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1. Classical mechanics
We consider a particle moving under the harmonic potential given by

V(X) :%mwsz.

Equation of motion is given by

F =—8—V=—ma)§x,
OX
2
d ;(: F :—ﬁ:—mng,
dt OX

which leads to a simple harmonics oscillation,

d?x

_ 2
— =—wX.

The solution of this differential equation is
X = Xy cos(a,t — @)

where Xy is the amplitude of the oscillation. The momentum p is given by
p= m% = —MayXy, sin(at — ).

The total energy of the system is a sum of the kinetic energy and potential energy

p’ 1
E= o +Ema)§x2 =—Maw;X;,
(Conservative system)
2. Quantum Mechanics

The Hamiltonian of the simple harmonics is given by



The eigenvalue problem of the simple harmonics is defined by

He, () = £,0,(X),

with the energy eigenvalue,

&, = (n +ljha)0
2

where n =0, 1, 2, 3,.... The wave function of the simple harmonics can be described as

( P mat

2m dx? 2 Xz}on()() ~ (-

We now introduce & as

$=pX

p= 1/% [unit of cm™]

The wave function of the ground state satisfies

with

0
(§+£)¢0—0-

The solution of this differential equation is obtained as

52

P (&) =Ag

Normalization:

1= [le@fde =|A[ [e“de =|A[x



1
leading to A, =7z *. Here we assume that Ay is real.

n ’ n X

and ¢, (&) is given by

¢n<§)=(&2"m)‘;<é—%>“e 2

or

an _§2
0"

0, (&) =(Wrm2") <1>e2

Since the Hermite polynomial is defined by

n

& —52
H,(&)=(-D"e o

we have the final form of the wavefunctions

L&
9.(&)=(x2"n!) 2e 2H (&).

((Note))

_v 5/2_ S/za -2
(¢ 86g)e (-D"e ag“e :

__nfzﬁ_n—f af’ 12 iy
H.(&)=(D"e P O 5) e

The Hermite polynomial satisifies the differential equation

dz —2§i+2n)H (&)=0.
dcf dé
3. Mathematica-1

Hermite polynomials



Hix , n ] :=(-1)" Exp[xz] D[Exp[—xz] . {x, n}];

Prepend[Table[{n, HermiteH[n, x]}, {n, 0, 10}], {'"n", " H[x,n]"}] //
TableForm
H{x,n]

1
2 X

~2+4 %2

~12x+8x3

12 - 48 x2 + 16 x4

120 x - 160 x3 + 32 x°

~120 + 720 x2 - 480 x4 + 64 x5

-1680 x + 3360 x3 - 1344 x° + 128 x'

1680 - 13440 x2 + 13440 x* - 3584 x% + 256 x8

30240 x - 80640 x3 + 48384 x° - 9216 x + 512 x°

-30240 + 302400 x2 - 403200 x* + 161280 x5 - 23040 x8 + 1024 x10
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4, Mathematica-2
Plot of the wave function

0, (£) = (m2m ) 2e 2H (&)

wheren=20, 1, 2,...
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Mathematica-3
Plot of |p,(£)]" wheren=0, 1,2, ...
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6. Mathematica-4

Proof of
0 n n % an _é
(98_%) 1) =(1"e a_c_f”e x($)

for any function y(¢&).
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2
Clear["Global " %"]; CR1 := (§ # -D[#, £]) &; ¢0[£ ] == /4 Exp[—iz];

f[n_] := Nest[CR1, x[&], n] // Simplify;

g[n_] :

g2 g2
(-1)" EXp[_z] D[ EXD[-;] x[€1, (&, n}] // Simplify;

Prepend[Table[{n, F[n]}, {n, 1, 4}1, {"'n", "F(n)= g(n)"}] // TableForm

n f(n)= g(n)
1 Ex[E] -x'[€]
2 (-1+E%) X[E]1-2EX (€] + X7 (€]
3 £(-3+&%) x[€]-3(-1+6%) x[€)+3Ex"[€] -xP (€]
4 (3-662+6%) x[E]-4E6(-3+62) X [£]-6X"[E] +6E2x"[E] -4ExD [E] +xP €]
13. Mathematica-5:
1 .
Y[E ,n ] := Nest[CR, ¢0[£]1, n] // Simplify;
Vi
Prepend[Table[{n, ¥[§, n]1}, {n, O, 6}]1, {"n", "¢[&,n]"}] // TableForm
n YlE,n]
0 i1/4
£2
1 \567 2 &
174
£2
e 2 (-1:2&2
2 V2 1/4
g2
e 2 §(—3+2§2)
3 N
£2
4 e 2 (31252464
2-/6 nl/4
£2
. e 2 £(15-20 2.4 £4)
215 1/4
£2
5 e 2 (-15:90 £2-60 448 £6)
125 »1/4

14.  Comparison with Classical Mechanics
Classical mechanics

X = Xy, cos(at — @)



p= m% = -—Ma,X,, sin(awt — @)

> 1 1
=2p_m +Ema)§x2 :Ema)jxw,

2

Comparison (classical mechanics and quantum mechanics)
We choose ¢ =n/2.
X = Xy, sin(at)

p= m% = M, X,, cos(awt)

We define a classical “positional probability” as

dt
Wclass (X)dX = ?

where dt is the amount of time within dX and T = 27/ w.

dx = wX,, cos(awt)dt = wx,,dty/1—sin*(at) = wx,, dt /1 -~ (XL)2
M

since
2
cos(mt) = +4/1 —sin’(awt) =+ |1 - (L)
XM
we get
X dt dt
W, (X)ax,, dt fl— — Y ===
class( ) M (XM ) T 272_
or
1 1
Wclass(x) =

2 X o
Xy [1—(—
MJ (XM)

But this expression is not correct. Requiring that the total probability of finding the
particle between —Xy and Xy is unity determine the following correct expression



1 1
Wclass(x) = ; X
Xy 1= (—)?
M (XM )
In fact
Xp Xp 1 1
JWclass(X)dX = I ; 4dx x=1
S P oKy
WG

The reason for the factor 2 is as follows. The particle passes between x and X +dx twice
during a period

Here we have

Since

Wclass (Cf)d é: = Wclass (X)dX

or

Wclass (é:)dé: = Wclass (X)dX = Wclass (X)% dé
or

1
W, lass = Wclass 5
otass (&) (X) 7

and

&= px

_ __ B 1 dé
Wclass(g)dg _Wclass(x)dx - 7Z'\/2|’1 1 \/1 _( f )2 ﬂ
N2n+1



1 1
Wclass(ég)_”\/2n+l\/

&
1(«/2n+1)

The classical limit is given by

The intercepts of the parabora (£2/2) with horizontal lines (n+1/2) are the positions of the
. . . . . 2 .
classical turning points. W, (&) is compared with |(pn (§)| (quantum mechanics).

) 1 E+e R
W,s (&) = %L’l?gj 0,(£)[dé

—&

Finally we calculate the probability of the particle in the forbidden region of the classical
mechanics.

P =2 [lp, (&) d¢
Van+l

15. Mathematica-6

10



Probability beyond the classical limit

Clear["Global «"7];
52
o[n_, £ ] 1= 272 g4 ()72 Exp[—?] HermiteH[n, £1]:

Prob[n :=2J\oo n, £12dé& // N:
[n_] mtp[ £1°dé

Prepend[Table[{n, Prob[n], 1-Prob[n]}, {n, O, 10}],
{"'n", "Prob(n)", "1-Prob{n)'"}] // TableForm

n Prob (n) 1-Prob{n)
0 0.157299 0.842701
1 0.11161 0.88839

2 0.0950694 0.904931
3 0.0854829 0.914517
4 0.0789264 0.921074
5 0.0740342 0.925966
6 0.0701809 0.929819
7 0.0670313 0.932969
8 0.0643863 0.935614
9 0.0621191 0.937881
10 0.0601438 0.939856

16. Mathematica-7

11



17. Mathematica-8

12
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18.  Differential equation (Series expansion method)

d2
d&?

[~ (& —28)lp(&) =0

where

E
haw,

E =

Let us try to predict intuitively the behavior of @(&) for very large &.

2

d ) B
(d§2—§)¢@3—0

To do this, consider

2
£
2

Gi(é) =€

satisfies

14



d2
dg

[~ (& £D]G.(£)=0

When & approaches infinity, &2 + 1= & = £2-2¢.

We choose

&
G.(5)=e ?
from a physical point of view.

limG. (£)=0

Now we set

&
p(&)=e *h(&)

Here h(&) satisfies the differential equation.

&

d
' 2§£ +2e-DIh()=0

h($) should be either even or odd functions.

h(E) = £P(@, + 0,2 +a st +.)= Y a, &

with a, # 0.

h(&) = a,,@m+ p>

h"(¢) = iazm(2m +p)2m + p—1)&mP2

15



S a,,(2m+ p@m+ p-DE P -2 a, 2m+ pEh (&)

m=0 m=0

+ +Z(28 ~1a,, &P =0
m=0

a,p(p-1E" 7 +a,(p+ 2)(p+ D& +[-23,pS” + (2 =D "+ .. = 0
The coefficient of &
a,p(p-1)=0
Thenp=0or 1.

In general, for the co-efficient of &°™*°

a,,(2e-1-4m-2p)+a,,.,2Cm+p+2)2m+p+1)=0

2m+2
or

a,  —-— 26 —(4m+2p+1) a, 0
2m+ p+1)(2m+ p+2)

withp=0or 1.
We consider what happens when ¢ is not expressed by
26 =4m;+2p+1
where mg is some positive integer.

1ima2m+2:1im —-2e+(Am+2p+1) :i
moe g, moo (2m+ p+DE2mM+ p+2)° m

. . 2
Now we consider the power series ofe”

with

16



Thus

hmﬂzl

mox M
This means that

h($) ~e”
or

£ £, 2
p(&)=e h(&)~e 2¢ ~e’

which become infinity when & tends to infinity. We must reject this solution. This
solution makes no sense physically.

The numerator of Eq.(1) goes to zero for a value my of m.
a,, #0 for m<m,

and
a,,, =0 for m>m,

or

4m, +2p-2¢6+1=0

or
£=2m, + +l—£
—<Mo*P 2 ho

If we set n=2m +p

(n=even forp=0and n=odd forp=1.)
E = ha)(n+l)
" 2
and

17



h(&)=&@, +a,& +a,é +..+a,, M)
Thenp=0or 1.
We consider the two cases.
(@ p=0.

The coefficients of &0, &2, &, &6 &8 .
£° (2¢e-1)a, +2a, =0

& (2e-5)a,+12a,=0

&t (2e-9)a, +30a,=0

£ (2e—13)a, +56a,=0

& (2e-17)a, +90a,, = 0
& (2e-2Da,+132a, =0
£ (2e-25)a, +182a,=0
&M (26-29)a,,+240a, =0
&% (2e-33)a, +306a, =0
&% (2e-37)a, +380a,, =0

(b)) p=1
The coefficients of &1, &3, &5, &7 ...

&g (2e-3)a, +6a, =0

g (2e-"Ta, +20a,=0
& (2e—1l)a, +42a,=0
g (2e—15)a,+72a,=0

£ (2e-19)a,+110a, =0

18



£ (2e-23)a, +156a, =0
£° (2e-27)a, +210a, =0
&5 (2e-3Da, +272a,=0
g7 (2e-35)a,, +342a,=0
&% (26-39)a, +420a, =0

19. Mathematica-9

Hermite differential equation (series expansion)

Clear["Global "«"];

Eql=D[o[€],{£,2}1-(£%-2 €) @[£];
rule1={¢a(Exp[—%§] h[n]&)};

Eg2=Eql/.rulel//Simplify;

&
Eq3=Eq2 e Z //Simplify

(-1+2¢) h[g] -2&h'[g] +h7[&]
Eg4=(-1+2 £) h[£]-2 & h'[£]+h"[£]
(-1+2¢) h[&] +h"[&] -2& N [&]
2

F[x ] 2= xP Z a[2 m+ 2 k] x2M2k

K==2
f[&] // Expand
E2MPa2m) +£42MP g4+ 2m) +£22MP q[2.2m] + E22MP g2 2m] + €4 2MP a4 4 2 m)
rule2 = {h- (F[#] &)};

Eg5 = Eq4 /. rule2 // Simplify

19



—i4 ((1+4m+2p-2¢) g42MP a2m] +
3
(-7+4m+2p-2¢) &2™Paj-4+2m) + &2 ((-3+4m+2p-2¢) 2" Paj-2+2m] +
(5+4m+2p-2¢e) E42MPa(242m +9&52MPa442m) +aAme®2™P a4 2m] +
2pc®2™Paas2m) -2 %2 Pargs2m) - &2 (Frl) &) 7 (€]))

Eq6 = Eq5 £5-2™P /7 FullSimplify

g22NP (L g2MP ((144mi2p-2¢) fa[2m)+ (-7+4m+2p-2¢)al-4+2m] +
g2 ((-3+4m+2p-2¢)al-2+2m]+ (5+4m+2p-2¢) c*a[2+2m +
(9+am+2p-2¢) fafar2m)) +&* (Fu1) &7 (€])

listl=Table[{2 n,Coefficient[Eg6,£,2 n]},{n,0,6}]1//Simplify//TableForm

0] 0]

2 (7-4m-2p+2¢)al-4+2m]
4 (3-4m-2p+2¢)al-2+2mj
6 -(1+4m+2p-2¢) a(2mj

8 -(5+4m+2p-2¢)af2+2mj
10 -(9+4m+2p-2¢)afj4+2m)
12 0

We pick up the recursion formula :
~(1l+4m+2p-2¢)af2m] + (2+4m2+3p+p2+m (6+4p))a(2+2m]

Seq1=—(1+4m+2p—25)a[2m]+(2+4m2+3p+p2+m (6+4p))a[2+2m] =

(-1-4m-2p+2¢c)af2m]+ (2+4m?+3p+p2+m (6+4p)) aj2+2m] =

Solve[seql, a[2+2m]] // Simplify

(1+4m+2p-2¢)a(2m 1

{{a[2+2m]e > 5
2+4m°+3p+p +m (6+4p)

Factor[2+4m?+3p+p?+m (6+4p)]

(L+2m+p) (2+2m+p)

20.  Stationary wave function))

Ground state (n = 0)
c=1/2
my=0,p=0, a,=0,a,#0.

h(¢) =a,

£
@,(&)=4a,e ? (even function)

Normalization:

o0

[losef de= [la exp-)de =laf+7 =1

—00

20



or

2

1 s
_ U4 >
(oo(éf) T \/20_0! e

n =1 state
&c=3/2
my=0,p=1. a,=0,ap,#0.
h($)=a,¢
£
¢1(® =e ? aog

[loef de= [la) & eXp(—fz)d§=|aolzg -1

2

0,(O = ﬂ‘”“;(Zf)e_%
‘ V2

n = 2 state

1
e=5/12,or E=hw,2 +E)
my=1,p=0. 2a, +4a,=0
a, =23,

£ .
P (5)=e *a,(1-2¢")

[low&l de= [l (1-28"Y exp(-&)dé =[a| 2z =1

2

s
0,(8)= ﬂ“ﬁ(—% 428

n = 3 state
1
e=712,or E=hw,(3 +5)

my=1,p=1. 6a, +4a, =0

21



2

L
p(H)=¢ *a 5(1—-5 )

J‘|¢3(§i dé= _“aol E(1- —5) exp(=&)dé = |a02£:

’Lz 1/4 1 3
¢, (H=e 71 m(—12§+8§)

n = 4 state
5—2 or E=ho (4+l)
=3 = ho, >

1 1 1 4
p=0,my=2, a, = —5(25—5)a2 =—-a, = _5(_480) :an

W

a, = ——; (2e-Da, = 4a,
(6= 8,0 -48 +3£) =212 -488 +165)

(&)= eXP[-%]W@)

Normalization

[expl-&Ta, [ (12482 +168de=a ] Vr2'4=1

—00

or

Thus we have

u\m

a1
p(&)=7 meXP H(f)

((Note))

H, (&) is the Hermite polynomial.

22



Ho(é:):l

H,(&5)=2¢

H,(£)=4& -2
H,(&)=8&"-12&

H, (&) =16&" —48£° +12

H (& =328 —160&° +120&

H, (&) satisfies the differential equation given by

(%— 2§%+2n)H ©)=0

28.  Normalization of the wave function of the simple harmonics
The wave function is given by

2.(&)=m2"n) e P H (&)
where

55“_2

H.(&)=(-D"e
We show that

Jo, @ &e=1
or

T e H,(HH,(£)dE =2"nx

((Proof))

0"
23

< lde

[ Hy(OH (&)de = (1) j e H, (&)

ff
23

e e (D(l)je

2 O
"

H, (&g



H, (&) is the Hermite polynomial and is a function of & The highest power is £" and the

coefficient for the power &" is 2".

aa—;Hn(é)=2“n!

Thus we have
Je Hy @R ©)dg =2 [ Tdz = 2"
or

[, @, (&)de=1.
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