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1. Laplace transformation
The partition function of a system is given by

Z(p)= .[ dE e " Q(E) (Laplace transformation)
0

The density of states satisfies the conditions

Q(£) >0, limQ(E)e ™ =0 (a>0)

The inverse Laplace transform of the partition function is the number of energy levels per unit
energy interval (density of states)

Z(ﬂ) — zefﬁE;

The inverse Laplace transform €)(¢) is, by definition,
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Q(E) = Zi Tdy e B =N S(E-E,)

in terms of the Dirac delta function. Thus Q(FE) is the density of states.

2 Entropy
One writes the integrand in the form

e "Q(E) = exp[InQ(E) - BE]

The exponent of the above expression is expanded in the neighborhood of E* (let E be the
value of £ which maximizes the integrand)

InQ(E)— SE = In D(E") - BE" +%(E —E*)az* [InQE") - BE']
+% (E-E'} 82*2 [InQE ) - BE"]
Noting that
a* InQE) =2, 822 InQ(E") <0,
OE :
we get

InQ(E)— SE = InQ(E")— SE" +%(E—E*)Z
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where the linear term becomes zero.

Q(E)e ™ = QE e ™ exp[- (E-EF1
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(Gaussian distribution ; mean £~ and standard deviation o)

Here we define



2
L 9 hoeE)

2 aE*Z

The partition function Z(f) can be written as

Zo() = [dE Q)

2
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or
Zo(B) =270, QE) e ™

The logarithm of Z(/f) can be written in the form
InZ(B) = In[2zo, E")]- BE"

The Helmholtz free energy is

F=U-ST
=—k,TInZ(p)
= —k,;TIn[\270 QE)|+E

=U—-k,TIn[N270 . O(E")]
where U = E. Thus the entropy S is given by
S =k, In[N27o . Q(E")]

((Note))
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InQ(E)— BE =InQ(E") - PE" — :

or



Q(E) = Q(E")e" 5 exp[— (E-E} 1
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or

QE e ™ 1 .
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which is a Gaussian distribution function with average energy £~ and fluctuation o,
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3. Convolution (Faltung) of the density of states

We consider the two kinds of partition functions,

Z(B) = ngle-ﬂflgl(gl) :



Z,(B) = [de,e ™0, (s,)
0
We calculate the product of these partition functions

Z(BP)VZ,(B) = ngle—ﬂslgl (& )T dgze_ﬂgzgz(gz)

= [de, [de,e "0, (5)0,(5,)
0 0

We introduce new variables;
&+e,=¢, §=¢

0<e<mo, 0<¢g'<e
Z(BZ,(B) = Ojia’geﬂ‘gj‘dg'Q1 (ENQ,(e—¢")= ngeﬂng *Q,
0 0 0
Thus Z,(S)Z,(f) is the Laplace transform of the convolution of the density of states
Q*Q, = j.dg'Ql(g')Qz(g—g') :
0
or

Z(AZ () = [dee™ [de' 0, ()0 (5 -&)
e-/’fjdg'gl (e-&"Q,(e")

= ng
0

= nge-ﬂfgl *Q,
0
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E
QLE)=Q,*Q, = jdE'Ql(E')QZ (E—-E") (convolution)
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Fig. Region of integration. (a) 0 < £, < E for the integration over £, . (b) E, < E <

Here weput E=F +FE,

[’e]

Z,a(B)= [ (E)AE, [ dE.e ™0 (E) = Z,(B)Z,()

0
4. The method of steepest decent (saddle point method)

In calculating Q(E), one writes the integrand in the form

e Z(p) = exp[InZ(B) + PE]

and chooses as integration path a straight line (from " —ico to £ +icin the f-complex plane,

with S° determined by

0 .
3 Inz(p)=-E



The exponent of the above expression is expanded in the neighborhood of 3",
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Then the integral is approximated as
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For =/ +ip", dB=idp"
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Therefore, the logarithm of this expression gives

InQE)=InZ(f )+ B E —lln[znﬁzln—z*gﬂ*)].
2 op

The second term may be neglected in comparison with the first term. Thus one gets

InQE)=InZ(f)+ [ E

where
0 .
—InZ =-F.
op nZ(p)
6. Canonical ensemble
ZC (Na /Ba V)

Zo(u, BV) =D > expl B(uN — E,(N)]

N=0i{N}
= > exp(BuN)Z (N, B,V)
ZAN,B,V)= Z exp[—LE.(N)] (quantum mechanics)
i{NY
ZAN,B,V) = [d"Texp[-pH (N)] (classical mechanics)

7. Ground canonical ensemble
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Fig. ——">— vs N. Gaussian distribution function with mean N and standard deviation
Q(N")e™
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8. Application-I: Simple harmonics

Multiplicity of simple harmonics (N oscillator systems)
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This formula can be proved by using the Mathematica. Thus we get



Q. (E)= Z(N +M-n 17 *Jtlw PLE-(M 45N Yho)
o (N-DIM 27i
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where

1 P¥+ion

_ BAB =65
zmﬂif B =5(a)

So the number of arrangement for E = (M +%)ha) is

(N +M -1)!
(N-1)IM!

9. Application-II: ideal gas
Using expressions for the partition function of classical ideal gases, evaluate the density of
states Q(E) by the inverse Laplace transform. For simplicity, the gas molecules are assumed to

be of one kind. Ignore the internal degrees of freedom.
The partition function for the ideal free gas is given by

Z,(B)= —Z(ﬂ) d (2’Zﬂj

We now evaluate the density of states

PF+ico
QB =~ [ dpZ,(p)

7l PF—io

VN( m TN/ZLﬂ*Jtmd,B ]
N\ 27zh? 27i 2, LN

(Bromwich-Wagner)

where £~ > 0. Using the Jordan lemma, the integral can be rewritten as
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where the contour C is in the left-half plane of the complex plane (£>0).

E>0
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The case of even NV

The function g(f) = has a pole of rank 3N /2 (integer) at the origin, which are inside

3N/2

the contour C. Using the Cauchy’s theorem

1 J~ f(z)dz

27i % (z—a)™!

- /@)
n!

C



we have

EOGN/2)-1

[=—
T(3N/2)

The case of odd NV
When N =2n+1 (n; integer)

1 1 1 1
g(p)= = =
,B3N/2 ﬁ3”+1+% ,B3 1 \/g

Because of the factor /s , the function g(p) is discontinuous on the negative real axis. In this
case, the contour C should be changed as the path C;, > C, - C;, > C, = C; — C, . Inside the

path there is no pole. According to the Cauchy’s theorem,
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According to the Jordan’s lemma, we have

=0

jdﬂeﬂE _— jdﬂeﬂE !

2 ﬂSN/Z : ﬂSN/Z
(a) The path integrals along the path Cs and path Cs

The path 3 —>2: L—0=se”



The path 5 —>4: L—-0=se""
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Then we have
. 37N e*f
I, + 1, =-2isin( 5 )J-ds R
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For N=2n+1



sin(37;N) =sin| ]

37(2n+1)
2
=sin(3zn +37”)

) RY/4
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We calculate the integral

© efsE
J = J-dS 3N2
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When N =2n+1
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Thus we get
dJ(E) 7, (-s) e* Tl e
( ):jds ((3,13) :(_l)jds 3
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Similarly, we have

d(3n+l)J(E) (3n+1) 3n+100 e*" sl | T
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3N 1 35 3N
T =T~ 2 (-1
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Thus we have

3N-L
E(—l) 2 g 3N

I+ 1 =-2i(-1) 2 v E’
F(T)
3Ny
=2i(-)""x £ 32 i
F(T)

(b)  Ca:circle: B =ge” (0 changes from T to -7)

1
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j dp e’
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It seems that this integral may diverge. This integral may be included in the path integral on the
path C3 and Cs. In fact, in Kubo’s book, this assumption is included in the path integral on the
path Cs and Cs.

[R. Kubo, H. Ichimura, T. Usui, and N. Hashitsume, Statistical Mechanics An Advanced Course
with Problems and Solutions (North Holland, 1988)].
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In conclusion, for any integer (both for even and odd numbers), we have the density of states
given by

a="( J EC
N\ 27zh° (3N /2)

4. Evaluate the state density Q(F) for a system composed of N (N > 1) classical
harmonic oscillators having a frequency w by the inverse transformation
(2.6). Determine its asymptotic expression by the saddle-point method.
Derive Stirling’s formula from it.

Partition function for the simple harmonics:
ZC1 — ze—nﬁhw — (l_e—ﬂhw)—l
n=0

For the system with N-simple harmonics,
Zoy=(Z )" ==&y,

The density of states
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According to the Jordan’s lemma,

Q(E,N) = 2%1 [dp e a—em)™
C

The integrant has a pole at # =0 of the rank N. Using the Cauchy’s theorem, we get



Q(E, N) =Residue[e”* (1—e 7)™, {5,0}]
_ 1 (N=1+M)!
" ho (N=-1)IM!

((Mathematica))

Clear["Global %"];

Exp[B E1]
fFL[NI ] := /.El-howMl;

(1-Exp[-hwp])™

Residue[f1[2], {B, 0}]

1+M1
w h

Residue[f1[3], {B, ©}] // Factor

(1+M1) (2+M1)
2wh

Residue[f1[4], {B, ©0}] // Factor

(1+M1) (2+M1) (3+M1)
6wh

Residue[f1[5], {B, ©}] // Factor

(1+M1) (2+M1) (3+M1) (4+M1)
24 w h

Residue[f1[8], {B, ©0}] // Factor
(1+M1) (2+M1) (3+M1) (4+M1) (5+M1) (6+M1) (7+M1)

5040 w h



