matrix in the diagonalized representation of &, , (ii) the density matrix in the

diagonalized representation of &, and (iii) the averages of &, in these representations, the z-axis

being taken along the field direction.

((Solution))
The magnetic moment of spin 1/2 is given by

The Zeeman energy:

A

H=—j-B=u,6,B

The density operator is given by

. 1 A
Pe = exp(-pH) =

_ B -
AT Z.(p) P AHB)

U is the unitary operator

|[+x)=U|+2z), |-x)=U]-z)

where



The partition function Z.(f) is

Zo () =Trlexp(~f1,BS,)] = exp(~fu,B) + exp(u,B) = 2cosh(f1,B)

(a) The density matrix under the basis of { | + z),

-Z>}.

. 1 e*ﬁIJBB 0
P S cosh(Bu,B)| 0 o

(b) The density matrix under the basis of { |+ x>,

-x>}.

A

. =U"pU

~ 1 1(1 1Ye® o Y1 (1 1
" 2cosh(BuB)2\1 -1 0 et )21 -1
1 ( 2cosh(Bu,B) —2sinh( ,B,uBB)j

" 4cosh(Bu, B)\ - 2sinh(fu,B)  2cosh(fu,B)
i1 —tanh(Au,B)
2\~ tanh(Bu, B) 1

(c)

_Z>}

The average of &, under the basis of {|+ z>,

(0.)=Tr[p.0.]=—tanh(Su,B)

since

1 e*ﬁﬂBB 0 1 0
S
P =y cosh(Bu,B) 0 M |0 —1

1 e Pusb 0
~ 2cosh(BuzB)| 0 —eM"

(c)



The average of 6. under the basis of { |+ x}, - x> }.
(0.)=Trp.6.]
=Tr[Up.UU6.U]
= —tanh(fu, B)
Note that
N AAL A 1 —tanh B)Y0 1
U+bz U+GAZU=1 an (ﬂ/’lB )
2\ —tanh(fu,B) 1 1 0
1 —tanh(fu,B) 1
2 1 —tanh(fu, B)
and
oo~ 1 (1LY 0)1 (1 1
UoU=— —=
2l =10 —-1)42\1 -1
(1 1Ty 11
2l -1
(0 1
1o
9. Example-1
The entropy is given by
S =—k,Tr[p.Inp.]
In the above example, the density operator is given by
. 1 e B0
Pe T cosh(Bu,B) 0 oPa
Using the Mathematica the entropy is obtained as
2PuyB
_ lzﬁ in( l2 ) e 1n[l+tanh(,6’,uBB)]
| B A 2

= In[2 cosh(fu,B)] - fu,B tanh(fu,B)



((Mathematica))
Clear["Global *"];

1 - 1 (Exp[—a] 0 ) .
P = 2Cosh[a] 0  Expla] |’
M1l = -Tr[pl . MatrixLog[pl]] // FullSimplify
Log[ l+<e120(} +e20‘Log[% (1 + Tanh[oc])}
1+ e’

M2 = Log[2 Cosh[a]] - a Tanh[a] ;

hl =Plot[Ml/.a-»1/x, {x, 0, 6},
PlotStyle » {{Red, Thick}}];
h2 = Plot[M2/.a-»1/x, {x, 0, 6},
PlotStyle -» {{Blue, Thick}}];
h3 =
Graphics|
{Text[Style["y=S/kg", Black, Italic, 12],
{0.5, 0.65}],
Text[Style["x=kgT/ugB", Black, Italic, 12],
{5.5, 0.05}] }1;
Show[hl, h3]
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Fig.  Entropy vs temperature at the fixed B.
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10.  Example-2
R. Kubo, Statistical Mechanics: An Advanced Course with Problems and
Solutions (North-Holland, 1965).



Chapter 2, Problem 2-30 (p.138)
Evaluate the matrix elements of the density matrix

pmr e
Trie™]
where
5 1 ~2 1 272
H=—p +—mw
m P TR

of a one-dimensional harmonic oscillator in the |q> representation. Discuss, in particular, the

limiting case of

ha
— = fho <<l
k,T ph

Hint: The eigenfunction y,(g) for the eigenvalue

1
E =(n+-)ho
=)

is given by
mo 't H &) mw
= B2 Zasl et with & = |—
v.(q) [ , j ot s

The Hermite polynomials H (&) are defined by

Hn (SZ) = (_1);1652 i 6752 = i Dodu(_zl'u)efuerZifu
dg N

Use the last expression in the integral form.
((Solution))

H = 2L PP+ %ma)zéz (one-dimensional simple harmonics)
m



H|n)=hotn+ )
The density matrix in the basis of | )
(dlexpt=AD]y) = 2 (xln)nlexp(=pD )] )
= Sewl-pn + 18, ()] )

= Z exp[—f(n+ %)h a)]<x| n><n| y>

The wave function is given by

()= [’"—”j exp(-" 2 )

J2rm\ 7 2
with
H (x)= exi’/(_xz) Tdu(—2iu)” exp[—u’ + 2ixu]
T —0
Then we get

<x| exp(—,b’ﬁ)| y> = Z exp[—f(n+ %)h a)]<x| n><n|y>
_ [%wj exp[ " ),

2h
xZ—eXp (n+—)ha)]H( h )H( h J’)
where
ma)(x2+y2)

H,( —X)H( y)—;e xp[ ]

X jdu Jdv(—2iu)" (=2iv)" exp[—u’ — v’ + 2i1/m7w(xu + )

—00 —00



Thus we have

m

(x|exp(~Bi)] y) = [ﬁj %exp[

mo(x*+y*)  ho
2h p 2 )

o0 o0

X Idu Idv exp[—u’ —v* +2i mTa)(xu + yv)]Z%(—Zuv)”e”ﬁh”

() Lot phey

7 2h 2
X Idu Idvexp[—uz —v? +2i m7a)(xu +yv) = 2uve "]

where

J.du J.dv exp[—u’ — v’ +2i /%w(xu + ) = 2uve "] = z(1— e )2

maoe”? (<2xy + ™’ (x* +y?)
h(e* —1)

]

x exp[—

((Mathematica)) Proof of the above integral using the Mathematica

Clear["Global ="];

fl:Exp[—uQ—v2+2j. ‘n}l_w (xu + yv) -

2uv Exp[—Bﬁw]];

Integrate[Integrate[fl, {v, -®, ®}], {u, -, ®}] //
Simplify[#, {B>0, w>0, A>0, m>0}] &

-:‘:'5' B9 2

B/ @,
Yim [-2xyseP S (xeeye W

1.2 B0l 3
E : ! T

_\/1 _ E—Z-E;Jf'_




Then we have

_pro
1/2 )
mao e
727‘1} V1=
mo(x’+y*) mae™ (2xy+e” (x2+y2)]
2h h(e*” —1)

(x[exp(~H)|y) = [

xexpl

Pho

_[ma)jl/Z e >

h V-2

mao(x* +y?) B mao(x* —2e 7 xy+y?)
2h h(1—e ")

xexp[ ]

B mo 1/2
| 27msinh( fhw)

x exp[”;—;’{—(x2 + ) coth(fho) +ﬁxﬂyfla))}]
Note that
a2 2 2xy _ _l 2 @ — )2 @
(x” +y~)coth(fhw) +—Sinh(,b’ha)) 5 {(x+ )" tanh( 5 )+ (x— ) coth( 5 )}

Thus we have

(x|exp(~pH)|y) = (’"—“’J

2rh sinh( Shw)
v exp[——{(x + ) tanh(’Bh—) +(x—p)’ coth(’Bh POy
When fho <<1,
sinh(fhw) ~ fha, tanh(%) N % , coth(@) N ﬁhi
w

So we get the approximate form as



. m 1/2
(sesni-p ) =[5 |
mao’ f m

8

20° B

x exp[— (x+y)* - (x=»)]

wxp(—%ﬂx%(x—y)

Here we use the definition of the Dirac delta function

ygg,/%exp[—%e(x—yf]:a(x—y).

11.  Example-3
R. Kubo, Statistical Mechanics: An Advanced Course with Problems and
Solutions (North-Holland, 1965).
Chapter 2, Problem 2-31 (p.139)

Evaluate <é2> and < f)z> from the density matrix in the |q> representation obtained in the

Example-2 for a one-dimensional harmonic oscillator.

((Solution))

<x2> = Z(l,b’) Tr[x? exp(—,b'l:[)] ) <p2> = Z(llb’) Tr[ p* exp(—,b’l:[)]

Tr[#% exp(-BH)] = Idx<x|fcz exp(—ﬂﬁ)| x>
= .[xzdx<x|exp(—,8ﬁ)|x>

= (m—wj sz exp[—m7a)x2 tanh(ﬁha))]dx

2rhsinh(fho) ) °, 2
:( ‘ma) jl/z \/;[[ma)jtanh[ﬁhwj]z/z
2h sinh( fhw) 2 h 2

where



ma

— (’Bha))]
2rh sinh( fhw) 2

<x|exp(—ﬂl:l )| x> = ( J exp[— mha) x” tanh

The partition function:

Z(p)= Tr[exp(—,b’]fl)] = jdx<x| exp(—,BPAI)| x>
= j dx<x| exp(—BH )| x>

) moo 1/2 o mo Bho
_(—27zhsinh(,6’ha))J J;O exp[ - x~ tanh( 5 )]dx

1/2

. . 1/2 T
\ 27msinh(fhw) ) | mo tanh(@)
7 2

Then we have

(x*)= 2(1/3) Tr[#* exp(— BH)]

1/2

LICNY
|5 tanh( 2 ) \/;[(mwjtanh[@j]m
V4 2 h 2
__h . ﬂ
_2ma) oth(—)

mao Vs
InZ = —ln(,—J +—In
2\ 2zhsinh(fhow) ) 2 mha) tanh('ghw)

__ O g te, ﬂ
()= aﬁlz 5-coth(—=)

Since



h hof. mhe hiwf
2\ _ 20)2 2\ _ 20)2 coth _ cotl
<P > m <x > m Sy ( > ) 5 ( : )

((Note))
Tr(p° exp(—,BI:I)] = Idx<x|f72 exp(—,BI:I)|x>
= Idx.[ dx”<x|ﬁ2|x"><x"|exp(—,BI:I)|x>
noY .
_ I dx I dx"<x|x”>(7§J (x"|exp(—BH)|x)
= Idx.[ dx"o(x — x”)(ﬁiJ2<x”| exp(—,BI:I)|x>
i ox"

where

1/2
] ma
" e —BH | mo
(x"|exp(— D)) (2ﬂflsinh(ﬁha))J
X GXp[—m_a){(xv'+x)2 tanh(@) + (xn_x)z Coth(ﬁha))}]
4h 7 .
Using the Mathematica we get

Tr[p° exp(—ﬂ]f])] = mi

2 1 5
<p >: Z(p) @ coth( Z)ﬂ)

((Mathematica))



Clear["Global *"];

1= m w
9= = 2 A Sinh[RBAw]

- s| s|
Exp[% (x2 +:~:)2Ta.rﬂ'1[‘B 2w ] - I:;: (:l-:Z—:-:)zt:c::th[‘B2{'u ]],
g2 = -8’ D[qgl, {x2, 2}] // FullSimplify;
g3=g2/.x2-»>x//FullSimplify
1 mxz;;l':‘anh-sgi-
— e £ hCsch[Bwh]
2N 2
(mwCsch[Bwh] |32 rBwh 4 \
(=2 L) g mx?wsinn| Y +ASinh[2Bwh])

\ ?-_' Jll
g4 = Integrate[g3, {x, -®, ©}] //
FullSimplify[#, {m >0, A>0, 8>0, w>0}] &

1 Bwh
g mwH Csch

3
] Sinh[Bw A

71 = m w m
"\ 27 A Sinh[B A w] mT;uTanh[@]
2

4
g—l // FullSimplify[#, {m>0, A>0, >0, w>0}] &

1 Fcth-f_%mi.]
J— J.|‘_I
211'1!.., O | >




