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1. Overview on the boundary conditions for wave functions

(a) Behavior of a stationary wave function ¢(x)

d? 2m
W(P(X) +?(E ~V)p(x)=0

where V (X) =V in certain regions of space.

) E>V
hZ
E —V :%kz (k>0)
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& 00+ K00 =0
dx
¢(X) — Aeikx + Ave—ikx
where A and A’ are complex constants.

(i) E<V
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_E4v =l (x> 0)
2m

2

ngm—ﬁmm=o
X

o(X)=Be™ +B'e™
where B and B’ are complex constants.
(ii) E=V

@(X) is a linear function of X.



(b) Behavior of ¢(X) at a potential energy discontinuity

When the potential V(x) is discontinuous at X = X;,

are continuous at X = Xj.

() ¢(x) and

d’p(x)
dx?

do(x)
dx

(i)

is discontinuous at X = X;, if V(X) remains bounded.

((Note)) V(X)=ad(X); unbounded function whose integral remains finite. In the case

@(X) remains continuous but % does not.
X

2. 1D step barrier potential

0)

(a) Case when E >V, (partial reflection)
The wave numbers:

k’ = 22qu for the region I
k,” = 2m(E =V,) for the region II

hZ

The wave functions:



@, (x) = A" + A'e ™ for the region I
@, (x)= A" + A'e™*  for the region I

Suppose that A,'=0 (the wave propagates along the positive X axis in the region II).
From the condition that ¢, (X =0) =¢, (x=0),

A+A=A,.

From the matching condition that %(X =0)= %(X =0),
dx dx
kKi(A = A" =k,A,

Then we have

k, +Kk,

R: reflection coefficient
T: transmission coefficient

hk, 02
R:£:ml|A1| :|A"|2: kl_kZ 2:1_ 4k1k2
J, LK|A|2 |A1|2 k, +k, (k+k21)2'
m

Tk, |, p
T:i: m |A2| _ﬁ|A2|2_ 4k1k2

J, @%AF_kJAF_&+@j'
m

Thus we have the relation
R+T =1

((Note))
Contrary to the prediction of classical mechanics, the incident particle has a non-zero
probability of turning back.

((Mathematica))
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Fig. PlotofRand T as a function of Ep. m=1. i=1.V,=1. Ep>1.
(b) Case when E <V, : R=1. T =0 (complete reflection)
V(X)

The wave numbers:

k.’ = 2212E for the region I
,022 = w for the region 11

The wave functions:



@, (x) = A" + A'e ™ for the region I
@, (X)=B,e”* +B,'e”* for the region II

Suppose that B, =0 (the wave propagates along the positive X axis in the region II).
From the condition that ¢, (X =0) =¢, (x=0),

A+A'=B,
From the matching condition that %(X =0)= %(X =0),
dx dx
ik(A-A")=-p,B,
Then we get
i:kl—ip2 E: 2k,
A k+ip, A k+ip,
The reflection coefficient R is obtained as
nK, 2
1 f |2 . 2
AT AT Jecinf
‘J |

Tiap AP Tty
m|A|| || 1 )

Since T + R =1, T=0. Since the wave function ¢, (X) is a real wave function, we always
haveJ, =0.

We consider the phase shift in the wave functions from the conditions,

A+A'=B,
v_ﬁ '
A=A B,

When % =tang,

1

1. ip 1. B, i |
=—(1+-+2)B,'=—(1+itang)B,'= —2 v
A=l kl) =2 9)B, 2cospt 2



and

B,’

1 io 1 .
'=—(1-+2)B,'=—(1-itang)B,'= —2—

Al 2( kl ) 2 2( ¢) o) 2COS¢
where

2(13;8¢=E, or B,'=1cos¢g
Then we get

@ (X) = IE(eweik'x +e %) =1 cos(k X + @)

@i (X) = I cosge™”"
where

P2 _tang = fVO_E
k, E

e =

Leio

((Note)) In the case of V, —

Then we have p, - o,

or
&Ztan¢—)oo, or ==
I(1
@ (X) = I cos(k x + %) =—I sin(k;X)
and
Py (x)=0
Atx=0,
% (x=0)=0



94 (x=0)=0.

So it remains continuous. How about the matching condition?

_d(/;'l () _ _ Ik, cos(k,x), which is — Ik atx=0.
X

dgy, () ~0
dx

Therefore the derivative is no longer continuous. This is due to the fact that the potential
jump is infinite at X = 0.

((Mathematica))
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3. One dimensional square barrier
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Vo
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(@) Fabry-Perot for E >V,
The wave numbers:
k= Zsz for the region I and III
h
k,” = M for the region II
h

The wave functions:
@, (x) = A" + A'e ™ for the region I
@, (X)=Ae"* + A'e™*  for the region II
@, (X) = Ag™* + Ale ™ for the region I1I
Let us choose A,'=0 (neglecting particles coming from X = +o0).

The matching condition at X =0 and X = I.

(1)
P (x=0)=9,(x=0)



leading to
A+A=A+A

(1)
oy (x=D) =g, (x=1)

leading to
Azeikzl n sze—ikzl _ Ageikll
(iii)

do, (x=0) _ do, (x=0)
dx dx

leading to
Ak, — Ak, = Ak, — Ak,
(iv)

do,(x=1) _dg,(x=1)
dx  dx

leading to
Ajike™' — A ike ™ = Ajike™' .
From Eqgs.(1)-(4), we have
2 2
A = Ae"'Tcos(k,l) - {%} sin(k,1)]
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v:| elkll AR T P kl
A=A [Zklkz }smu)

Ay =2 (k)
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' A} i(kj+k)1
=—-e""" N (—k +k
A= e ki)
Probability current density:
hk 2 2
3, =2 A -af)

nk, 2 2
3 =2 (A - af)

wr

‘]III = m

|2

A

Reflection co-efficient;

(k’ —k,")’sin’(k,)
4k ’k,” + (k> —k,*)?sin?(k,l)

R:i‘ _
A

Transmission co-efficient:
t 4k ’k,?

4k ’k,” + (k> —k,*)? sin (k,1)
~ 4E(E-V,)

4E(E -V,) +V,’sin’(k,])

for E>Vo. Kyl = |1/w

When k,I =nz (n: integer), T = 1.(Fabrey-Perot)

T=‘&
A

((Mathematica)) Fabry-Perot
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Fig.  Plot of T as a function of X =k,| . The parameter E/V, is changed as 2, 2.5. 3, 3.5,

4,4.5 and 5.
((Note))
-
— -
— -
x=0 X=1
We consider the case of k,2l =2n7z, or k,l =nz (resonance condition).
T=1,R=0
A'=0
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A =cos(nz)e™' A, = (-1)"e"'A,

_i ikl n:l ﬁ
Az_zkz(k1+k2)e (-1 2(1+k2)A1

' A3 ikl n 1 k1
=3 (—k, + k)" ()" =~ (1 - -
A, 2k2( 1 HK)e (=D 2( kz)A
Then we have
D (x)= Aleiklx
i i 1 k i 1 k i
X) = e|k2x ye—lkzx =—(1 M e|k2x - 1__1 e—lkzx
o,(X)=A, +A, 2( +k2)A1 +2( kz)Al

= A[cos(k,x) + %2i sin(k,X)]

2

(resonance scattering)

D (X) = A}eiklx = (—l)ne*ikﬂAleiklx

(b)  Tunneling effect for E <V,

V(X)
A
Vo
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v
e
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-
0 |
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Fig. A beam of particles represented by a plane wave is incident on a potential barrier.
Most particles are reflected, but some are transmitted by quantum mechanical

tunneling.
We set
k, =—ip, or
where
2m
,022 = 7(\/0 - E)

The wave functions:
(0|(X): A\leiklx + Alle—iklx

@, (X)= Azepzx + Az'e_pzx

p, =ik,

for the region I1

for the region I
for the region I1

for the region III

for the regions I and I1I

Boundary conditions: continuity of the wave function and its derivative with respect to X

O (X) = Azeiklx
where
2 2m
k1 =7E
atx=0and x=1.
A+A'=A+A

Azepzl +A2|e—p2| — Aseikll

ik (A=A =p(A-A")

pu(Ae” ~ A'e”) = Ajke"

When A; is a fixed parameter, we get Aj, A", Ay, and A' as

A = A g i =1k’ +2(e* + 1)k p, +i(€* —1)p,’]

- 4k, p,

14



A= e @ D ip, ik + )
1772

A, = 2o, + )
2p,

A= et ik 1 p,)
2p,

Noting that

cos(zif) = cosh @ and sin(xif)=Fisinh b,

cosh(2x) = 1+2 sinh*(x), cosh?(x)—sinh?(x) =1.

we have

A =-Ae"'[cosh(p,|)+ é(klk;pzj sinh(p,1)]

1P2

2 2
A'=—iAe" (%) sinh(p,l)

1p2

The wave functions in the regions I, II, and II are obtained as

v, = ki gl [kl,ozeik‘X cosh(p,l) — (ikl2 cos(k,X) + ,022 sin(k x)) sinh(p,l)]
1P
v, = ﬁe‘kl'[ p, cosh(p, (I — X)) — ik, sinh( p, (1 - X))]
P
Vi = A3eik]x

where A; is fixed parameter. A typical example is shown below.
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Fig. Real part of the wave functions in the tunneling through a barrier (denoted by blue
lines).

((Probability current density))

nK, (a2 2
3, =" (af -jaT)

J =g (A A A AY)

B

‘]m = m

|2

A

where

The transmission coefficient is given by
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’ _ 4k12p22
4k’ p,” cosh® (p,1) + (k" = p,")’ sinh’ (p,1)
_ 4'k12:022
4k p, [1+sinh?(p,)]+ (K — p,’)? sinh?(p,))
_ 4k12,022
B 4'k12,022 +(k12 +,022)2 sinh’(p,1)
_ 4E(V, —E)
 4E(V, —E)+V,sinh’(p,1)

where E<Vj and p,| =1, ’il_T(Vo —E) . The reflection coefficient is given by
, 2 , 2 2
R i‘ _ i‘ ‘i‘
Al IATTA

_ (k" +p,")’ sinh* (p,1)
4k’ p,” cosh?(p,l) + (k" = p,”)* sinh (p,1)

(kl2 "':022)2 Sinhz(p2|)
=2 2 2 232 s 12
4k, p,” +(k;” + p,”)" sinh”“(p,l)

Tz‘i
A

Then we get
T+R=1

We make a plot of T as a function of X = p,l, where E/V, =0.9

. X =pyl
3 2

Fig.  Plotof T as a function of X = p,I. E/Vy=0.9.
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((Note))
When p,l >>1,

epzl _ e’pzl epzl

2 2

sinh(p,l) =

Then we have

T 6BV —E) o
VO

The particle has a non-zero probability of crossing the potential barrier.

((Parameter p, for electron))

2m
Py = ﬂ?(vo -E)

or

1 1.95192

=—— A
P AV, —E)ev]
When Vo=2¢eV,l=1A,and E=1 eV, we have 1/p, =1.96 A.
or
T=0.78
The electron must then have a considerable probability of crossing the barrier.

((Parameter p, for proton))

1 [2M
= = —E
p2 hZ (VO )

or

1 4.5552x107

— A
P NV, —E)eV]
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When Vo=2¢V,|I=1A, and E=1 eV, we have 1/p, = 4.5552x107> A.
or
T=394x10",

which is negligibly small.

4. One dimensional square-well potential: Ramsuer effect
V(X)
A
_________________ o
—_— >
- -
I 0 IT | I11
- X
_VO

The wave numbers:

A = Ae™'[cos(k,l)— (%) sin(k, 1]

172

P LS Y5l
A'=iaeh | =2 =5 Isindi)
172

Reflection co-efficient
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(k* —k,")’sin’ (k,)
4k ’k,” + (k> —k,*)?sin (k,1)

R:i‘ _
A

Transmission co-efficient

oA " 4k k>
Al 4k’ + (k> =k, ) sin?(k,l)
5. Semi infinite well potential
V(X)
)=00
Vo
| S
I II
0 a
For 0<x<a (region I)
h2 d2 21,2
Hp,(X)=————¢,(X)=Egp,(X)= X
@ (%) ZdeZ(DI() @ (%) m @ (%)

The solution of this equation is
@, (X) = Asin(kx) + A cos(kx)

where

20



Using the boundary condition:
@ (x=0)=0

we have
A; = 0 and A£0.

Then we get
@, (x) = Asin(kx)

For x>a (region-II)

h* d?
_%W"'Vo)(/’n(x) =Ep, (%)
or
d2
W(ﬁn (X)_K2§0u (x)=0
where

2m
x_1/?0/0—E).

The solution of ¢, (X) is given by
@y (X) = Be™ ¥
The condition for the continuity of ¢(X) and % atx=a
X

Asin(ka) =B
kAcos(ka) =—-Bx

From these two equations we have

21



1 tan(ka) = L or ka = —xa tan(ka)
ka Ka
with

(s + () =2,

For simplicity, we assume that

x=ka, y=xa, R=

2m
R
Then we need to solve the equations by using graphs,

X = —Yy tan(X) x*+y* =R’

where x>0 and y>0.

10+

(o2
T

‘\I.l i

| /I |
~N YA Y

‘ ‘ ‘ ‘ X]
2 4 6 8 10

Fig.  The intersections of the curve y = -x/tanx and the circle (xX*+y* = R?). The
radius R is changed as a parameter. Note that y = -X/tanx changes the sign
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from negative to positive at X = /2, 542, 77/2 ,... When #/2<R<37/2,
there are two intersections, leading to the two energy levels. When
Sm2<R<T7m2, there are three intersections, leading to the three energy
levels.
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