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1. Motion of diatomic molecule: classical mechanics
We consider a molecules consisting of two particles. There is an interaction between two
particles.
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The Lagrangian is given by
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where the potential energy depends only on the relative distance, |r, —r, |.
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The Lagrangian L can be written in terms of r, and r
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where the total mass is defined by
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and the reduced mass is defined by
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Lagrange equations:
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Since L(r,r,r,)1s independent of r,, we find that the conjugate momentum
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is a cyclic (time-independent) (which means the momentum conservation because of no external
force). The conjugate momentum is given by
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Since the momentum of the center of mass is given by

P =Dt D,
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The Hamiltonian H can be written as
H=p, ¥;+p-r—L
) R 1 .
=p;I.+p-F _[EMVGZ —i—E,ur2 —V(|r|)].
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The total orbital angular momentum:

L. =L+L,
=ERXp+nXp,
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2 Quantum Kepler problem
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We now consider the quantum mechanics of the central force problem.

(1) The relative co-ordinate operator:

F=rn-—r,,

(i1) The relative momentum operator:

m,p,—mp,

m, +m,

p=

(ii1))  The co-ordinate operator for the center of mass:

U +m,r,
rG - .
m, +m2

(iv)  The momentum operator for the center of mass:
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(v) The total angular momentum operator for the system:

A

L.=L.+L,

with

~>

L=Fxp.

(internal angular momentum)

The reduced mass is defined as

__mm,
m, + m,

3. The commutation relation:

We assume that
[%,,%,1=0,
[Py £1;1=0,
We note that
[%,. 51, 1=ih3,,
for the same particle, and

[)eli’ﬁzvj] =0,

[5&1,‘9)22_/] =0,

[X,;, P 1= 100,
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[)Acznlay,'] =0,

[ﬁli’ﬁz_/‘] =0,

for the different particles, where i = x, y, z, and j = x, y, z.
Based on the above relations, we discuss the commutation relations between F, p, 7, p.,as

follows.
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We note that the original Hamiltonian
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can be rewritten as
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H=HG+HM,=;’—GM+5;+V(|$|).
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4. Reduction of the two-body problem
We note that

[f’G’I:Irel]: O’

and
[H,pel=[H;+H, . ps1=[H, . Ps1=0.

Then H

rel »

H, and P can all be simultaneously diagonalized. In other words, there exists a

simultaneous eigenstate | Pos E,> .
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[:]G|pG’Er>:EG|EG’Er>’ H

pG’Er> =E, pG’Er>a

rel

and

ﬁ|pG7Er> = (}A[G +F[rel)

pG’E"> = (EG +Er)|pG7Er>'
We note that
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The wave function can be described by

) =|ps)®|E,) =|ps)lv.).

where



E,)=

w,).

B2 The representation of |rG,r> = |rG> ® |r>

Based on the commutation relations,
o Pl =inS,1,  [2,p,1=in5,1,
we can use the basis

r6-r) =lrs) ®|r).

for both the center-of mass co-ordinate and relative co-ordinate, corresponding to the basis for
the momentum basis

|Pe-P)=|Ps)®|p).

The transformation functions are defined by

<rG|pG> exp(ipc-rc),
fi

1
- (2ﬂh)3/2
and
(r|p) L _exppn).
(27h)*"? h

The wave function in the position representation can be described by

v)=|pe)|E,) =|ps)lv.)-

The representation of the wave function in the positional representation

1 )
w,)= WGXP(%pG 1 )r

(ro.r|w) =(rs| po)(r v,)

6. Ehrenfest theorem for (p,)
We note that



[H,p;]1=0.
From the Ehrenfest theorem, we have

d

. 1/ . =
E<P0> = E<[PG>H]> =0,

leading to < f)G> =constant of motion. For simplicity, we assume that

P:=0.
The we have the final form of the Hamiltonian as

" " A2
A=0_,=L 1v@/).
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The Schrodinger equation is given by

A2
p A
—+V(r =F
LtV Ely) =E )
or
/R
oV V(Xrly,)=E(rly,).
7 Radial momentum operator and angular momentum operator

Here we discuss the expressions of radial momentum in the quantum mechanics in
the spherical coordinate and cylindrical coordinate. The obvious candidate for the radial

N N Fo ) . . o
momentum is p, =—-p , where — is the unit vector in the radial direction.
7 7

Unfortunately, this operator is nor Hermitian. So it is not observable. We newly define
the symmetric operator given by

~ 1l.r . . F
p.==(5pPtP ),
20 r




as the radial momentum. This operator is Hermitian.

Definition of angular momentum

L=¢Fxp),

L =L-L=(Fxp)-(Fxp)=Fp*—(F- p)’ +ih(F-p). (1)
The proof of this is straightforward:

L’ =(p.—2p,)3p.~2p,)

VD = VP.Ep, —Zp, p. + 2P, 2D,

Il
<>

2

Il
<>

pl+2p, —(9p,p.E+2D.p,P)
pl+2 D —19p,(5p, —ihl) +2p_(3p, —ihl)]
2 2

P42, (9B, 2b. +2.5p,) + ih(3p, + 5.)

A2 A2 A2 A2 AA A A AA A A
=z'p, +x'p. —(2p.pX+Xp,p.Z)

A2 A2 A2 A 2 AR AR AA AR . AA AR
=z'p. +X"p. —(zpxp, +xp zp.)+ih(Zp, +Xp.)

L’ =(p, - 3p,)(%D, - 3D,)
= fczﬁyz +5°p. - (Xp.p, Y+ Ip,p.X)
+ 37D —(Xp. 9P, + 3P, Xp,) +ih(Xp, + Ip,)
Then we get
s 2 s 2 AZ_AZ A 2 A2 A2 A2 A 2 A2 A2 A 2
L +L +L =x(p, +p.)+y (p. +p)+Z (p, +p,)
— (D, 2p. + 2p.Yp, + Zp_Xp, + Xp Zp_ + Xp, VP, + IP,XP,)
+2in(xp, + yp, +2p.)
PP =+ 37 20D + b, + B

_A2A2 A A 2 A2 A2 A2 A2 A2 A2 A A2 A2 A2 A2 A 2 A2 A2
_xpx +y py +sz +y pz +Zpy +pr +xpz +xpy +y px
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(F-p)* =(%p, + 9P, +2p. )R, + 9P, +2p.)
= 3p P, + 9P, 9P, +2p.2p. + 5p 3P, + 5P .2P.
+ 9P, 3P, + P, 2p. +£p.5p, +2P.5p,
= 2(3p, i) p, + (9P, —ihD)p, +2(2p. —hl)p.
+ 3P 9P, + P Ep. + 9P &P, + D, EP. + 2p.RD. + 2P 9D,
=2p +9 f? +2°p. —ih(3p, + 3P, +2p.)

Y A AR

+Xp. VD, +XP Zp. + VP, Xp, + YD, Zp. + Zp.Xp, + ZD.ID,

ihF - p=in(3p, +3p, +2p.),
where

[P %] =R, [p,,]=—ih.
Thus we have

PP —(Fpy +ihf-p=%p + 3 p +Ep +9°p +2p ] +27p,

+&p+Xp + 3D, —(Fp,+ 3D, + 2D,
— (P, 2p. + 2p.Yp, + ZpXp, + Xp 2D, + Xp. VP, + IP,XD.)
+ 2in(xp, + j}ﬁ +2p.)
_ypz +Zp +pr +xpz +x2ﬁy2+j>2ﬁx2
— (P, 2p. +2p. YD, + Zp.Xp, + Xp,Zp. + Xp. YD, + YD, XP.)
+2ih(Xp, + Ip, +2p.)

Then we have

~ Py

LP+L’+L =0 =#p —(F-p)’ +ihF-p
From this we get

(r

A2 A2

iz

(r|F*p

7 —(F- p)* +in(F- p)|w)

{51}~ ol )+l )
= r2<r p’ 1//>—r2<r f?rz ;//>

where
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(r[f*p7ly)=rir Ip Iw>

and

(e[ Y| +inlr - ,s|l,,>=_( j V)V |l//>+zh( j(r V)(r|w)

- _(?j r—(r —)1//(r) + lh( j(l” v (r)

=h (r—r%+r—)t//(r)

2

— R (r a—+2r—>w(r)

- <6 +%3>w(r>

-

r|p,’|w)
Here we note that

A2

(r|p

y)=-h’ (i2 + gi)1,//(1*) , (which will be discussed later)
or”~ ror

r

where p, is the radial momentum in quantum mechanics. Then we get the expression

=Ll

I"2

b, w)-

(rlp7y

or

The Hamiltonian of the system is given by

(notation of the differential operator)
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H

(r

e
v)=o o)+ rly)

gy )
ol )+ S v el

or

v =L p e e e
U 2ur

The first term is the kinetic energy concerned with the radial momentum. The second
term is the rotational energy. The third one is the potential energy.

((Note))
(1)

A A A h h 0o
(vl Bly)=r-{rlbl)="r V=2 r Ly,

(i)
(r|[(F- pY|w) = (r|(F- PYF- D))
=r- [{r[plr)ar' (vl p)w)
=r- [(r|plr)ar'r'{r|ply)
= B[V (e lrar e |ily)

h .
=—r- Vr.[<r|r'>dr'r'-<r'-|p|1//>

1

=E.r-Vr,[5(r —)dr'v'{r|ply)
1

=29 (el

v v
1 1

:(?j (r V)V, ()

or simply
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(57 =(2] -9 09, .

i

Using this relation (r-V )y (r) = rail//(r) twice, we get
r

NPT C PR 2,0
(rlF- p) |w>—[i] (reV )V Jp(r)==I'r—-r—y (r).

(ii1) Then we get the final form as

1 e ar n ,10 0 , 10

— -p): —ih(F- =—hr——r—= —hr=—=

r2<r|(r p) —ih(i- p)lw) . ar'/’(r) p ar'/’(r)
20 o°

=—h (;gﬁL?)‘//(")

8. Proof of I’ = #*p* — (¢ - p)* +il# - p (Sakurai)
The proof of the formula

> =#p> —(F- p) +ihi- p,
is given by Sakurai (Quantum mechanics) as follows.

L =Y (Fxp), (Fx p),

= z z gijkxjpk z gilmxlpm

i Jjk Im

We use the identity
Zgijkgilm = 5j15km - 5j7115k1 .

Then we get
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Z( km é‘jmé‘kl)')’(\"jﬁk‘),(\:lﬁm

Jkim

=D (%, D%, by =%, D% D))
jk
Using the commutation relation
[%;,p =010,
we have
iz = Z[)AC, ()%_/ﬁk - ih5jk)ﬁk - ‘)%jlak (ﬁj)ek + ihié‘_/k)]
= Z()%jx]pkpk 2lh5kx Dy — )ejlakf’j)ek)
= Z()’ej)e_/ﬁkpk —2ih6, X, py = X,p (%, Py — Zhi)
= Z(x pkpk - X, pjxkpk) 2lhz5kx iPr ‘thx pj
= Z(x X PePy =X, Dy) — 2thxjpj + 3lhzxjpj
J J

= ijleakﬁk - Z)ejﬁj)%kﬁk + ihz)’&jﬁj
Jk Jk j
Then we obtain

L =#*p> —(F- p)> +ili- p.

9. Definition of the radial momentum operator in the quantum mechanics
(a) In classical mechanics, the radial momentum of the radius 7 is defined by

1
p..=—(r-p).
r

(b) In quantum mechanics, this definition becomes ambiguous since the component
of p and r do not commute. Since p: should be Hermitian operator, we need to define as
the radial momentum of the radius 7 is defined by

~ 1r . . F
D, == PtP 77
P r
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Note that

b,

(r

V) = I+ Dy () = iy (o),

A2

P,

(r

V) = i) -2y ()

10
:—hz;er(i’)

20 0
- el 2

(r or 6r2)l//(r)

((Proof))

A A

)
r

V)

V)

1 *h 1 . 3
=—e, -YVrl//(r) +—J.<r|p| r'>dr'-<r' % >

lr . 1, (. F
——7'<’|P|'/’>+§<’|P'7)

1 *h F
——er-TV,l//(r)+ J.V dr< F >

=—er-EVrl//(r)+ V .[5(” r)dr" | |< |'//>
i

— e,V (r)+V- ol

or simply, we get

A

b,

(r

V)= le, V() +V- g
h_ 0 o 2
—2—i[5l//(r)+(5+7)‘//(”)] |
=2 Dy
i or r
_hlo

e GAG)
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Then we have

nlo

PG o Pehat
(notation of the differential operator)
((Note))
(1)
0
e, \% V= EV/ ’
(i)
r 0 x
V'[;V/] 6x[ !//(l’)]+5[ '//(l’)]+—[ w(r)]

R ) PR 0 P B )
r ox r oy r 0z
=3+ V]
v r
= gl,y(r) + I’E[llﬂ(")]
r orr
EEN T LI S S,
r r Or r
o 2
= v

(¢) The commutation relation:

Aol R
[p,.[Fl=—1,
i

or

Alal qala P . .

D, IF|— |r| p,=—1. (Commutation relation)

i

((Proof))
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(rl A ~1#12lw) = (r Bl )~ (el v )
= [(rb,|r)ar (e l#ly) - r(rlp, )
nlo o _ E__
= oo ) )
nl1o_, _ﬁﬁ
—7;5[7’ <"|'/’>] o < |l//>
or simply, we get
TR P r———
Eli w(r )]_—— ry(r)]
i ror

= Z[2y/(r) + r—!//(l’) - Fﬁv/(") —y(r)]
i or or

h
=<V (r)
10. Hermitian operator

) = I+ D) = (iR (r).

(r

b,
We show that p_ is a Hermitian operator.

From the definition of the Hermite conjugate operator, we have in general,

A+
p.

W2>* :<W2 ‘//1>-

<W1 l’)r

When p. = p.” (Hermitian), we get the relation

Wz>* :<W2 D, W1>-

<W1 l’)r

((Proof))
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v,)= .[d”<'/’1|”><”|13r v2)
= .[dQJ-rzdr@/l r><l‘|ﬁ,

- J’ dQJ-rzdrl//l*(r)?%%[”//z(")]

<V/l ﬁr

V/2>

= ?Idﬂjdﬂ”y/:(”)%[rV/2(r)]

= —?Ided’””!//z(”)g[’”V/l*(r)]

A

b,

b lve) =% [aafdrry ) 1ry )
h X 10
:7J'der dryy (r)——[ry,(r)]

= <V/2

ﬁr l//1>
where Qis an solid angle. dQ =sind@d¢. dr = r*dQ.

11. The angular momentum in the position space
Here we note that in quantum mechanics, we have

. . h
() = ol < ) =20,
and
(A0 = (e 10) (ol )
2
= rz[—hzvzw(r)]—rz[zj lgi”li[i’l//(")]
i) ror ror
2
=1’ [-r*Vy(r)+7 %[w(r)]
or

2
(B = By () = 1 Voy )+l ()
For simplicity, here, we use the differential operator for the angular momentum such that

19



Ly () ="rx Vi),

Ly(r)={r|Ly) = 1"[-r"Vy(r)+ r%[rl//(r)] .

12. Angular momentum in the spherical coordinates

In the spherical coordinate, the unit vectors are given by

_or _or

e, =— _:sinecos¢eX+sinHSin¢ey+cos€e2,
os, Or

or 1or

0 = ———=cosfcosde, +cosfsinge —sinbe._,
os, r o6

_or 1 or
e, =—

35, rsinfog

sin e+ cosde ,

where

ds, =dr, ds,=rd0, ds,=rsinbdg.

The gradient operator can be written as

0 0 0
V=e _—+e,—+e,—
0s, 0s, 0s
0 10 1 0
e —+e, te,———
or r 06 rsin@ 0¢

where

r=rsinfcosge, +rsinfsinge, +rcosbe.,

or

20



e, e, sinfcosg sinfsing cosf \ e,
e, |=4l e, |=|cosfcosg cosfsing -—sind |e, |,
e, e. —sing cos ¢ 0 e.
or
e, e, sinfcos¢g cosdcosg —single,
T . . .
e, |=A4"|e, |=|sinfsing cosfsing cosg | e,
e. e, cosd —siné 0 e,

where AT is the transpose of the matrix A.
The angular momentum can be rewritten as

Lt//:zrxVy/
i

=—re x(eﬁJre li+e 1 i)
i T 0T rsing 04

0
rsin @ 6_¢)W]

1 o0
=—rl(e xe,)———+(e, xe
l,r[(r ")raa (e, xe,)

0 1 0

—E(e ——e,———)
i 0 “snoog’

The x-component of the angular momentum:

0 1 0

Lx = ex'ﬁ(e¢_ €y
i "o6 sin@ O¢

h 0 0
=—(—sing— —cot@cosgp—
i( ¢8¢9 ¢8¢)
where

e.e;,=—sing, e e, =cosfdcosg

X

The y-component of the angular momentum:

21
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0 1 0

h
L =e.—(e,——e,——
v i( 00 ’sind g

h 0 0
=—(cos¢p— —cotdsingp—
i( ¢8¢9 ¢8¢)
where
e, e, =cosg, e, -e,=cosfsing

The z-component of the angular momentum:

h 0 1 0
Lo =e.—(e,——¢,——
i 00 sinf 0¢
_ko
i 0¢
where
e.e; =0, e_e,=—sind

The raising operator:
. .., 0 . 0 0 ., 0
L, +ilL, =n(ising—+icotfcosgp—)+h(cosgp— —cot@sing—)
00 o¢p 00 o¢p
= he“”(i+ icoté’i)
00 o¢p
The lowering operator:
0 0 0 0
L —ilL =h(ising— +icot@dcosgp—)—h(cosg—— —cotdsingp—
« —iL, =h(i ¢ae I ¢a¢) ( ¢ae ¢a¢)
= —he*"¢(i - icotHi)
00 o¢p

We note that
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L L =(L —iL (L, +iL,))
2 2 .
=L +L +iL,.L)]
=L'-L°-hL,

and

L.L =(L +iL,)(L,—iL,)
2 2 .
=L'+L —iL,L)]
= -L°+hL,

Then we have

[=LL +L°+hL
=L L +L°—hL,

1 0, . ,0 1 &
——(sinf—)+—————
sinf@ 06 00" sin" @ 0¢

2 2
S A N S
o6 00 sin“ 0 0¢

=—h’[

The evaluation:

=L +L*+L"

X y z
2
- ing Ly L0
sinf 06 060" sin" 6 0¢

=’ (-r’V’ +§r —

= hz(—l"zvz +7"877")

Note that

2

. _0.,0, 0
P =T

where
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hlo , hl10 nl1o ,1 0
L =———T, p, =———Tr———r=-h"——r
iror iror [ror ¥ Or
Then we get
L2 272 8 28 -] r2 2
—=rV'+—@r" —)=—1r'V ' ——p~,
7 oo w2 b

The Laplacian is expressed by

1 r
V= —F(Pf +r_2)
or
2
P

The Hamiltonian of the free particle is given by

o, 1, , I
H=——V'=— +=).
2m 2m (P, r )
13. Eigenvalue problem for the Hamiltonian in the spherical coordinate

We have the expression for Hamiltonian H (as a differential operator) in the central-
force problem by

H="p+v()
2u

1, I

where

N R o ,0
= —-———r .
rror  or

7y =
P r or’
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Note that

In this case, the wavefunction is given by a separation form
w(r)=R(r)Y,(0,9),

where Y, (0,4) is the spherical harmonics, and it is the simultaneous eigenket of L* and
L

LY, (0. =111 +1)'Y,,(0.9), LY, (0.9)=mn’Y,(0.9).
The radial wave function R(») is the eigenfunction of the Hamiltonian H,

2 2 2
n19 Wil

HR(r)=[- 2o 2 +V(M]R(r)
h 1o’
BTy r 4V, (r)]®(r)
=ED(r)

where the effective potential Veri(r) is defined as

V() =)+ D,

((Note)) Laplacian in the spherical co-ordinate
Vi=— [sin@i(r2£)+i(sin9i) —( )
r-sin@ or or 0¢ s nH o¢p
1 o
-2 [ Gsin0-y+ L)
ar r smé’ 00 in@ o¢*
p._ I
S

25



where

2 2
L S YA R
h sin@ 060 060" sin~ 6 0¢
2
P — _ii 2 7
K’ r* or r 6r)'
14. Hamiltonian in the classical mechanics

Here we discuss the classical theory for the Hamiltonian of diatomic molecules. We
use the spherical co-ordinate.

r=rsinfcosge +rsinfsinge +rcosbe,
The Lagrangian is given by
L :%y(r' F) =V (r) =%y(;>2 +r7 0% +r7sin’ 0 9P -V (r)

where V is the potential energy which contains all the information and m is the reduced
mass. The canonical momenta are defined by

oL ) oL 2/ oL 202
== ur, =—=uré, =—=ur-sin" @
oF H Po EY: H Py H ¢

P, o3

Thus the Hamiltonian for the relative motion can be derived as

Hrel :prr+p€0+p¢¢_l’

= u(F* +r*0* +r*sin’ 0 ¢*) —%,u(fz +r2 0% +r7sin’ 0 *)+V (r)

= %,u(fz +r20% +r*sin? 0 ¢*) +V (r)

2 2
=Lpr2 +l,ur2(p—92J +lur2 sin’ 0(%} +V(r)
y7.3 2

2u 2 L’ sin® @
2
1 2 1 2 Py
=—p +V(r)+ +
2 p, +V(r) e (Po Sin’ 9)
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So the resultant Hamiltonian is expressed by

2

P
H = 226\4 +Hvib +Hr0t

where
P 2
H, ==%¢ (the motion of center of mass)
2M
| I > 1 5,
H, 6 =—p +V(Fr)=—p +=uwr
vib 2/1 pr ( ) 2/1 pr 2 ll'l
(the simple harmonics due to the vibration)
L)

(a) (b)

Fig. (a) A plot of the potential energy of a diatomic molecule versus atomic separation. The
parameter RO is the equilibrium separation of the atoms. (b) Model of a diatomic
molecule whose atoms are bonded by an effective spring of force constant K. The
fundamental vibration is along the molecular axis. (R. Serway, C.J. Moses, and C.A.
Moyer, Modern Physics, 3™ edition (Thomson Brooks/Cole, 2005))

2 2

1 2 Dy
=— +
) 21 (s sin’ @

1 2 Py
H. =—(p)+
2t (s sin’ @

)
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(the rotation around the axis connecting two
atoms)

where I = ¢ r* is the moment of inertia and r is the distance between two atoms,
M=m +m,,

and the reduced mass is defined by

m,m, I 1 N 1
m, +m, U omoom,
15. Partition function (canonical ensemble)

The partition function is given by

Z, =Z,(CM)Z,(vib)Z, (rot)

Z(CM)y=—~ 3(ﬂj
Q)" B

) 1 o0 o0
Z,(vib) = [dp, [drexp(-H,)

_ 1 < < 1 2 1 2.2
= j dp, j drexpl-p(5 p,’ +5 uo'r)]
1 2mu | 27
271\ B\ Bue’
1

= e

28



Z,(rot) (27;)2 Tde j d¢ j dp, j dp, exp(—fH,)

17 ) ?
:(%myidﬁjd¢j@%j@%emﬂ ﬂ( +S£§9n
= zfdejd¢J55VEEZs

1 24 %
=E;%?-;'£m 9d9jd¢
__ 1 2d

(2m) B
20k,T
—

Then the Helmholtz free energy per molecule is
InZ, =In[Z,(CM)Z,(vib)Z,(rot)] = [In Z,(CM) + In Z, (vib) + Z,(rot)]]

where

In[Z,(CM)] =

( 27[M jS/Z
“em’\ "B

= Ik, T) 4k, Tln——
2 (27h)

(272'M)3/2]

InZ (vib) = ln[];lB—T] =In(k,T) - In(hw)
0]

T 2IT
)=

In Z, (rot) = In( 21;;5

Using the formula  E, = k,T’ %ln Z,

E(CM)= %kBT (degree of freedom 3: three direction)

E (vib) =k, T (degree of freedom: 2; kinetic energy and potential energy))
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E, (rot) = k,T

(degree of freedom: 2; rotation around axis perpendicular to the axis)

{a)

Fig. A diatomic molecule oriented along the x-axis has 2 rotational degrees of freedom,
corresponding to rotation about the y- and z-axes. (R. Serway, C.J. Moses, and C.A.
Moyer, Modern Physics, 3™ edition (Thomson Brooks/Cole, 2005))

From the equipartition of energy, we conclude that there are totally 7 freedoms in the
diatomic molecule.

((Note)) Equipartition of energy

The theorem of equipartition of energy states that molecules in thermal equilibrium
have the same average energy associated with each independent degree of freedom of
their motion and that the energy is k,7/2.
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7 /9 translational + rotational + vibrational
'- I}
!
_ translational + rotational
i llf'lrj
—
= translational
Yy 3/2
0 k-
| |
2,
ﬁ. ,."IZI;JH HLAJI,IJECH

T

Fig. The molar heat capacity at constant volume of a diatomic gas as a function of
temperature. (S.J. Blundell and K.M. Blundell, Concepts of thermal physics,
Oxford, 2006).

16. Quantum mechanical treatment of rotation
In quantum mechanics, the rotation energy is given by

2 2
H(rot) = % = %z(z +1).

where /=0,1,2,3, ....

Then the partition function is

Z,(rot) = i(2l+1)exp[— ﬁ;; [(I+1)]
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In the high temperature limit, this can be replaced by

Z, (rot) = de(Zx +1)exp[— ﬂ;j x(x+1)]

0

hZ
which agrees with the result obtained from the classical theory.
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