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Here we discuss the quantum concentration for the ideal gas. The quantum concentration nQ is 

the particle concentration (i.e. the number of particles per unit volume) of a system where the 

interparticle distance is equal to the thermal de Broglie wavelength. The quantum effects become 

appreciable when the particle concentration is greater than or equal to the quantum concentration. 

 

1. Canonical ensemble 
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for distinguishable particles. When we consider the more common problem of N identical 

particles in one box, we have to correct the partition function, because it over-counts the distinct 

states. For different three particles these six states are different. However, for identical (non-

distinguishable) particles, these states are actually equivalent to one states. Thus N

CZ )( `1  over-

counts the states by !N  and the correct one is 
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We consider the ideal gas in the canonical ensemble, whose Hamiltonian is given by 
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We calculate the partition function 
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1CZ  is the partition function of the one particle system. 
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We define the thermal wavelength T  as 
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and quantum concentration as 
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Then we have 
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((Note)) Physical meaning of quantum concentration 

Quantum concentration 
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which is a concentration associated with one atom in a cube of side equal to the thermal average 

de Broglie wave  . 
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We note that 
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Then we have 
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The quantum concentration is 
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((Example)) 

 

He at 1 atm (T = 300 K) 

 
19105.2 n /cm3 

25108.0 Qn /cm3 

 

6103 
Qn

n
<<1 Helium is very dilute. 
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((Definition)) 

 

 
 

Fig. The geometry for assessing whether semi-classical analysis is valid (R. Baierlein, 

Thermal Physics, Cambridge, 1999). 
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Fig. Cubic cell with the distance L. Suppose that the particles form a 3D cubic lattice with the 

average distance L. There is one particle per cubic cell. The number density n is 

3

1

L
n  .So the average distance L is equal to 3/1 nL . The quantum concentration Qn  is 

defined as   3/1

QQ nL . 
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  (Classical region) 

 

An ideal gas is defined as a gas of non-interacting atoms in the classical limit. 

 

The Helmholtz free energy F: 
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using the Stirling’s law, where 
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The entropy S: 
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(Sackur-Tetrode equation) 

 

where 
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The energy is 
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The pressure P is 
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The chemical potential is 
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The heat capacity (molar) 
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Using the Mayer relation 
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APPENDIX 

Plane wave solution with a periodic boundary condition 

A. Energy level in 1D system 

We consider a free electron gas in 1D system. The Schrödinger equation is given by 

 

)(
)(

2
)(

2
)(

2

222

x
dx

xd

m
x

m

p
xH kk

k
kk 


 

ℏ
, (1) 

 

where 

dx

d

i
p
ℏ

 , 

 

and k  is the energy of the electron in the orbital.  



The orbital is defined as a solution of the wave equation for a system of only one 

electron:one-electron problem. 
Using a periodic boundary condition: )()( xLx kk   , we have the plane-wave solution 
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where n = 0, ±1, ±2,…, and L is the size of the system. 

 

B. Energy level in 3D system 

We consider the Schrödinger equation of an electron confined to a cube of edge L. 
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It is convenient to introduce wavefunctions that satisfy periodic boundary conditions. 

Boundary condition (Born-von Karman boundary conditions). 
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The wavefunctions are of the form of a traveling plane wave. 
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with 

 

kx = (2/L) nx, (nx = 0, ±1, ±2, ±3,…..), 

ky = (2/L) ny, (ny = 0, ±1, ±2, ±3,…..), 

kz = (2/L) nz, (nz = 0, ±1, ±2, ±3,…..). 

 

or 

 

px = xnL)/2( ℏ , (nx = 0, ±1, ±2, ±3,…..), 



py = ynL)/2( ℏ , (ny = 0, ±1, ±2, ±3,…..), 

pz = znL)/2( ℏ , (nz = 0, ±1, ±2, ±3,…..). 

 

where 

 

kp ℏ . 

 

The components of the wavevector k are the quantum numbers, along with the quantum number 

ms of the spin direction. The energy eigenvalue is 
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Here 
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So that the plane wave function )(rk  is an eigenfunction of p with the eigenvalue kℏ . The 

ground state of a system of N electrons, the occupied orbitals are represented as a point inside a 

sphere in k-space. 

 

(c) Density of states 

In the p-space, there is one state per the volume element 
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over the volume element dpp24  are obtained as 
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In this case we need to use the replacement such as 
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where V is a volume; 3LV  . 


