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((What is the energy flux?))

The amount of energy emitted by a blackbody depends both on its temperature and on its
surface area. This makes sense: A large burning log radiates much more heat than a burning
match, even though the temperatures are the same. To consider the effects of temperature alone,
it is convenient to look at the amount of energy emitted from each square meter of an object’s
surface in a second. This quantity is called the energy flux (F). Flux means “rate of flow,” and
thus F'is a measure of how rapidly energy is flowing out of the object.

A body that absorbs a// radiation incident on it is called an ideal blackbody. Here we discuss
the Stefan-Boltzmann law.

1. Introduction

The nineteenth-century Irish physicist David Tyndall performed the first careful
measurements of the amount of radiation emitted by a blackbody. (He studied the light from a
heated platinum wire, which behaves approximately like a blackbody.) By analyzing Tyndall’s
results, the Slovenian physicist Josef Stefan deduced in 1879 that an empirical relation between
the power radiated by an ideal blackbody and the temperature 7:
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e=ogyT

where e is the power radiated per unit area (the energy flux), is the absolute temperature 7, and is
a constant called Stefan’s constant. In 1884, this result was also derived on the basis of classical
thermodynamics by his former pupil, Ludwig Boltzmann, by then a professor at Graz, and
e =0y T"is now called the Stefan-Boltzmann law. Note that the power per unit area radiated by
a blackbody depends only on the temperature and not on any other characteristic of the object,
such as its color or the material of which it is composed.

2 Proof of the energy flux: e = %cu

We consider the photon. The energy flux e is the power radiated per unit area (the energy
flux), at the absolute temperature 7. The total energy of photons passing through the surface
element dA during the time A7 is obtained as follows. Note that u is the energy density of photon.
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Fig. The photon energy passing in the time A¢ through a solid angle d(2, making an angle 6
with the normal to d4. The volume of cylinder: (ccosOAt)dA during the time Af .

dQ =2rsiné . c is the velocity of light.

Using the above figure, we have
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where the factor cos 6 is the z component of the energy flux, and %ﬁdﬁ is the fraction of
T

the solid angle. Then we have the energy flux of photon as

e=—cu [erg/(cm?s)] energy flux



per unit area per unit time.

((Note))
E. Fermi, Notes on Thermodynamics and Statistics (The University of Chicago, 1966).
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3. Proof of the radiation pressure: P_, = 1u

rad —

The radiation pressure by photon is calculated as follows. We consider The energy per the
area AA per unit time Af, passing through the area A4, which is perpendicular to the surface.
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We note that
u=cp (energy density)
p= L (momentum density)
c
E=cp (the energy dispersion relation for photon)

For the calculation of the pressure, we need to take into account of the reflection. The radiation

pressure can be obtained as follows.

/2 .
At = I 4 (cAtcosOAA)(2cos Q)M
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= u(AtAA) jsin Ocos’ 6O
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= %u(AtAA)



Here — is the momentum density, (cAtcos@)AA is the volume, the factor 2cosé is due to the
c

reflection of photons on the surface. The change of momentum upon reflection from the wall involves
multiplication by the factor 2cosf, because the perpendicular component of the incident momentum
changes sign upon reflection, whereas the tangential component remains unchanged. [27sin 8d 0]/ 4rx is

the fraction of the solid angle against 4.

The radiation pressure is given by

((Note))
E. Fermi, Notes on Thermodynamics and Statistics (The University of Chicago, 1966).
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4. Boltzmann’s discussion
dU =TdS — PdV
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Here we use the Maxwell’ relation
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Thus we have
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The pressure P is given by

P= %u(T) . U=uT)V

Note that
T[a—Pj leu'(T)
or), 3
and
oU 1 4
— | +P=ul)+—-u(T)=—u(T
(anT u(T) 3u( ) 3u( )

Then we have the differential equation for u(7),

o4
ETM (T)—3u(T)

or
4
u'(T) = Fu(T) , Inu(T)=4InT +const.

u(T)=al*

where
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This is the calculation which Boltznlann carried out in 1884 and his name is justly associated
with the Stefan-Boltzmann law.

5. Fermi’s discussion on u(7")
U=ulV
dQ =TdS
=dU + PdV
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The entropy:
s =21 gy VD) o
3 T T dT

(asj v+ (asj T
ov oT

For the exact differentia,
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u(T)
u'(T)=4———+ T



or

du_ ,dr
u T
leading to
uocT* (Stefan-Boltzmann law)
6. Thermodynamics of radiation (Fermi)

Definition of absorption and emission of a body a,and e
Black body has a=1

Prove: e/a is the same for all substances at the same temperature.

—

y. L2

2
¢
a.' | z
—>
e A,

Y

From Kelvin,

€d, =eq,

or



b4_%_, of black body
a, @
7. Stefan-Boltzmann law
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= % = 71[_5]%3—; (Planck radiation law)
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Using this expression of u(7), we have

1 1
e=—cu=—c
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Oy = chz (Stefan-Boltzmann constant)

where 1/4 is called the geometrical factor.



The Stefan—Boltzmann constant (SI units)

oy =5.67036713x107° W/(mK*)
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