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Abstract:

In 1897, Pieter Zeeman observed the splitting of the atomic spectrum of cadmium (Cd)
from one main line to three lines. Such a splitting of lines is called the normal Zeeman
effect. According to the oscillation model by Hendrik Lorentz, the Zeeman splitting arises
from the oscillation of charged particles in atoms. The discovery of the Zeeman effect
indicates that the charged particles are electrons. In 1897 - 1899, J.J. (Joseph John)
Thomson independently found the existence of electrons from his explorations on the
properties of cathode rays.

There are few atoms showing the normal Zeeman effect. In contrast, many atoms shows
anomalous Zeeman effects. For the spectra of sodium (Na). for example, there are two D-
lines (yellow) in the absence of the magnetic field. When the magnetic field is applied, each
line is split into four and six lines, respectively. Although Zeeman himself observed the
spectra of Na, he could not find the splitting of the D lines in the presence of the magnetic
field because of the low resolution of his spectrometer. The electron configuration of Na is
similar to that of hydrogen. There is one electron outside the closed shell. Instead, he chose
Cd for his experiment and found the normal Zeeman effect (three lines). In the electron
configuration of Cd, there are two electrons outside the closed shell. The three lines
observed in Cd was successfully explained in terms of the Lorentz theory. It seems that the
choice of Cd by Zeeman is fortunate to the development of atomic physics. If Zeeman
found the anomalous Zeeman effect in Na by using spectrometer with much higher
resolution, Lorentz might have some difficulty in explaining such a complicated
phenomenon. In fact, only the quantum mechanics can explain the normal Zeeman effect,
the anomalous Zeeman effect, and the Paschen-Back effect (Zeeman effect in an extremely
large magnetic field). Here we note that the Fabry-Perot interferometer (which is used for
the measurement of Zeeman effect in our laboratory ), designed in 1899 by C. Fabry and A.
Perot, represents a significant improvement over the Michelson interferometer.

In our Advanced laboratory [Senior Laboratory (Phys.427, Phys.429) and Graduate
Laboratory (Phys.527)], students (both undergraduate and graduate students) are supposed
to do the experiment for the Zeeman splitting of mercury (Hg), using an equipment
consisting of magnetic field, Hg light source, polarizer, Fabry-Perot Etalon, CCD camera,
and computer. The normal Zeeman splitting is observed in Hg. The electron configuration
of Hg is similar to that of Cd, where two electrons are outside the closed shell. The



introduction of such new techniques may lead to clear visualization of the Zeeman effect in
the laboratory class.

In this lecture note, we present both classical and quantum mechanical theories on the
Zeeman effect. (1) Lorenz theory, (2) the Zeeman effect of Na using quantum mechanics,
(3) the Zeeman effect of Cd and Hg. These notes will be helpful to understanding the
Zeeman effect from a view point of quantum mechanics. "The atomic spectra are sort of
voices which can be heard from the quantum world."

Pieter Zeeman (25 May 1865 — 9 October 1943) was a Dutch physicist who shared the
1902 Nobel Prize in Physics with Hendrik Lorentz for his discovery of the Zeeman effect.

http://en.wikipedia.org/wiki/Pieter Zeeman

Hendrik Antoon Lorentz (18 July 1853 — 4 February 1928) was a Dutch physicist who
shared the 1902 Nobel Prize in Physics with Pieter Zeeman for the discovery and
theoretical explanation of the Zeeman effect. He also derived the transformation equations
subsequently used by Albert Einstein to describe space and time.



http://en.wikipedia.org/wiki/Hendrik Lorentz

1. Orbital angular momentum and its magnetic moment of one electron
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Fig.1 Orbital (circular) motion of electron with mass m and a charge —€. The
direction of orbital angular momentum L is perpendicular to the plane of
the motion (X-y plane).

The orbital angular momentum of an electron (charge —e and mass m) L is defined by

L=rxp=rx(mv),or L, =mvr.

According to the de Broglie relation, we have



pQ2ar) = %2721’ =nh,

where p (= mv) is the momentum ( p = %), n is integer, h is the Planck constant, and A is

the wavelength.
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Fig. 2 Acceptable wave on the ring (circular orbit). The circumference should be
equal to the integer n (=1, 2, 3,...) times the de Broglie wavelength A. The
picture of fitting the de Broglie waves onto a circle makes clear the reason
why the orbital angular momentum is quantized. Only integral numbers of
wavelengths can be fitted. Otherwise, there would be destructive
interference between waves on successive cycles of the ring.

Then the angular momentum L, is described by

=—=nh.
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L, = pr=mvr

The magnetic moment of the electron is given by
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where ¢ is the velocity of light, A = zr” is the area of the electron orbit, and lg is the current
due to the circular motion of the electron. Note that the direction of the current is opposite

to that of the velocity because of the negative charge of the electron. The current lg is given
by

€ € ev

|, =—— -
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where T is the period of the circular motion. Then the magnetic moment is derived as

C 2¢c 2mc 2me h h
where g (=i) is the Bohr magneton. s = 9.27400915 x 10 emu. emu=erg/Oe. Since

2mc
L,= n#, the magnitude of orbital magnetic moment is Nys.

25 Spin angular momentum and its magnetic moment
The spin magnetic moment is given by

2u
s =~ hBS:

where S is the spin angular momentum.
In quantum mechanics, the above equation is described by

24 3
h
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using operators (Dirac). When § = gé— , we have i = —p,6 . The spin angular momentum

is described by the Pauli matrices (operators)

S,==0,,5,=-06,3,=—0,.

N | S+
N |
N | S+

Using the basis,



we have

. 0 1) . 0 —i) . 1 0
o, = ,0, =| . ,0, = .
1 o) (i o 0 -1

The commutation relations are valid;

A

[6,,0,]=2ic,,[c
The resultant magnetic moment of an electron is given by

p:—%(mzsy

3. Magnetic moment of atom
We consider an isolated atom with incomplete shell of electrons. The orbital angular
momentum L and spin angular momentum S are given by

L=L +L,+L;+...,S=8+S,+S,+...

The total angular momentum J is defined by
J=L+S.

The total magnetic moment g is given by
n= —%(L +2S).

The Landé g-factor is defined by



0,4z J

n, =- 7 )
where
Fig.3 Basic classical vector model of orbital angular momentum (L), spin
angular momentum (S), orbital magnetic moment (), and spin magnetic
moment (). J (= L + S) is the total angular momentum. gy is the
component of the total magnetic moment (g + ) along the direction (-J).
Suppose that



L=aJ+L, and S=bhJ+S ,
where a and b are constants, and the vectors S, and L, are perpendicular to J.

Here we have the relation a+b=1, and L, +S, =0. The values of a and b are determined

as follows.

Here we note that
J-r-s° Jy-r+s

J-S=(L+S)-S=S"+L-S=8"+ 5

3

or

2 _12.,Q2 2
gos=d -L+8 77
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[JAO+D)-L(L+1)+S(S+D)],

using the average in quantum mechanics. The total magnetic moment u is
n= —%(L +28) = —%[(a +20)J +(L, +2S,)].

Thus we have
u, = —%(a +2b)J = —%(l L b)d = —gJ—:BJ,

with

g, =1+b=1+315_3 SE+D-LA+D
Jo2 2J(J +1)

((Note))
The spin component is given by

S=bJ+S, =(g,-)I+S,,

with b =g, —1. The de Gennes factor is defined by



(gJ;l#=(gJ—l)2J(J +1).

In ions with strong spin-orbit coupling the spin is not a good quantum number, but rather
the total angular momentum , J = L+S. The spin operator is described by

S=(g,-DJ.

4. Spin-orbit interaction in an electron around the nucleus (SI units)

The electron has an orbital motion around the nucleus. This also implies that the
nucleus has an orbital motion around the electron. The motion of nucleus produces an
orbital current. From the Biot-Savart’s law, it generates a magnetic field on the electron.

Boff

electron i-e)

Fig.4 Simple model for the spin-orbit interaction. The orbital current due to the
circular motion of the nucleus (with velocity vy and charge Ze) produces
an magnetic field at the center where the electron is located.

The current | due to the movement of nucleus (charge Ze, €>0) is given by

Idl = Zev,,
where v is the velocity of the nucleus and % = v, . Note that

ldl = ﬂdl = Aqﬂ =Zev,.
At dt



The effective magnetic field at the electron at the origin is

_ 4! dIxr

vy = Ve
N [
4 r13

eff

where V is the velocity of the electron. Then we have

_ Zeu, vy xr,  Zeu, Ve, xr,
= —L.

Bef‘f

3
/A dr 1,
Since r, = -r, B, can be rewritten as

_ Zeu, vy xr,  Zeu, Ve, xr,
= —,

Beff

47 r’ 47 1

or

Zey, Ve, xr Zeu\ e,xr Zeuve, Zeuve, Zeuymrv e

B. =
eff iy r’ iy r? 4 r? 4 r?

The Coulomb potential energy is given by

1 ze®  dvy(r) 1 zé
drg, dr  4zs, 1’

Vc(r) ==

Thus we have

_ Zepgmry - _ Ze’ i1,
4amr® * 4zmer’
1 Zezgoyol_ 1 dv(r)

= e = Le
mer 4ze,r’ ¢ mec’r dr “

eff vz

where
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C= , and L, =mvr
N €ty
Then we get
B,, 1 1dV(n) Le .

Cmecir dr  Y°

where L, is the z-component of the orbital angular momentum, L, = mvr .

The spin magnetic moment is given by

The Zeeman energy is given by

1 1( 2u 1 1dv.(r)
H = —— ‘B =——| — B S . — c L
s =T et Ber 2( h j (mec2 r dr

_ 1 1dV(r)
2m*c’ r dr

S-L=&S-L)

((Thomas correction))

Thomas factor 1/2, which represents an additional relativistic effect due to the acceleration
of the electron. The electron spin, magnetic moment, and spin-orbit interaction can be
derived directly from the Dirac relativistic electron theory. The Thomas factor is built in the
expression.

HLS :§S'L’

with

1 1dv.in\ 1 (eY 1 /1
S= 2.2 =52 — POy
2mc r dr 2 \mc) 4re, \r' /[,
When we use the formula

11



3 Z’
()= ,
na, 1(1+1/2)(1 +1)
the spin-orbit interaction constant ¢ is described by

e’z*
c= 2micn® (47s,)a, (1 +1/2)(1 +1)
me*z*
T MmN R (drg, ) 1141/ 2) (1 + 1)
B me°Z*
2¢°n*7° (4zg)) 11 +1/2)(1 +1)

where

2
a, = I _ 052917720859 A.
me

(Bohr radius) (from NIST physics constants)

The energy level (negative) is given by

Z%* mzZ%* 1 1 _,a’Z?

S, 2wy 2T o
The ratio 7°&/|E, | is

e e'z? _(az)’ 1
E,| cn’alld+1/2)A+1)  n* 1d+1/2)(1+1)°

with
e’ 1

a= = =7.2973525698 x 10~
4reic 137.036

& can be also expressed by

12



A = I 29 NS

S= 10+1/2)A+1) 2n'"> 11+1/2)1 +1)

Then we have

H,, =£(J2—L2—S2)=%2[j(j+l)—l(l+1)—s(s+1)]

2
_ (a2 me2 HU+D =10+ -s(s+1)] ’
4n* I(1+1/2)(1+1)

((Note)) For | = 0 the spin-orbit interaction vanishes and therefore £= 0 in this case.

5. Separation of 3p and 3s energy levels in Na

13



Spin—orbit interaction

3°P3p
n=3i=1s=1/  |enep
7 asasasadassasssasasas
R (0+1))2
3°Pip
n=3,{=0,s=1/2
3S
Fig.12 Energy levels of Na with and without spin-orbit interaction. The 3P level is

slightly different from the 3S level. The 3P level is split into 3 *P3, (4
degeneracies) and 3 *Py; (3 degeneracies) due to the spin-orbit interaction.

The well known bright doublet which is responsible for the bright yellow light from a
sodium lamp may be used to demonstrate several of the influences which cause splitting of
the emission lines of atomic spectra. The transition which gives rise to the doublet is from
the 3p to the 3s level, levels which would be the same in the hydrogen atom. The fact that
the 3s (orbital quantum number | = 0) is lower than the 3p (I = 1) is a good example of the
dependence of atomic energy levels on angular momentum. The 3s electron penetrates the
1s shell more and is less effectively shielded than the 3p electron, so the 3s level is lower
(more tightly bound). The fact that there is a doublet shows the smaller dependence of the
atomic energy levels on the total angular momentum . The 3p level is split into states with
total angular momentum j = 3/2 and j = 1/2 by the magnetic energy of the electron spin in

14



the presence of the internal magnetic field caused by the orbital motion. This effect is called
the spin-orbit effect. In the presence of an additional externally applied magnetic field,
these levels are further split by the magnetic interaction, showing dependence of the
energies on the z-component of the total angular momentum. This splitting gives the
Zeeman effect for sodium.

When the wavefunctions for electrons with different orbital quantum numbers are
examined, it is found that there is a different amount of penetration into the region occupied
by the 1s electrons. This penetration of the shielding 1S electrons exposes them to more of
the influence of the nucleus and causes them to be more tightly bound, lowering their
associated energy states. In the case of Na with two filled shells, the 3s electron penetrates
the inner shielding shells more than the 3p and is significantly lower in energy.

6. The states of 3 2S1/2 ) 3 2P3/2, and 3 2P1/2 in Na

The electron configuration of Na is given by
Na: (15)2(25)2(2p)®(3s)

The inner 10 electrons can be visualized to form a spherically symmetrical electron cloud.
We are interested in the excitation of the 11-th electron from 3s to a possible higher state.

(a) The 3s state
For the electron with 3s state (I =0, s=1/2),

Dox Dy =Dyp
Thus we have j = 1/2 (the degeneracy 2). The state is described by 3 2S5 (or simply 2S ).

Here we use the notation of n 2S”Lj where n is the principal quantum number, S is the spin
number, | is the orbital angular momentum, and j is the resultant angular momentum.

|j=1/2,m=1/2)=|m =0,m =1/2)

|j=1/2,m=-1/2)=|m =0,m =~1/2)

15
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Fig.13 ‘j :%,m>. (I'=0). m = 1/2. m = -1/2. The recursion relation to obtain the
Clebsch-Gordan coefficients.

(b) The 3p state
For the electron with 3p state (I =1, s=1/2), we have

Dy x Dy =D3p+Djp

Thus we have j = 3/2 (the degeneracy 4) and j = 1/2 (degeneracy 2). These states are
described by 3 2P3), (j = 3/2) and 3 2Py, (j = 1/2).

Note that

16



Fig.14

j=%,m>. (I = 1). The recursion relation to obtain the Clebsch-Gordan

coefficients.
The Clebsch-Gordon coefficients can be calculated using the Mathematica.

(1) FOI‘j = 3/2 (3 2P3/2),

|j=3/2,m=-3/2)=|m =-1,m,=-1/2)

: 2 1
|j=3/2,m =—1/2>=\/;|m| =0,m, :—1/2>+$|m| =-1,m =1/2)

|j :3/2,m:1/2>:%|m, =1,m, :-1/2>+€|m, =0,m, =1/2)

li=3/2,m=3/2)=|m =1,m =1/2)

17



Fig.15

j=%,m>. | = 1. The recursion relation to obtain the Clebsch-Gordon

coefficients.

(i)  Forj=1/2(32Py)p),

lj=1/2,m=-1/2) :%|m| =0,m, = _1/2>_\E|m' =-1,m, =1/2)

NG

|j =1/2,m=1/2>=g|m, =1,m, =—1/2>—i|mI =0,m, =1/2)

7

(c) g factors

The Lande g-factor is defined by

18



§+s(s+1)—l(l+l)

g,=

2 2j(j+1)
(see the Appendix)
Table
Term j | S g
32P5), 372 1 1/2 4/3
32P) 1/2 1 1/2 2/3
328, 1/2 0 1/2 2
m= /%
32P; 2l—é H m=1/
/ e T LA m="ds
2 m=1/2
3°P1p- i < AAAA m=—1/2
Am=-1] ¢ ¢ —H1-10 0
Yy Y.VilYy
=1/2
I A e & S S | m=12,
Fig.7 Schematic diagram of energy levels in Na (n = 3) with and without magnetic

field B. The splitting of energy levels occurs due to the spin-orbit interaction
and the Zeeman effect.
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The wavelength of sodium D lines is given by
A=1589.6 nm (3 3P1/2 -3 381/2).
A=1589.0 nm (3 3P3/2 -3 381/2).

The sodium D lines correspond to the 3p — 3s transition. In the absence of a magnetic field
B, the spin orbit interaction splits the upper 3p state into 3 2P3/, and 3 2Py, terms separated

by 17 em-L. The lower 3 2S5 has no spin-orbit interaction.

8. Quantum mechanics for system with one electron
(a) Spin orbit interaction

The spin-orbit interaction serves to remove the | degeneracy of the eigenenergies of
hydrogen atom. If the spin-orbit interaction is neglected, energies are dependent only on n
(principal quantum number). In the presence of spin-orbit interaction (n, |, s = 1/2; j, m) are
good quantum numbers. Energies are dependent only on (n, 1, j).

We introduce a new Hamiltonian given by

or

20
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T
w>

[
H
<>

and
[H,L,1%0.

Thus we conclude that

~

|(//> is the simultaneous eigenket of the mutually commuting observables { |:|0 , |:2, §2, J

and jz}.

2
5

Fily) = E,lv).
Cly)=m10+Djy),
$?|w)=n’s(s+D)y),
Jy) =i +D]w).
J.lw) =hmly).

We consider the hydrogen atom problem with the spin orbit interaction. The eigenket |l//> is

expressed by [n,l,s; ], m> . The angular part of this eigenket is

I’S; j5m>9

j.m)=
with

s=1/2,j=1+1/2,

21



where
b,xD,,=D ,+D .
The spin-orbit interaction is given by
H _ % A__f 12 ) A2
Ls — (.fL-S— 2[\] -L" =S 15

HLS j’m>:§|:'§

[J2-12-87]

j.m)

j.m)

[J2-1*-8?]

j.m)

LG+ =11 +1)-3/4]

j.m)

DO [ D [ B [

(a) Forj=1+1/2,

22
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(m-1R 1) T (m1/2,1/2)
e
ht
@
(m-1/2,-1/2) (m+1/2,-1/2)

Fig.17

j=|+%,m> . The recursion relation to obtain the Clebsch-Gordan

coefficients.
I:|LS|j=I+1/27m>=E|_s|j=|+1/2,m>,
with

E. :ghz[(l +1/2)(1+3/2)=1(1 +1)=3/4] =24

N [

We note that

23



l+m+1/2

[j=1+1/2,m)= il Im =m-1/2,m =1/2)
y M2 2m, = -1/2)
21 +1

The expectation values of I:Z and §Z are obtained as follows.

l+m+1/2

Cj=1+1/2,m)=f|——""Z(m—-1/2)[m =m—-1/2,m, =1/2)
21+1
n 2 o =m e 1/2,m, = -1/2)
21 +1
l+m+1/2
. — TS (m-1/2)
(j=t+1/2,mlC|j=1+1/2.m)=n \/I+m+1/2 \/| m+1/2 N1
21+1 21+1 l-m+1/2
NP2 m+1/2)
21 +1
_p I+m+1/2(m_1/2)+I—m+1/2(m+1/2)
21+1 21+1
_ h2lm
21 +1
Similarly,
§z|j=l+1/2,m)=h1/'+2”:—+”2(1/2)| m =m—1/2,m, =1/2)
+
e Lnluba Ve /2)m =m+1/2,m, =—1/2)
21 +1
(j=1+1/2,m[S,|j=1+1/2,m)="r 1EmA1/2 gy 1=m*l2 )
21+1 21 +1
_ hm
21 +1

Then we have

24



1

(j=1+1/2,m|, +2S,[j =1+1/2,m)=rm(1 + )
21 +1
(b) Forj=1-12
L
E Lo,
m-1R &) T m1/2,1/2)
(m-1/2,-1/2) (m+1)3,-1/2)
Fig.18 J=I —% . The recursion relation to obtain the Clebsch-Gordan coefficients.
Hisli=1-1/2m)=E|j=I-1/2,m),
with
PEIO. 1 3 P
Es==0[(l-=)+=)-1+D)—=]=-2r"(1+1),
s =S A=)+ D)=+ =l=—Z A d+1)

25



=t-t2m=— T2 o 2m, = 1/2) 2 y2m, = 1/2)
21 +1 21 +1
or
Hli=1-1/2 _ b j=1-
Hiks ,m) = St (A+D[j=1-1/2,m).
The expectation value of I:Z and éz
(j=i—1/2,m|I:Z|j=i—1/2,m>=h{|_m—+l/2(m—l/2)+mn—+l/2(m+l/2)}
21 +1 21 +1
_2am(l +1)
21 +1
. 20 l-m+1/2 l+m+1/2
=1-1/2,mlS,|j=1-1/2,m)=h| ———=(1/2) - —————=(1/2
(] |Z|J ) { 21 +1 (1/2) 21 +1 ( )}
__hm
21+1

Then we have

i ~ Al 1
—l=t1/2.mlC. +2S |j=1—-1/2.m)=Am{1 - ——).
(] ,m|L, +2S,]j ,m) = Am( TS

In summary, the energy shift due to the spin-orbit interaction is given by

AE=E; =§hzl, for j = 1+1/2,

AE=E :—ghz(l +1),  forj=1-1/2,

S 0
ISILS =| 2
0 —ghz(l 1)
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under the basis 0f|j :I+1/2,m> and |J =1 —1/2,m>,
where

& ez’ _(azy 1

hZ
|E| cn’Rld+1/2)(1+1)  n® 10+1/2)1+1)’
or

4
Re-RP L —L
n* 1 +1/2)(1+ 1)

(b) Zeeman effect in a system with a single electron such as Na
The magnetic moment is given by a sum of the orbital magnetic moment and spin
magnetic moment as

fi=-e(L+29),

e . ..
where 4 = th (>0) is the Bohr magneton. The Zeeman energy is given by

He, =—;1-B=%(I:+2§)-B=%(j+§)-B=ﬂ;lB J,+$),

for B//z. We now calculate

HB“ =|+1/2am>=ﬂBB(ﬁz+2§z) I+m_+1/2|mI =m_1/2,ms 21/2>
7 V' 21+1
+ﬂBB(|:Z+2§z) /I_m—-f_l/2|mI =m+1/2,m, :_1/2>
h 21 +1

or
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Hglj =1 +1/2,m>:#BB(m+%) |+;1—:/2|ml —m-1/2,m, =1/2)
+uBB(m—%) I_;T—+i/2|m. =m+1/2,m, =-1/2)
+

Noting that

Hili=1+1/2,m)=Eg|j=1+1/2,m)

b

we have

(Hy +|:|B)|j:l+1/2,m>=[§lh2+yBB(m+l)] I+m+1/2

m=m-1/2,m =1/2)
2 21+1

£, 1, I=m+1/2
+[= 17 + pgB(M —2)], [ ————=|m, =m+1/2,m = —1/2
[Z10° + ugB(m = )]y ———|m, )
Similarly,
Hylj=1-1m Z_#BB(£Z+2§Z) /I—m—+1/2|ml =m-1/2,m, =1/2)
2 h 21 +1
fHB a8 EMEV2 s am, = —1/2)
2l +1
or
A 1 1. [I-m+1/2
Hgli=l-—m)=—uB(m+=),[—————m =m-1/2,m =1/2
Ji=1-3m) =B 3y [ )
1 /I+m+1/2
+u,B(Mm—-=),|——m =m+1/2,m_=-1/2
4 B( 2) N +1 | I s >
or

N £ ) 1. [1-m+1/2

H,+H =1-1/2,m)=[=(+DAi" — gzB(M+=2)],[————|m, =m—-1/2,m, =1/2

(His+Hg)l ] ) =50+ DA = B+ )} —-—=|m, )
l+m+1/2

HS (D + B -} [F

28
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Note that

j=teLm= P2 am, =12 Y 2 m1y2m, = -1/
2 21+1 21+1

=t EM Y2 o, = 12)e Y2 i am, = 12
2 21+1 21+1

j:I—1/2,m>} can

Then the matrix elements of H ¢ + H, in the basis {| j=1+1/2,m),

be obtained as

|j=1+1/2,m) |j=1-1/2,m)
: 1 £, 1eB(1+1/2)* —m?
=l+=,m| =Ia"+ u,Bm1+ -
<J 2 ‘ 2 #gBM( 2|+1) 21 +1

<j B 1’m‘  4gBy(1+1/2)° —m’

5 2 1
~S A+ + pBm(l - ——
2A+1 o I DA+ B =27

for the same | and m. The eigenvalues of this matrix are given by

éhz 1 2p2 2 2 224
A :,uBBm—T—Z\/4yB B2 + 8, Bm&h® + &2 (21 + )27,
n’

A, = 1;Bm —T+%J4y;82 +8u,BMER + E2 (21 +1)°h* .

9. Zeeman effect in Na
We now consider the D lines of Na.
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1 —
32 P3/2—( %:?/%

T m=—33
2 =172
3P < me-1/2
2 + =1/2
3S1p ~ } I£=—/1 2
Fig.19 Energy levels for Na in the presence of weak magnetic field. In the presence
of a strong magnetic field, the states | j=3/2,m= i1/2> in 3°P,
|j =1/2,m==1/ 2> in 3°P,,are no loner eigenstate. The appropriate linear
combination of | j=3/2,m=+1/2) in 3°P,, and |j=1/2,m==%1/2) in 3
’P,, for the same m (= +1/2) becomes eigenstates of H s+ H B -
(a) =1

The mixed state of 3°P,,, (j=3/2,1=1,s=1/2),and3’P,,, (j=1/2,1=1,5=1/2)
is the eigenstate.

HBy[- —m”
3 ) 4 4
=—,m| =h" +puBm—
<J > Hg 3 3
1 :uBng_mz
<J:Eam - ;l. _§h2+/,lBBm—
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with m = +1/2, where the factors 4/3 and 2/3 of the Zeeman terms correspond to the g
factors for °P,,, and °P,, , respectively. The eigenvalue can be obtained from the

eigenvalue problem for the (2 x 2) matrix. We get

E,(m)=EQG p)+,uBBm—§T——\/4,uB B? + 81, Bm&h? + 97"

for m==+1/2, and

2

E,(m)=E@3p)+ uzBm —%%\/4#;52 +8u,BmER” +9&7h*

for m = £1/2. We note that

i :%,m = i%> is the eigenket of I-AILS + |:|B , Where

3 3 ¢, . 3 3
H, +H =—M=—)=(Zh""+2,B) j=—m==),
(Hys 8)| ] > 2> (2 Hg )‘J > 2>
with
$ .2
E, _E(3p)+ =h"+2u,B
form=13/2,
and
n ~ . 3 3 ., . 3 3
H.+H =—m=——)=Ch"-2uB)lj=—m=—=
(Hys 8] > 2> (2 Hg )‘J > 2>
with

E3:E(3p)+§h2—2yBB,
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for m=-3/2.

b  j=12,1=0,s=1/2
‘jzl/Z,m:i%> is the eigenket of H, ¢ +H,,

with the eigenvalue

E,(m)=E@s)+2u,Bm

for m=x=+

N | —

10. Paschen-Back effect in Na

The Paschen-Back effect is the splitting of atomic energy levels in the presence of a
strong magnetic field. This effect is the strong-field limit of the Zeeman effect. The effect
was named after the German physicists Friedrich Paschen and Ernst E. A. Back.

In the limit of strong magnetic field B, the energy levels of Na are strongly dependent

on the magnetic field, and are given by
1
E,(m= 5) =E(3s)+ 1B,
1
E\(m =) =E()- 1B,

&’

1
E,(m=2)=EGp) =~

&’

1
E,(m :_E) = E(3p)_T_:uBB:

E3=E(3p)+§h2—2,uBB,
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1 7
E(M=2)=EGP) -+ 8.

_ Y Eap -
E(m=—)=EGP)- -,

E5=E(3p)+§h2+2,uBB.

((Mathematica))

We use
=1, =1
EQGp)-EQ@Bs)= -7. &=1.

for the calculation using the Mathematica.

Energy levels

P ——— 1 =
| =

05 1.0 +S——F5t 129 ——

spilb—orbit

—10} —

Fig.20 Splitting of energy levels of Na in a magnetic field B (anomalous Zeeman
effect).
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Fig.22 Paschen-Back effect. Zeeman splitting in the very large magnetic field for
Na.
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11.  Paschen-Back effect in Na; quantum mechanical treatment

Suppose that an extremely strong magnetic field is applied for the case of Na. The
Zeeman term of the Hamiltonian is much significant compared to the spin-orbit interaction.
in this case, the Hamiltonian H is simply given by

A

HB=%(£Z+2§Z)B

in the presence of the magnetic field along the z axis.
(D 3p states

I=1,s=1/2.

A

Hg ml’ms>3p = psB(m, +2ms)|ml’ms>3

p

|mI , m5>3p is the eigenket of H s With the eigenvalue g;B(m, +2m,).

|m,,m,) (m=1,0,-1,mg=1/2, -1/2).

3p
(2) 3s states

I=0,s=1/2.

A

HB mlams>3s :/uBB(mI +2ms)|m|:ms>

3s

|m, , m5>35 is the eigenket of H s With the eigenvalue w;B(m, +2m,).

|my,m,) (M =0, mg=1/2,-1/2).

3s

In the extremely high magnetic fields, the energy levels of 3s and 3p states split into five
levels. The difference between adjacent energy levels is the same and is equal to zB.

Table
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Energy (15B) Eigenkets

2 1,1/2)3p
1 0,1/2), 01/2),,
0 1,—1/2)3p |—1,1/2)3p
-1 0,—1/2>3p 0,-1/2),
-2 ~1,-1/2)
1
1, =>
| 2 >3 245B
1 1
|0, 230 |0, 2 >3s 5B
1
|17 _§>3 P |_1: §>3p 0
1 1
|07 _E >3 p> |07 _E >3, —IL[BB
1
-1, —=>
| 23D 2B
Fig. The level splitting of Na for the Pashen-Back effect. |m ,m > is the
| s/3p

eigenket for 3p states (6, states; m;=1, 0, -1, mg=1/2, -1/2). |mI ,ms>3s is the

eigenket for 3s states (2 states; m; =0, mg=1/2, -1/2).

12.  Zeeman splitting in Cd
The electron configuration of Cd is given by (Kr) 4d'° 5s*. This is similar to the outer
electron configuration of He but also of Hg.

(a) 5s5s

D()XD():D() 1=0
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(b)

(c)

D1 x Dy =Di + Dy s=1,s=0

I=0ands=1

D()XD1=D1 J=1
I=0ands=0

D()XD()=D() J=0
5sSp
DlXDo:D1 |:1

D xDip=Di+ Dy

I=1lands=1
D1XD1=D2+D1 +D0

| SN S S—
RN
() \}

I=1lands=0
D1XD()=D1
5s5d

DzXD():Dz |
Dy x Dip=Di+ Dy s =

I=2ands=1
DzXD1=D3+D2+D1

j=3
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518,

5°p,

@
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5°D,



j=2 5°D,

j=1 5°D,
I=2ands=0
D, xDo=D, J:2
5'D,  (g=1)
/ ‘ mi2
iy — L A o,
Ry W N i -,
N\ ‘A A o
643.8 nm AmE=-41  Am=0 m=|

vl vl vl
51p, V< Vv Vv 'V m:(l)

m=-1

Fig.23 Schematic diagram for the Zeeman splitting in Cd. 643.8 nm. g =1 for 5 'D,
(j=2,1=2,5=0)and 5 'P, (j=1,1=1,5=0).

We can observe the normal Zeeman effect in the red spectral line of Cd (643.8 nm). It
corresponds to the transition

5'Dy(j=2,1=2,5=0)> 5P, (j=1,1=1,5=0).

In the presence of the magnetic field, the 5 'D, level splits into 5 Zeeman components and
the 5 'P; level splits into 3 Zeeman component. The optical transitions between these levels

38



are only possible in the form of electrical dipole radiation. The following selection rules
apply for the magnetic quantum number m of the states involved;

Am==1 for o components,
Am=0 for 7 components,

Thus we observe three spectral lines

10. Energy levels in Hg: system with two electrons

The neutral mercury (Hg) atom in its ground state has 80 electrons in the configuration
1s2s22p°3s23p°3d4s*4pedd4£+5s*5p°5dr6s® in which the n =1, 2, 3, 4, and 5 electrons form
an inert core for two 6s valence electrons. The optical emission spectrum of Hg results from
transitions of the two valence electrons between various excited two-electron
configurations. The Hg spectrum therefore has many features in common with the two-
electron helium system.

ZS+1L
J

Orbital angular momentum
D1 X D12 = Dip+i2 +..... = Dy
Spin:
Dy x D12 =Dy + Do
(a) 6s6s
I=0and 1 =0— Dy x Dy =Dy
I=0ands=1

D()XD1=D1
j=1 6°S,
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(b)

(c)

I=0ands=0

DQXDO=D0
j=0 6'So

6s6p
|=0and|=1—> DOXD1:D1
I=1lands=1

D1XD1=D2+D1+DO

=2 6°P, (9=3/2).
j=1 6°P,
j=0 6Py
I=1lands=0
D1XD()=D1
j=1 6 'P

6s6d

|=0and|=2—> DOXD2:D2

I=2ands=1

D2XD1=D3+D2+D1

j=3 6°Ds

j=2 6°D,

j=1 6°D;
|=2ands=0

DzXDozDz

j=2 6'D,
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(d)

(e)

)

6s7s

I=0and 1 =0— D()XD()=D()

I=0ands=1

Dox D; =D,

=1 7°s, (9=2)
I=0ands=0

Do x Dy =Dy

j=0 7S
6s7p

|=0and|=1—> D()XD1:D1

I=lands=1

DixD;=D,+D;+Dy

j=2 7°P,

j=1 7°P,

j=0 7°Py
I=1lands=0

D1XDO=D1

j=1 7'p,

6s7d

I=0and |1=2— D()XD2=D2

I=2ands=1

DzXD1:D3+D2+D2
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I
— N W

J
J
]
I=2ands=0

D2XDO=D2
j=2

7°D,
7°D,
73D,

11.  Zeeman splitting in Hg

; A m=1 5
7 S < m=0 =
73 1 ne-t
A A
AmE=+1  An
/ v m=2
N AN | Y M0 g
A N Y rrnn;o—l 572
< me-
Fig.24 Schematic diagram for the Zeeman splitting in Hg. 546.07 nm (Green line).

7381 (6578). 6 *P, (6s6p). 7S, (j=1,1=0,s=1)and 6 °P, (j=2,1=1,s=

1.

The Hg green line corresponds to the transition from 7 °S; to 6 *P,.

The state of the 7 S, level is described by
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|j2=13m2> (=1,8=1,1,=0,0,=2)
with m, =1, 0, and -1. The state of 6 3P2 level is described by
lji=2.m) (1=2,5=1L1=1,0:=3/2)

withm; =2, 1,0, -1, and -2. According to the selection rule (4Am =1, 0, and -1), there are 9
lines.

Am ==+1 (6 lines): o lines.
Am = 0 (3 lines): 7 lines.
12. Evaluation of observed wavelenghts
E,=E,, +0,4;m,B, for 7°S; level
E, =E, +0,1;MmB for 6 °P; level
The energy separation is given by

AEIZ = Ez - E1 = AEle + ﬂBB(ngz - mlgl)

with
Am=m,-m, =-1,0,or L.
m,=1,0,-1. m=2,1,0,-1,-2.
02=2 g1 =3/2

Here we note that

43



C c
AE,, = h/il_’ AE,’ =h——

0
2 2

Then we have

L_ 1 :ﬂuo_ﬂu: 1 _
(A‘IZ Alzo) 212&'20 27zchﬂBB(m2g2 mg,)

or
0
ﬂqz _2012 ~ _Aj'lz = 1 zB(m,g, —m,g,)
Aoy (2] 2mch
or
Ay _ 1 Bam,+m )
(/L o)Z 27ch 2
where
1 1 -
. =4.66865x107° (Oe’'cm”
2ch e ( )
and
A,' =546.07 nm (Green)
We note that

3
f(my, my) = (=2m, +m, 5)

takes discrete values of 3/2, 1, 1/2, 0, -1/2, -1, and -3/2.
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APPENDIX
A.1. Paschen-Back effect in Na

Mathematica calculation
Calculation of Matrix element for the Zeeman effect

Eigenvalue problem for the Zeeman effect

Clear["Global %"];

1 ] uBB\/(I+1/2)2—m2}

& n?
Ml:{{— [ +uBBm(1+
2 21+1 21+1

BB 1+1/2)2-m2 72 1
{-“ Va2 ,-§ (I+1)+uBBm(1— )}}
21+1 2 21 +1

eql = Eigensystem[M1] // Simplify;
The eigenvalues;

Al =eql[[1l, 11]

n? 1
BmuB—gT —Z\/4BZMBZ+88muB§h2+ (E+216°%n%

A2 =eql[[1, 2]]

1
4 4BmuB—§h2+\/4Bzu82+88mu8§ﬁ2+ (E+2186°%n%
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The eigenvectors:

¥l =-eql[[2, 1]]

ZB\/1+4I+4I2—4m2 uB

. 1]

ABmuB+ (1+21) (<1+2|> §h2+\/482u82+88mu85h2+ <§+2|§)2ﬁ4]

Yyl =eql[[2, 2]] // FullSimplify

ZB\/(1+2I)2—4m2 uB

. 1]

ABmuB+ (1+21) (<1+2|> §ﬁ2—\/4BzuBZ+SBmHB§h2+ (§+2I§)2ﬁ4J

A.2  Zeeman splitting for Na
Here we discuss the eigenvalue problem in more detail.

i=32.1=1,s=1/2
Clebsch-Gordan coefficient

.3 3
J:E’m:§>:|l =1,m, :1>‘T>

. 11 2
J:E,m=5>:$|| =1,m, =1>\¢>+\E|l =1,m =0) 1)

3 2 1
]:E,m:—5>:\/;|l =1,m, :0>‘\L>+ﬁ|l =1,m =—1)T)

(S

Il
o | W

3

Il

|

I

§>=|I=1,m, =—1>\¢>

j=12,1=1,5s=1/2
Clebsch-Gordan coefficient;
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j= % > \/7|I—1m|_1‘¢ \/_|I_1m, ‘T>

.1 1 1 2
j=3.m=-2)=—li=tm =gt} i =m =-1)1)

Note that
2 1 _l m—l
[|I:1,m,:1>‘¢>J: 3 Sl
||=1,m|=0>‘T> _L g ‘Jzi,m:l>
3 3 2 2

1 2)1. 1 1
I=1,m = oi B ‘J:?m:‘5>
I=1m=- \F 1 ‘ 3 =_l>
343 2’ 2

The Hamiltonian is expressed by
H=dL S+“B (L+28)- B—Sg(Jz L2 -82 )+ e (L, +2S,)B.

j,m>) withj=1/2(m=%1/2) and j = 3/2 (m = +3/2, +1/2).

We need to calculate H

H, oo j:%,m:—%>_ﬂ5 B(L, +2S)\/_|I_1m, \i B(L +2S )\/7|I_1m, \T
:—yBBT|l=1,m,=o>\¢>
__Heb (‘ lm:_l>+\/§‘j:§’m:_l>)
2 2 2 2
Hspinorbitj:%,m:—%> ‘f(J -’ - j—% =—%>:—§h2j:%,m:—%>
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o1 I\ 2 Mg 1
j= m=—>=7B(LZ +2sz)\g|| =1,m, :1>‘~L>—7B(LZ +282)$|I =1,m =0)|T)

HZeeman 57 2
1
BBT||=1,m,=o>\T>
J l — + g J_i m—l
\/_ \/_ 2’ 317 27 2
= /uB ( m:l _1_\/5 jzz’mzl
2 2 2
o1 1\ & n 1 1 1.1 1
H : . :—’m: J L = — = — :—h :_,mZ—
spin—orbit J 2 2> ( J 2 2> § J 2 2
H Zeeman j=%,m=—%>=%B(LZ +2Sz)|| =1,m, :—1>‘~L>
.3 3
out=tm =)= 2w i= 3 me)
3 3\ & .2 12 3 3\ 1., 3 3
H._. . =—,M=—— J°-L S —M=——)=— i) == ,m=-—=
spin—orbit J 2 2> ( )IUB 2 2> 25 7 7
.3 1 y7,
Hzeeman J=2=m=_2> BB(L +2S )(\/7|_1ml_0‘|’>+ B(L +28)\/*“—1m|— 1‘T>
:_ﬂBB\fl =1.m =0)})
1 2. 3 1
|5 1=y m= )+ fi=3m=3)
1B 1 1 3 1
= 21i=— S 21ij== P
W2[j=2.m 2>+ j==.m 2>)
.3 1 .3 1 1 3 1
Hspin—orbit J:2,m:_2>:§(J2—L2—Sz),UB j=2,m:—2>:2§h2 | 2,m2_2>
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.3 1 Y7
H ==, m=—)="BB(L, +2S | = ¢+ B B(L, +2S \/7I
wanan| 1 = 2> ( )([| =[¥)+2B( =l
2
:,uBB\/:|I:1,m| 0) 1)
f [T | S £ PO e
g8 2 2 310 27 2
LIS J=1,m=l>+2 j=2.m=1Y)
3 2 2 2 2
3 NN & . 5, 3 1N 1,_,]. 3 1
H . . :—’mz— = = J L S :—’mz— = — h =_,m=_
spin—orbit J 2 2> 2( )/uB J 2 7 2§ J 7 7
.3 3\ i B B
Hyoorar J—E,m—5>—7B(LZ+2SZ)|I—l,m,—1>‘T>
3 3
=24,B[l =1,m =1)(T)=2 > m==
Hg | | ‘ > HsB] ] 2 2>
.3 3\ & o, . .3 3\ 1 _,]. 3 3
H . . =—’m=— == J —L —S =—,m=— = — h =_,m=_
spin—orbit J 2 2> 2( )/uB J 7 ) 2§ J 7 7
Then we have
3 3 3 3
Hj=—m= 2 =—,m=—
‘J 5 2> (2 ] > 2>
3 1 .3 1\ V2 1 1
H = — = — = — =—)—— = — = —
=% 2> (3 J 2> 3 MBI =M 2>
3 1 2 1. ,]. 3 1\ 2 1 1
3 3 3 3
H :—,m:—— 2 =— = ——
J 5 2> (- Hg J 2 2>
1 1 1 1 2 3 1
H j=—,m= h2+ Bj==,m==)——— == m=—
1=3 2> (=g 3 He )(‘J > 2> 3 He 5 2>
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There are two subspaces of the matrices for the basis of {‘ i= %,
3 1 1 1
and == Mm=——),|j=—Mm=——
{‘J 2 2> : 2 2>}
.3 1 1 1
i For the basis of == m=—),|j=—,m=—
() {‘J 2 2> : 2 2>
2 1 V2
ZugB+—&  ——— B
Hsub1: 3 ﬁ 2 1 3
_T,UBB gﬂBB_fhz
((Mathematica))
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m=—

‘ j= %, m= —> is the eigenket of H with the energy (24,B +%§h2) .
3 . . . 1 2
]= E, m =——) is the eigenket of H with the energy (—2x;B + Egh ).




Clear["Global %"];

m=1/2;

M1 =

eql = Eigensystem[M1] // Simplify

{{1—12 (8BuB—3§ﬁ2—\/3232u32+81§2f14)’

1
12

(8Bu873§h2+x/3282u82+81§2h4)},

{{—9§ﬁ2+J3282u82+81§2h4 1), {_9§h2+\/3282u82+81§2h4 L))

4+/2 BB

El=eql[[1, 1]] // Series[#, {B, 0, 3}]1 & // Simplify[#,

2.BB 4 1B? B? 4

2
- - B
R (€ 1?) *OIB]

E2 =eql[[1, 2]] // Series[#, {B, 0, 3}]1 & // Simplify[#,

En® 2uBB 4 .B?B?

4
5t g3 f 27 12 +0[B]

Yyl =eql[[2, 1]] // Series[#, {B, 0, 3}] & // Simplify[#,

{zﬁuBB 16 (V2 (B3 B3

4
9 ¢ n? 729 (3 1°) ~01B)*, 1]

Y2 =eql[[2, 2]] // Series[#, {B, 0, 3}]1 & // Simplify[#,

[- 9(en?) 2(V2.B)B 162 1B°BS
2

B14, 1
(V2 1B)B 9 (&R 72036 OB }

(i1) For the basis of{‘ i =%,m =_l>,

4+/2 BuB

{§>0, 1>0}]&

{§>0, A>0}] &

{€>0,2>0}] &

{€>0,2>0}] &



2 1 A2
~~HgB+—&’  ——— 1B
Hapo = 3 3 2 3
N 1
—— ;B — B —&n’
3 Hp 3 HgB—3
((Mathematica))
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Clear["Global %"];

m=-1/2;
£n2 , ppé4n _uBB [9 2
2 3 3 4
M1 =

_BB 19 2 _ep2 , BRADR
3 4 3 H 3

eql = Eigensystem[M1] // Simplify

{{1_12 (_BBHB—SQ‘EZ—\/3282/,182+81§2h4),

1
12

(7881187351”’12+x/3282u82+81§2h4)},

{{—9§h2+\/3282u82+81§2h4 1} {_9§h2+\/3282u82+81§2h4

4+/2 BB 4+/2 BuB

El=eql[[1, 1]] // Series[#, {B, 0, 3}] & // Simplify[#, {£>0, 2>0}] &

2.BB 4 1B? B? 4

2
-En? - - B
cn 3 27 (£n?) " O8]

E2 =eql[[1, 2]] // Series[#, {B, 0, 3}] & // Simplify[#, {£>0, A>0}] &

En® 2uBB 4 .B?B?

4
2 3 " g7enz TOF

yl=eql[[2, 1]] // Series[#, {B, 0, 3}] & // Simplify[#, {§>0, A>0}] &

{zﬁuBB 16 (V2 (B3 B3

4
9 ¢ n? 729 (3 1°) ~01B)*, 1]

Y2 =eql[[2, 2]] // Series[#, {B, 0, 3}]&//Simplify[#, {§>0, A>0}] &

[- 9 (£n?) _2(\/§MB)B+16\/§UB3B3+O[BJ4 1}
2 (V2 uB)B 9 (gn?) 729 £3 pn® .
Appendix

Zeeman splitting in Ca
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Normal Zeeman effect
The electron configuration of Ca is given by 1s® 2s’p°® 3s°p® 4s”.

(a) 4s4s
DoXD():Do |=0
D1 x Dip=Di+ Dy s=1,s=0
I=0ands=1
D()XD]ZDl J=l
4°s,
I=0ands=0
D()XD():D() JZO
4's,
(b) 4s4p
D]XDO:D1 |:1
D1 x Dip=Di+ Dy s=1,s=0
I=1lands=1
DixD;=D,+D; +Dy
j=2 4°p, (g=3/2)
=1 4°p, (g=3/2)
j=0 4°P,
I=1lands=0
D x Do =D, j=1
4'p,
((White))

H.E. White, Introduction to atomic spectra (McGraw-Hill, NY 1934).

A=422.6 nmbetween 4 'So (1=0,5=0,j=0)and4 'P, (I=1,5=0,j=1;g=1)
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I A
4°Pi(j=1,g=1) vgMBB
} \ A AguB
v B
A
422.7 nm
Y Y ¥

4y (j=0)
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