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1. Introduction

In mathematics, the Kronecker product, denoted by &, is an operation on two matrices of
arbitrary size resulting in a block matrix. It is a generalization of the outer product (which is
denoted by the same symbol) from vectors to matrices, and gives the matrix of the tensor product
with respect to a standard choice of basis. The Kronecker product should not be confused with
the usual matrix multiplication, which is an entirely different operation. The Kronecker product
is named after Leopold Kronecker, even though there is little evidence that he was the first to
define and use it. Indeed, in the past the Kronecker product was sometimes called the Zehfuss
matrix, after Johann Georg Zehfuss.

http://en.wikipedia.org/wiki/Kronecker product

We consider the tensor product of the two states

|‘//1>W2>

In more formal mathematical notation, we denote as

v,)®lw,)

using a symbol ® (Kronecker product).

Here we define the KroneckerProduct.
A®B,
v) ®lv)

where A and B are the operators (matrices) and |y,) and |y, ) are the kets.
(A® Ig)(|‘V1>®|'/’2>) = A|'/’1>® Ls’|'//2> :

Similarly, we have



(A®A®A)y,)®w,)®w. ) =(Aly ) ®(Alw,) ® (Alw,)).

Note that the Bell state is defined by
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2. Representation for the Kronecker product in matrix forms
(a)
a2 b2
a’lbl
~ . |ab
A®B=| '”
a2bl
a2b2
(b)
A:(a” alZJ é:(b” blZJ
a‘21 a22 b21 b22
allbll a'11b12 a'12b11 a12blZ
A@ é = (allB alzB] — a‘11b21 allb22 a12bzl a]zbzz
a'21 B aZZB a'21b11 a‘2lb12 a22b11 a‘22b12
a21bZl a21b22 a‘22b21 a22b22
(c)



(d)
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fallbll
allb21
allb31
azlbll
azlb21
a2l b31
a3lbll
a3lb2l
L a3lb31
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allbl2
allb22
allb32
azlbl2
a2l b22
a2l b32
a3lbl2
a3lb22
a3lb32

((Mathematica))

a'1 bl 1
al b2 1
a'2 b1 1
a2 b21

allbl3
allb23
all b3
azlbl3
a2l b23
a2l b3
a31bl3
a3lb23
a3l b3

al bl 2
al b22
a2 bl 2
a2 b22

al2zbll
alz b2l
alz b3l
azzbll
az2b2l
a22 b3l
a32bll
a32bzl
a32b3l

al2bl?2
al2b22
al2b32
az2bl?2
az2b22
az22b32
a32bl2
a32b22
a32b32

al2bl3
alzb23
al2b3
azz2bl3
a22b23
a22b3
a32bl3
a32b23
a32b3

al3bll
al3b2l
al3 b3l
az3bll
az23b21
az23 b3l
a33bll
a33b2l
a33b3l

al3bl2
al3b22
al3b32
az3ibl2
a23b22
a23b32
a33bl2
a33b22
a33b32

al3bl3
al3b23
al3b3
az3bl3
az23b23
a23 b3
a33bl3
a33b23
a33b3




Clear["Global «"];

*

exp_* :=
exp /- {Complex[re , im ] = Complex[re, -im]};
aly) . _ [ bl).
Al = (az),Bl_ (bz)’

Cl1l = KroneckerProduct[Al, B1] // Simplify;
Cl1l // MatrixForm

albil
al b2
a2 bl
a2 b2

AD - (all 6112);'32= (bll b12)

a2l a22 b21 b22
C2 = KroneckerProduct[A2, B2] // Simplify;
C2 // MatrixForm



(@)

allbll
all b21
a2l bii
a2l b21

allbl2
all b22
a2l bil2
a2l b22

al2 bll
al2 b21
a22 bill
a22 b21

al2 bl?
al2 b22
a22 bl2
a22 b22

AB12 = KroneckerProduct[Al, B2] // Simplify;
AB12 // MatrixForm

albll
al b21
a2 blil
a2 b21

A3 =

allbill
allb21
all b3l
a2l1bll
a2l b21
a21b31
a31lbll
a3l b21
a31 b31

albl2
al b22
a2 bil2
a2 b22

all al2 al3

a2l a22 a?3

a3l a32 a33

C3 = KroneckerProduct[A3, B3] // Simplify;
C3 // MatrixForm

allbil2
all b22
all b32
a2l bi2
a2l b22
a2l b32
a3l b12
a3l b22
a3l b32

allbil3
all b23
all b3
a21bl13
a21 b23
a21 b3
a31 b13
a31 b23
a31 b3

al2 bll
al2 b21
al2 b3l
a22 bll
a22 b21
a22 b31
a32bill
a32b21
a32 b31

Relations to the matrix operations

; B3 =

b1l bl2
b21 b22
b31 b32

al2 bi2
al2 b22
al2 b32
a22 b1z
a22 b22
a22 b32
a32 bi12
a32 b22
a32 b32

al2 bi3
al2 b23
al2 b3
a22 bi3
a22 b23
a22 b3
a32 bi3
a32 b23
a32 b3

b13
b23
b3

al3 bll
al3 b21
al3 b31
a23bll
a23 b21
a23 b31
a33 b1l
a33 b21
a33 b31

al3 bi2
al3 b22
al3 b32
a23 bi12
a23 b22
a23 b32
a33 bi12
a33 b22
a33 b32

al3 bi3
al3 b23
al3 b3
a23 b13
a23 b23
a23 b3
a33 b13
a33 b23
a33 b3

Bilinearity and associativity: The Kronecker product is a special case of the tensor
product, so it is bilinear and associative:
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(kA)® B = A® (kB) =k(A® B)




(A®B)®C =A®(B®C)
where A s B ,and C are matrices and K is a scalar.
(b) Non-commutative: In general A®B and B® A are different matrices.

(c) The mixed-product property and the inverse of a Kronecker product: If A ,B,C and D

are matrices of such size that one can form the matrix products AC and BD, then
(A®B)C ®D)=(AC)®(BD)
This is called the mixed-product property, because it mixes the ordinary matrix product

and the Kronecker product. It follows that A® Bis invertible if and only if A and B are
invertible, in which case the inverse is given by

(AeB)' =A'@B"

(d) Transpose: The transposition and conjugate transposition are distributive over the
Kronecker product:
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A B) _ AT & BT
= , a
(A0B] =A"®B", and |

((Note))
Here we show the very useful formula,

(A®B)(A ®B,)(A®B,)..(A ®B,)=(AAA..A)®(BB,B,.B,)
(Al®é1+Az®Bz)(A3®B3+A4®B4):A1A3®A1B3+A|A4®Blé4
+&A®&&+&&®&&
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5. 0;®o; (1,j=1,2,3)

The Pauli matrices are given by

0 1 0 —i
Gx: > o, = - B
1 0 Y 10

0; ® o; has the 4x4 matrix. There are 9 combinations.

0 0 0 1 0
0 01 0 0
o,®o0, = , 0,®0,=
01 0 O 0
1 0 0 O i
0 0 0 -1
0 0 —-i O
o,®0, = 0 0o ol o,®0, =
i 0 0 O -1
01 0 O 0
1 0 0 O
o,®0, = , 0,80, =
0 0 0 -1 0
0 0 -1 0 0

6. 0;®0,®0, (,),k=1,2,3)

0

S = O O

0
[
0
0

S O = O

oS O

—1i
0

-0 O o O O

, 0 0, =

X z

, 0,0, =

, 0,0, =

0; ® 0; ® g, has the 8x8 matrix. There are 27 combinations.

o,®0,®0, =

S = O O

-0 O

(e

S O o =

S O o =

- o O O




0O 00 O0O0O0O01
O 00 0O0O010®0
O 0 0O0O01O002O0
O 0001000
O 001 O0O0O00®O0
O 01 0 O0O0O0O0
01 00O0O0O0O0
1 00 0O0O0O0O

0,®0,®0, =

0 0 0 -1

0

-1 0 0 O
0

0
-1

0
0 0

0

0

0

-1 0 0

o,®0,80, =

-1 0 0

0

0

0
0

-1

0 0 O
0 0

-1

Example (1)

1))

0)®(6,)

Oy

(

(6,®6,)(0)®|1)



0 0 0 0 —i
T I A
0 0O —-i 0 0
0 i 0 0 O
0 R —1
O'X|O>:(J, O'y|1>=( j
0 0
. . 0 N 0
(&0) @GN =| | (6,©6,)(0)®1)=|
0
((Mathematica))



Clear["Global %"];
exp_*:=exp /. {Complex[re_, im_] =» Complex[re, -im]};

1). _{0). [0 1), {0 -1
wiol = (o) wtar= (7)ot = (J g)iot21= [ 3
1 0.
ot31= (5 5 );
Tl = (KroneckerProduct[o[1], o[2]]); F2 = (KroneckerProduct[¢[0], ¢[1]]);
12 = f1.f2; gl = KroneckerProduct[o[1] -¢[0], o[2]-¢[1]];

12 // MatrixForm

0
0
-1

0

gl // MatrixForm

0
0
-1
0
o[1]-¢[0] // MatrixForm

7]

o[2]-¢[1] // MatrixForm

Example (2)
Show that

(6,®6,®0,)0)®|1)®|0)) = (6,

0) ® (3,

1)® (6,

0))
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Then we conclude that

(6,®6,®0,)(0)®|1)®|0)) = (6,

0)® (5,

1)® (3,

0))

9. Example (3)
In general,

exp(A® B) = exp(A) ® exp(B)
We show one example which supports this.

((Mathematica))
We calculate separately exp(d,)®exp(6,) and exp(6, ®F,) using the

Mathematica. It is shown that

exp(c,) ®exp(d,) # exp(6, ® J,).

12



10.
(1)

Thus {|0),

(i)

Find

-1

;0[2]=(g 0

Clear["Global " %"1; o[1] = (2 é) 0 - )

);0[3] = (0 1

Z[1_, J ] := KroneckerProduct[MatrixExp[o[i1]], MatrixExp[o[J]]] //
FullSimplify;

x[1 _, J ] = MatrixExp[KroneckerProduct[o[}J], o[1]]1] // FullSimplify;

%[1, 3] // MatrixForm

% (l+<e2> 0

N =

x[1, 3] // MatrixForm

1+e?
2e

-l+e

2e
0

2

0]

-l+e

2e

142
2e

2

0

0

1+<E2
2e

2

_-l+e

2e

0

0
2

_ zliet

2e
1+e2

2e

Steeb and Hardy Problem ((2-1))

Let

0)®]0).

DEIE

1> forms a basis. Calculate

1)®]0),

Consider the Pauli matrices

13
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©

z°

©

©

((Solution))

S O O -

}, 1>®1>{

S O — O

J, 1>®o>{

S —~ O O

J, o>®1>{

— o O O

o>®o>{

o, ®o,

(ii)

— O O O
S o o

S O — O

((Mathematica))
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Clear["Global %"];
exp_*:=exp /- {Complex[re , im_] = Complex[re, -im]};

e B ()

M11 = KroneckerProduct[yl, ¢1] // Simplify; M11 // MatrixForm
1

0
0
0
M12 = KroneckerProduct[yl, ¢2] // Simplify; M12 // MatrixForm
0
1
0
0
M21 = KroneckerProduct[y2, y1] // Simplify; M21 // MatrixForm
0

ol el

M22 = KroneckerProduct[y2, 2] // Simplify; M22 // MatrixForm
0

0
0
1

15



01\. . (0 -i\_. . (1 0},
01-(10),02-(],1 0),03-(0_1),

A13 = KroneckerProduct[ol, 03] // Simplify; A13 // MatrixForm

0 010
0 -1
(OO
0O O

ol e
(@)

-1

A31 = KroneckerProduct[o3, ol1] // Simplify; A31 // MatrixForm

01 0 O
10 0 O
00 0 -1
00 -1 0

A13 - A31 // Simplify
{{o, -1,1, 0}, {-1, 0,0, -1}, {1, 0,0, 1}, {0, -1, 1, O}}

11. Steeb and Hardy Problem (2-4)
The single-bit Walsh-Hadamard transform is the unitary operator W given by

Wioj=— 0+, W)= (o))
or

o5 )

V2l -1

The n-bit Walsh-Hadamard transformation W, is defined as

W, =W QW ®W ®...QW (n times)
Consider n = 2. Find

W,|0)®|0)
((Solution))

16



W,[0)®[0) = (W ®@W)® (|0)®|0))
=W|0) ®W|0)

=0} +[1p®o)+[1)

:%[|o>®|o>+|0>®|1>+|1>®|0>+|1>®|l>]

So V\72| 0> ®|O> generates a linear combination of all states. This also applies to V\Aln .

((Note))
1
0
0)®l0)=| |-
0
1
W2|0>®|0>=W|0>®w|o>:% 1
1
1
!
!
i
W0} ®|0)@|0) =w]o) @W|0) 8W|0) == |
!
1
1

((Mathematica))
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Clear["Global +"];

*

exp_ *:i=exp /. {Complex[re , im_] = Complex[re, -im]};
1
vz (L A)wee (o) w3
> -
x0=W_y0; x0 // MatrixForm
1
V2
1
V2

Q1 = KroneckerProduct[x0, x0]; Q1 // MatrixForm

NIPNIPNIFPNIR

Q2 = KroneckerProduct[x0, x0, x01; Q2 // MatrixForm

-

N
[EnN
N

N
[EEY
N

N
[EEY
N

N
[EEN
N

N
[EnN
N

N
[EEY
N

N
[EEY
N

5

12. Steeb and Hardy Problem ((2-12))
Let {[0), [1), [2), [3) ...

n— 1>} be an orthonormal basis in the Hilbert space. Is

18



W)= 12 iheli+1)+n-nelop.

independent of the chosen orthonormal basis? Prove or disprove.

Forn=2,

1
v)=—zl0) @) +[1)8lo).
((Solution))

(1)
Using the basis

o=l2=[g).  M=l-3-(])

we get

(i)
Using the basis
1 (1 1 (1
R R )
we get
1
1 110
v)=lo)el)+ ) slon=— ¢ |
-1
(i)

19



Using the basis

we get

In conclusion,

1

o=t9)=1)

1)=|- y>=%(_lij,

1
)=o)l elo= |
1

z//> depends on the chosen basis.

((Mathematica))

Clear["Global *"];
exp_*:=exp /. {Complex[re , im ] = Complex[re, -im]};

wzp=(é);wzn=(c1’);wxp=é (1);wxn=% (_ﬂ):wmé (i)

1 1
yyn = — ( 1_ ); Mz = — (KroneckerProduct[yzp, ¥zn]
V2 7t 2

+ KroneckerProduct[yzn, yzp]) // Simplify;
MX = % (KroneckerProduct [¢xp, ¥xn]

+ KroneckerProduct[yxn, yxp]) // Simplify;
My = % (KroneckerProduct[¢yyp, ¥yn]

+ KroneckerProduct[yyn, yyp]) // Simplify;

20



Mz // MatrixForm

oOnNIkLrNIFE O

Mx // MatrixForm

QO O NI

|
N -

My // MatrixForm

NIE O ONIE

13. Steeb and Hardy Problem ((2-13))
The Bell states are given by

1
©)=10/@0)+[h - X

1
)=o) -Hejn-—7|

-1

21



o l1)+[1) @01 -

1
_ﬁﬂo

S = = O

0
1] 1
V21 -1

0

v ®|1)-|1)®0)]=

1
=$[|0>

and form an orthonormal basis. Here {|0),

e’ cos@ —e"“siné
|0>:( sin @ ]’ |1>:[ cosd j

(1) Find ®*>, (D’>, ‘P*>, ‘P‘> for this basis.
(i1) Consider the case when #= 0 and ¢= 0.

1)}. Let

((Mathematica))

22



Clear["Global «"];
exp_*:=exp /- {Complex[re_ , im ] = Complex[re, -im]};

rulel={6-0, ¢ ->0};

vl = Exp[i ¢] Cos[O] ); 42 = (—Exp[:‘up] Sin[e] ).

Sin[e] Cos[eO] ’

1
81 = — (KroneckerProduct[y1, ¢1]
V2

+ KroneckerProduct[¢2, ¢2]) // Simplify;
&1 // MatrixForm

N
=

210

Sroow

1
82 = —— (KroneckerProduct[y1l, ¥1]
V2

- KroneckerProduct[¢2, ¥2]) // Simplify;
82 // MatrixForm

23



e2 19 Cos[26]
V2

2 et?Cos[6]

V2 el?Cos[6]

_Cos[29]
V2

(6]

Sin
Sin[o]

1
83 = — (KroneckerProduct[yl, §2]
A

+ KroneckerProduct[y2, ¢1]) // FullSimplify;
83 // MatrixForm

/2 e2i¢Cos[6] SIin[6]
el ® Cos[2 6]
V2

el ® Cos[2 6]
V2

/2 Cos[e] Sin[e]

1
84 = —— (KroneckerProduct[yl, 2]
V2

- KroneckerProduct[y2, ¥1]) // FullSimplify;
84 // MatrixForm

24
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i¢

[0}

@ﬁ
BN
©

°J

&1 /. rulel // MatrixForm

2
0
0

N

1
1

V2

82 /. rulel // MatrixForm

S © ol

83 /. rulel // MatrixForm

~

o a i o

84 /. rulel // MatrixForm
0
1
\/—
1
V2
0

N

14. Problem and solution
Let B be the Bell matrix

25



1

0
le

0

7

—_— 0 O

-1

(i)  Find B'and B".
(i1) Show that

(1,®B)B® 1)1, ® B):%(IZ ®B*+B’®1,)

(ii1))  Solve the eigenvalue problem for the Bell matrix B.

((Mathematica))
We solve this problem using the Mathematica.

26



Clear["Global +"]; B =

Inverse[B] // MatrixForm

Ay o

1
\/_
0
0]

1

\/—

o - o
o <la-l% o
|

dzo o -

Transpose[B] // MatrixForm

%o o A
o -zl o
o u-*o
e o -

27



Tl = KroneckerProduct[12, B]; f2 = KroneckerProduct[B, 12];
f=F1.(F2.F1);
T // MatrixForm

o o oy o © 4 ©

Hooooﬁvl‘,éoo

O 4 © OF- © © o
© oy~ o o o oy

o3 o o Sk © © ©
© Of. © © o o S|
© o o5 o og~ o

ﬁpooooﬁ\‘poo

4

V2

gl = KroneckerProduct[12, B.B];
g2 = KroneckerProduct[B.B, 12];

1
g=— (91+92);

2
g // MatrixForm

0 0 0 ﬁ 0 0 ﬁ 0

0 0 -% 0O o0 0 0 %

0 v% 0O 0 ‘v% 0 0O 0

-%7 0 O 0 O -% 0O O

0 0 % 0O O 0 0 %7

0 0 0 % 0 0 -% 0

‘v% 0 O 0 O % 0O 0

0 ‘v% 0O O ‘v% 0 0O O

Eigensystem[B]

1+1 1+1 1-1 1-1
(A, it 1t ity

{{-1,0,0, 1}, {0, 1,1, 0}, {1,0,0, 1}, {0, -1, 1, 0}}}

28



15. Problem and solution

(1) Consider the matrix
1 0 0 1
1 0 0 -1
T =
0O 1 1 0
0O —i 1 0

Show that the inverse T™' of T exists and find the inverse.
(i1) Let

cosa —sina
F, = . )
sinad cosa
Calculate

T(F,®@F )T,

((Mathematica))

29



Clear["Global %'"];

exp_ " :-=
exp /. {Complex[re , im ] = Complex[re, -im]};

1 0 01
1 0 0 -1
01 10
O -i4a O
_ Cos[a] -Sin[a] ) FB = (Cos[fs] -Sin[B] ).
Sin[a] Cos[a] |’ Sin[B] Cos[B] |’
Al = T_.KroneckerProduct[Fa, Transpose[F3]] -
Inverse[T] // Simplify;
InvT // MatrixForm

T = ; InvT = Inverse[T];

%%oo
oo%%

Al // MatrixForm

Cos[a + 3] 0 0 iSinfo+ 3]
0 Cos[a-pB] -Sin[a- 3] 0
0 Sinfa-pB] Cos[a- 3] 0
iSin[a+ 3] 0 0 Cos[a + 3]
REFERENCES

W.H. Steeb and Y. Hardy, Problems and Solutions in Quantum Computing and Quantum
Information (World Scientific 2004).

A. Graham, Kronecker Products and Matrix Calculus; with Applications (Ellis Horwood Limited,
1981).

APPENDIX-I Spin 1/2 systems

We use the following notations for the spin 1/2 system.

) e

30



4= 5l 4=

ey )

Then we have

|'”Z>:%[|+ 2)®|-2)+|-2)®|+ 7)]=

) =3l 8l ¢ )@l

[\S)

1
! 110
‘V/y> :5[|+ y>®|— y>+|— y>®|+ y>] :ﬁ .
1
APPENDIX-II KroneckerProduct (mathematics)

(a) Definition of Kronecker Product
We consider a matrix A and a matrix B which are given by

A:(an a12] B:(b“ bu]
a4 Ay b21 b22

Then we get

31



allbll a'11b12 a'12b11 a12b12
allB alZBJ _ a'11b21 a'11b22 a12b21 a'12b22
a'21b1 1 a'21b12 a22bl 1 a‘22 b12
a21b21 a21b22 a‘22b21 a22b22

A®B=
a,B a,B

We introduce vectors given by

S I 6 )

Consider two linear transformations
a, a Z a.z+a,z
X:AZ:(II IZJ[ IJ:( 1171 12 2],
a21 a22 Z2 a2121 + a2222

y=Bw= [bll b12 J[WJ _ (bllwl + blzwzJ .
b21 bzz W, b21W1 + bzzwz

The vectors ¢ and vare defined by

U=X®Yy
lel
_(leJ_ XY,
oY) xy,
X2y2

(allzl + a1222)(b11W1 + blZWZ)
(a‘llzl + a'1222 )(bZIWI + b22W2)
(a‘ZIZl + a2222 )(bllwl + bl2W2)
(aZIZl + a22 Z2 )(bZIWI + b22W2)
a'llbll a11b12 a'12b11 a'12b12 ZIWl
a'llel a11b22 a12b21 a'IIbZZ ZIW2
a21b11 a21[‘)12 a22bll a'22blZ Z2W1
a21b2] a‘21b22 a22b21 a22b22 22W2

and

32



ZW

ZW Z,W,

vV=IQ®W= =
Z,W Z,W,
ZZWZ

Then we can calculate

a'llbll a11b12 a12bll a'12b12 ZlWI
al 1b21 al 1b22 a12b21 a12b22 Z1W2
aZlbll a'21b12 a22bll a22blz ZZWI
a‘2]b2] a2]b22 a‘22b21 a22b22 ZZWZ
Xl yl

Xl y2

XY

X2 y2

=X®Y

=(Az) ® (Bw)

(A®B)(z®w)

In other words, we have
(A®B)(z®w)=(Az) ® (Bw)
Note that
A'®B"'=(A®B)"
(b) Definition of Kronecker Sum (see the Appendix)
Given a matrix A and a matrix B, their Kronecker Sum denoted by A® B is defined as the
expression
ADB=A®I, +1,®B
where A(n x n), B(m x m), I, (M x m, identity matrix), and I,((n x n, identity matrix),
We verify that
exp(A)® |, =exp(A®1,).
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where |, is the identity matrix of 2 x 2.
(©) Theorem-1

(A®B)(U; ®Vv;) = Au; ® By,
=a,u, ®ijj
=ab;(u; ®v;)

where U; is the eigenvector of A with an eigenvalue a; and V; is the eigenvector of B with an

eigenvalue b;j and

Au;=au; and Bv;=bv,

(d) Theorem-2
Theorem:

Note that
A®DB=A®I,+1,®B

where |, is the identity matrix for the same size of the matrix A and | is the identity matrix for
the same size of the matrix B. A® B denotes the Kronecker sum, but not a direct sum.

If {4} and { g} are the eigenvalues of A and B, respectively, then {4, + 4;} are the

eigenvalues of A@ B.

(A®B)(a, ®b;)=(A®1)(a ®b;)+ (I ®B)(a; ®b;)
= (A, ®b;) +(a; ® Bb)
= (43 ® b)) + (8 ® u;b;)
= (4 + p;)(8; ®D))

APPENDIX-III Formula
(a). Formula-1

(a), ®[b),){c[®: (d) = (a),,(ch @ (b),,(d]
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((Proof))

Clear["Global "] ; expr_* = expr /. Complex[a_, b_] =» Complex[a,

al bl cl
Al=[a2 =[b2];Cl=[cZ];D1=
a3 b3 c3

T1 = KroneckerProduct[Al, B1];

dl
[dz];
d3

T2 = KroneckerProduct[Transpose[Cl], Transpose[D1]];

fl2 = f1.12;
gl = (Al.Transpose[Cl]); g2 = Bl.Transpose[D1];
gl2 = KroneckerProduct[gl, g2];

12 - gl12 7/ Simplify
{{o, o, o0, 0, 0, 0, O, O, 0},

{0, o, o, o,o0,0,0,0, o0}, {0,0,0,0,0,0,0,0,0},
{0, 0,0,0,0,0,0,0, 0}, {0,0,0,0,0,0, 0,0, 0},
{0, 0,0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0,0, O},
{0,0,0,0,0,0,0,0,0}, {0,0,0,0,0,0,0,0, 0}}

(b). Formula-2
(A® é)(|‘//1>®|‘//2>) = A|‘//1>® é|l//2>

((Proof))

Clear["Global "] ;

exp_* :=
exp /. {Complex[re_, im_] =» Complex[re, -im]};

all al2 al3 b1l bl2 bi3
Al =| a2l a22 a23] Bl = [b21 b22 b23)
a3l a32 a33 b31 b32 b33
al Rl
¥l = a2] Y2 = (BZ ; 1 = KroneckerProduct[Al, B1];
a3 B3

T2 = KroneckerProduct[¢1l, ¢2]; f12 = f1.¥2;
gl =Al_.y1; g2 =Bl.y2; gl2 = KroneckerProduct[gl, g2];
12 -g12 // Simplify

{{0}, {0}, {0}, {0}, {O}, {O}, {O}, {0}, {O}}
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(¢) Formula 3
(A® B)(C ® D)=(AC)® (BD)

((Proof))
Clear["Global *"];
exp_* =exp /. {Complex[re_ , im_] =» Complex[re, -im]};
all al2 al3 b1l bl2 bi3
Al = | a2l a22 a23(;Bl-= [b21 b22 b23J;
a3l a32 a33 b31 b32 b33

cll cl12 c13
Cl=|c21 c22 c23|;
c31 c32 c33

dil di2 di3
D1=|d21 d22 d23|;
d31 d32 d33

T1 = KroneckerProduct[Al, B1];

T2 = KroneckerProduct[C1l, D1]; f12 = f1.¥2;
gl=A1.Cl; g2=B1.D1;

gl2 = KroneckerProduct[gl, g2];
12 - gl12 7/ FullSimplify // MatrixForm

o
o
o
o
o
o
o
o

eNeolNeolNeolNeoNeoNeoNe
eNeolNeolNeolNeoNeoNeoNe
OO O0OO0OO0OO0OO0OO0o
OO O0OO0OO0OO0OO0O0o
e eoleolNeolNeoNeoNeolNolNe
OO O0O0O0O0OO0OO0O0o
OO O0OO0OO0OO0OO0O0o
OO O0OO0O0O0OO0O0o
eNeolNeoNeoNeoNeoNeoNe

(d). Formula-4
(A®B)'=A"'®B"

((Proof))

36



Clear["Global %"];
exp_* :=exp /. {Complex[re_, im_] = Complex[re, -im]};
all al2 b1l bl2
a2l az22 b21 b22)

BR1 = Inverse[B1];

Al = ( ); AR1 = Inverse[Al] ; Bl = (

1l = KroneckerProduct[Al, B1] // Simplify;
T2 = Inverse[fl] // Simplify;

gl = KroneckerProduct[AR1, BR1] // Simplify;
f2-9g1 // FullSimplify

{{o, o, o, o}, {0, 0, O, O}, {0, 0,0, 0}, {O, 0,0, 0}}
(e) Formula

Tr(A®B)=Tr(B® A) =Tr(A)Tr(B)
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Clear["Global *"];
exp_* = exp /. {Complex[re_ , im_] :» Complex[re, -im]};
all al2 al3

Al = | a2l a22 a23|;
a3l a32 a33)

b1l bl12 bi3
Bl= | b21 b22 b23|;
b31 b32 b33

f1 = KroneckerProduct[Al, B1];
T2 = KroneckerProduct[Bl1, Al];

9gl=Tr[Ff1] // Simplify

(all + a22 + a33) (b1l + b22 + b33)

92=Tr[f2] // Simplify
(all + a22 + a33) (b1l + b22 + b33)

gl-92
0

g3 =Tr[Al] Tr[B1]
(all+ a22 + a33) (bll+ b22 + b33)

gl-93
0

APPENDIX-IV Direct sum
(a) Direct sum of two matrices, A® B

Another operation, which is used less often, is the direct sum (denoted by @ ). Note the
Kronecker sum is also denoted by @ ; the context should make the usage clear. The direct sum of
any pair of matrices A of size mxn and B of size px( is a matrix of size ((M+ p)x(N+Q)

defined as
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A 0
A®B = :

The direct sum of matrices is a special type of block matrix, in particular the direct sum of square
matrices is a block diagonal matrix. In general, the direct sum of n matrices is

A0 0 00 O
00 A 0 00 0

n : 0O 0 A 00 O

@A =diag(A,A,....,A) =

S A 9(A A A= 0 0 0
0O 0 0 O 0
0O 0 0 0 0 A

where the zeros are actually blocks of zeros, i.e. zero matricies.

We define A@ B as follows. Suppose that

A 0
A®B=
0 B
b, b, b
A_(a“ alzj B ~ bll b12 b13
- a a 4 - 21 22 23
. 2 b31 b32 b33
For example, we have
a, a, 0 0 O
a a, 0 0 0 A, O
A®B=| 0 0 b, b, b, =( 2 2ﬁ}
@) B
0 0 b21 b22 b23 3x2 3x3
0 0 b31 b32 b33

(b) Direct sum of two vectors, VO W
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Vv @ W= Vn _ anl
W, W,

Vv is the column matrix (n x 1), and w is the column matrix (m x 1).

©). (A®B)VAW)

(A® B)(vV® W) = (gbd Ozx3J(sz1 ] _ [AzuvleJ — (AV) ® (Bw)

3x2 B3><3 W3><1 B3><3W3><1

Similarly, we have

(A @ B)(C @ D) — (AZXZ C)2><3 ][Cb@ 02x3] — {A2x2C2><2 02><3 j
O3><2 B3><3 O3><2 D3><3 O3><2 B3><3 D3><3

(d) Properties
Other useful formula are

det(A® B) =det AdetB

Tr(A® B)=Tr(A) +Tr(B)

APPENDIX-V Kronecker sum

The Kronecker sum is different from the direct sum, but is also denoted by @ . It is defined
using the Kronecker product ® and normal matrix addition. If A is nxn, B is mxm and Iy
denotes the (k x k ) identity matrix, then the Kronecker sum is defined by

A®B=A®I_+1 ®B

((Example))
When
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a 22 b23 >
2 2 31 32 b33
1 00
I, = bo | 01 0
> lo 1) 3T
0 0 1
we have the Kronecker sum as
a‘ll + bll b12 b13 a12 0 O
b21 a'll + b22 b23 0 a12 O
A(‘B B — b31 b32 a‘ll + b33 0 0 a'12
a'21 0 0 a‘22 + bll b12 b13
0 a'21 0 b21 a22 + b22 b23
0 0 a'21 b31 b32 a22 + b33

a'1 1 a'12 al 3 0 O
aZl a22 a‘23 0 0
a3l a32 a33 O 0
0 0 0 b, b,
0 0 0 h, b,
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