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The existence of a spin magnetic moment for the electron was first demonstrated in 1921 in a 

classic experiment performed by Otto Stern and Walter Gerlach. The Stern–Gerlach experiment 
was originally assumed to demonstrate the space quantization of the orbital magnetic moment 
associated with the orbital motion of electrons in silver atoms. In their experiment, a beam of silver 
atoms was passed through a non-uniform magnetic field along the z axis. Such a non-uniform field 
exerts a force on any magnetic moment, so that each atom is deflected by an amount governed by 
the orientation of its magnetic moment (the z-axis). So the silver atomic beam should split into a 
number of discrete components. Experimentally the silver atomic beam was clearly split—but into 
only two components, not the odd number (2l+1) which is expected from the space quantization 
of orbital magnetic moments. It was realized that silver atoms in their ground state has no orbital 
angular momentum (l = 0) with s state. In 1927, T. E. Phipps and J. B. Taylor had the same 
experiment with a beam of hydrogen atoms replacing silver, where the ground state has no orbital 
angular momentum. The result for hydrogen atom was the same as that by Stern and Gerlach for 
silver atom. From these experiments, it was concluded that there is some contribution to the spin 
magnetic moment other than the orbital motion of electrons. The origin of the spin magnetic 
moment is due to the spinning motion of electrons. The spin angular momentum obeys the same 
quantization rules as orbital angular momentum.  

In conclusion, the magnetic moment observed in the Stern–Gerlach experiment is attributed to 
the spin of the outermost electron in silver. Because all allowed orientations of the spin moment 
should be represented in the atomic beam, the observed splitting presents a dramatic confirmation 
of space quantization as applied to electron spin, with the number of components (2s + 1 = 2) 
indicating the value of the spin quantum number s (= ½). 

Here we discuss the Stern-Gerlach experiment which is a simple experiment that demonstrates 
the basic principles of quantum mechanics. The measurement of the Stern-Gerlach experiment is 
equivalent to solving the eigenvalue problems of spin matrices. For simplicity, we use the Dirac 
notation. 
 
1. Fundamentals 
A. Angular momentum and magnetic momentum of one electron 
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Fig. Orbital (circular) motion of electron with mass m and a charge –e. The direction of orbital 

angular momentum L is perpendicular to the plane of the motion (x-y plane). 
 

The orbital angular momentum of an electron (charge –e and mass m) L is defined by 
 

)( vrprL m , or  mvrLz  . (1) 
 
According to the de Broglie relation, we have 
 

nhr
h

rp  


 2)2( , (2) 

 

where p (= mv) is the momentum (

h

p  ), n is integer, h is the Planck constant, and  is the 

wavelength.  
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Fig. Acceptable wave on the ring (circular orbit). The circumference should be equal to the 

integer n (=1, 2, 3,…) times the de Broglie wavelength . The picture of fitting the de 
Broglie waves onto a circle makes clear the reason why the orbital angular momentum is 
quantized. Only integral numbers of wavelengths can be fitted. Otherwise, there would 
be destructive interference between waves on successive cycles of the ring. 

 
Then the angular momentum Lz is described by 
 

n
nh

mvrprLz 
2

. (3) 

 
The magnetic moment of the electron is given by 

AI
cz  1

 , (4) 

 
where c is the velocity of light, A = r2 is the area of the electron orbit, and I is the current due to 
the circular motion of the electron. Note that the direction of the current is opposite to that of the 
velocity because of the negative charge of the electron. The current I is given by 
 

r

ev

vr

e

T

e
I

 2)/2(
 , (5) 

 
where T is the period of the circular motion. Then the magnetic moment is derived as 
 

z
Bz

zz L
L

mc

e
L

mc

e

c

evr
AI

c 

   
222

1
 (e > 0), (6) 

r
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where B (=
mc

e

2


) is the Bohr magneton. 

 
B = 9.27400915 x 10-21 emu (emu=erg/Oe).  

 
Since nLz , the magnitude of orbital magnetic moment is nB. The spin magnetic moment is 
given by 
 

Sμ


B
S

2
 , (7) 

 
where S is the spin angular momentum. In quantum mechanics, the above equation is described 
by 
 

SB ˆ2
ˆ



  , (8) 

 

using operators (Dirac). When ̂
2

ˆ 
S , we have  ˆˆ B . The spin angular momentum is 

described by the Pauli matrices (operators) 
 

xxS ̂
2

ˆ 
 , yyS ̂

2
ˆ 
 zzS ̂

2
ˆ 
 . (9) 

 
Using the basis, 
  











0

1
z , 

 











1

0
z . (10) 

 
we have 











01

10
ˆ x , 







 


0

0
ˆ

i

i
y , 











10

01
ˆ z . (11) 

 
The commutation relations are valid; 
 

zyx i ˆ2]ˆ,ˆ[  , xzy i ˆ2]ˆ,ˆ[  , yxz i ˆ2]ˆ,ˆ[  . (12) 

 
______________________________________________________________________________ 
B. Magnetic moment of atom 
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We consider an isolated atom with incomplete shell of electrons. The orbital angular 
momentum L and spin angular momentum S are given by 
 

...321  LLLL ,  ...321  SSSS  (13) 

 
The total angular momentum J is defined by 
 

SLJ  . (14) 
 
The total magnetic moment  is given by 
 

)2( SLμ 


B . (15) 

 
The Landé g-factor is defined by 
 

Jμ


BJ
J

g 
 , (16) 

 
where 

 
Fig. Basic classical vector model of orbital angular momentum (L), spin angular momentum 

(S), orbital magnetic moment (L), and spin magnetic moment (S). J (= L + S) is the 
total angular momentum. J is the component of the total magnetic moment (L + S) 
along the direction (-J).  
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Suppose that 
 

 LJL a  and  SJS b  
 
where a and b are constants, and the vectors S  and L  are perpendicular to J. 

Here we have the relation 1 ba , and 0  SL . The values of a and b are determined as 
follows. 
 

2J

LJ 
a ,  

2J

SJ 
b . (18) 

 
Here we note that 
 

22
)(

222222
22 SLJSLJ

SSLSSSLSJ





 , (19) 

 
or 
 

)]1()1()1([
22

2222




 SSLLJJ
SLJ

SJ , (20) 

 
using the average in quantum mechanics. The total magnetic moment  is 
 

)]2()2[()2(   SLbaBB JSLμ



. (21) 

 
Thus we have 
 

JJJμ


BJBB
J

g
bba


 )1()2( , (22) 

 
with 
 

)1(2

)1()1(

2

3
11

2 






JJ

LLSS
bgJ J

SJ
. (23) 

 
((Note)) 
The spin component is given by 
 

  SJSJS )1( Jgb , (24) 

 
with 1 Jgb . The de Gennes factor is defined by 
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)1()1(
)1( 2

2

22




JJg
g

J
J



J
. (25) 

 
In ions with strong spin-orbit coupling the spin is not a good quantum number, but rather the total 
angular momentum , J = L+S. The spin operator is described by 
 

JS )1(  Jg . (26) 

 
______________________________________________________________________________ 
2 Stern-Gerlach (SG) experiment 

We consider the Stern-Gerlach experiment, which provides a direct evidence of the 
quantization of magnetic moment and angular momentum. One way of measuring the angular 
momentum is by means of a Stern-Gerlach experiment. Suppose that we want to measure the 
angular momentum of the electrons in a given type of atom. A beam of these atoms is prepared by 
evaporation from the solid, and passing the evaporated atoms through a set of collimating slits. 
This beam then enters a region in which there is an inhomogeneous magnetic field that is normal 
to the direction of motion of atoms. The apparatus is shown schematically in Fig. The angular 
magnetic moment is related to the orbital angular momentum as 
 

Lμ
mc

e
L 2

 , 

 
where e>0. In an inhomogeneous magnetic field, we have an interaction energy called the Zeeman 
energy,  
 

Bμ  LV . 
 
The atoms experience a force given by  
 

)()( BμBμF  LLV . 
 
We consider the case when the magnetic field zzB eB  is applied along the z axis. Then we have 
the force along the z axis, 
 

z

BL

z

BL

mc

e

z

B
F zz

B
zzz

Lzz 













 
2

, 

 
where B  (= )2/ mce is the Bohr magneton. Thus, each atom experiences a force which is 
proportional to the z component of the orbital angular momentum. The beam is collected some 
distance from the magnet at a point that is far enough away so that atoms of different Lz is separated. 
By measuring the deflection one can calculate Lz. 
 

mlmmlLz ,,ˆ  , 
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where m = -l, -l+1,..., l. 
The experiment can also be used to reveal the existence of electron spin. For example, if we 

send a beam of hydrogen atoms in their ground state, the beam split into two parts. Note that the 
spin magnetic moment is related to the spin angular momentum as 
 



S
μ BS 2 , 

 

where s is the spin magnetic moment and S (= σ
2


) is the spin angular momentum, and 

 

zzSz 
2

ˆ 
, zzSz 

2
ˆ 

. 

 

 
 
http://en.wikipedia.org/wiki/Stern%E2%80%93Gerlach_experiment 
 
Fig. Stern-Gerlach (SG) apparatus. A beam of particles with magnetic moment enters the 

inhomogeneous magnetic field. Classically, the beam is expected to fan out and a produce 
a continuous trace. In fact, the atomic beam is split into two beams, indicating that the 
magnetic moments of the atoms are quantized to two orientations in space.  
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Fig. Schematic diagram for the Stern-Gerlach experiment in the presence of a magnetic field 

along the z axis. 
 
3 Stern-Gerlach for S = 1/2 with the magnetic field along the z axis 

Spin angular momentum is related to the Pauli matrices as 
 

xxS ̂
2

ˆ 
 ,  yyS ̂

2
ˆ 
  zzS ̂

2
ˆ 
  

 

The eigenkets of zŜ  are given by 
 











0

1
z , 










1

0
z   (the column vector, 2 x 1 matrix) 

 
The Pauli matrices are defined as 
 











01

10
ˆ x , 







 


0

0
ˆ

i

i
y , 











10

01
ˆ z . 

 
The commutation relations 
 

zyx i ˆ2]ˆ,ˆ[   xzy i ˆ2]ˆ,ˆ[  , yxz i ˆ2]ˆ,ˆ[  . 

 
SGz stands for an apparatus with the inhomogeneous magnetic field along the z direction. We 

assume that 
z

Bz




>0. The atom with µz > 0 (Sz < 0) experiences a downward force, while the atom 

with µz < 0 (Sz > 0) experiences a upward force, where the force Fz along the z axis is given by 
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z

BS
F zz

Bz 





2 , 

 
where 
 



S
μ B2 , 

 
where B is the Bohr magneton, and the magnetic moment  is antiparallel to the spin angular 
momentum S.  
 

 
 
The beam is then expected to get slit according to the values of µ (or Sz). In other words, the SG 
apparatus measures the z-component of µ, or equivalently, the z-component of S. 
 

zzzS zz 
2

ˆ
2

ˆ  ,  or zzz ̂ . 

 

zzzS zz 
2

ˆ
2

ˆ  , or zzz ̂ . 

 
where 
 












10

01
ˆ z , 










0

1
z , 










1

0
z . 

 
We use the Dirac notation; the ket vector and the bra vector.  
 

z , z   (the ket vectors, we use these as basis) 

 
 01 z ,  10 z  (the bra vector, the row vector, 1 x 2 matrix) 

 
The denotations of bra and ket vectors are from the words, “bra(c)ket. 
 
((Note)) 

SG-z

+>z

->z
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The notations of kets for the eigenstates of xŜ , yŜ , and zŜ  are different for different standard 

textbooks of quantum mechanics. Here we use the notations used by Townsend. 
 
 

Townsend Sakurai McinTyre 
 

z      

 
z      

 
x  ;xS  

x
  

 
x  ;xS  

x
  

 

y  ;yS  
y

  

 

y  ;yS  
y

  

 
n  ,n̂  

n
  

 
n  ,n̂  

n
  

 
4. Eigenvalue and eigenkets: z̂  

 

 
 

The eigenkets: 

 

zzz ̂ ,  zzz ̂  

 

with 

SG-z

+>z

->z
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









0

1
z , 










1

0
z  

 

We note that 

 

zzz 



























0

1

0

1

10

01
̂ ,  zzz 





























1

0

1

0

10

01
̂  

 

(a) The inner product 

We define the inner product as 

 

    1
0

1
01

0

1
01 * 

















 zz , 

 

    0
0

1
10

0

1
10 * 

















 zz , 

 

    1
1

0
10

1

0
10 * 

















 zz  

 

(b) The Closure relation (completeness) 
 

  


















00

01
01

0

1
zz ,   



















10

00
10

1

0
zz  

 
Thus we have 
 

1̂
10

01

10

00

00

01



























 zzzz , (identity matrix) 

 

(d) Spin operator zŜ  

The operator zŜ  can be written as 
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)(
2

)(ˆˆ

zzzz

zzzzSS zz





 . 

 
(e) The rotation matrix 

The rotation matrix is defined by 

 

zi

i

z i
i

i

e

ei 



 



ˆ
2

sin
2

cos1̂

2
sin

2
cos0

0
2

sin
2

cos

0

0)
2

ˆexp(
2

2








































 

 
5. Probability, average value, and uncertainty 

Suppose that the state of the system before entering the SG-z device is given by the 
superposition of z  and z , 

 














 zz , 

 
where  and  are complex numbers, and  
 

1
22   . 

 
  zzzzz , 

 
  zzzzz . 

 
The state is normalized such that the inner product is equal to 1; 
 

  11
22**** 








 




 , 

 

where 

 

 ****   zz , 
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where “*” denotes the complex conjugate; ii  1)1( * . 

 

**  zz  , 
**  zz  . 

 

(a) Probability 

The probability of finding the system in the state z  is defined by 

 

22
  zP , 

 

since 

 

  



 







 01z . 

 

The probability of finding the system in the state z  is defined by 

 

22
  zP , 

 

since 

 

  



 







 10z . 

 

(b) Expectation value zz SS ˆˆ   

The expectation value (average value) is given by 

 

  )(
210

01

2
ˆ 22** 




 




















zS . 
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This form can be also derived from  

 

22

22
)

2
(

2
ˆ  

  PPSz . 

 

(c) Uncertainty 
22 ˆˆ  zzz SSS    

 

  1)(
410

01

4
ˆ 22

2
**

2
2 
















 




 
zS . 

 

since 

 

1̂
410

01

410

01

10

01

4
ˆ

222
2 





























zS . 

 

 2ˆ
zS  can be also determined from  

 

4
)(

4
)

2
()

2
(ˆ

2
22

2
222 

   PPSz . 

 

Then the uncertainty zS  is obtained as 

 
























22

2222

222

22

4
2

)1)(1(
2

)(1
2

ˆˆ
zzz SSS
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5. Stern-Gerlach for S = 1/2 with the magnetic field along the x axis 
 

 
 
Here we discuss the expression for x  

 
xxx ̂ ,  (eigenvalue problem) 

 











01

10
ˆ x , 

 
This matrix form of x̂  will be derived later. 

 

)(
2

1

2

1
2

1

zzx 


















 , 

 

)(
2

1

2

1
2

1

zzx 



















 . 

 
The bra vector (the row vector) 
 









2

1

2

1
x ,  







 
2

1

2

1
x  

 
The closure relation: 
 

  


















11

11

2

1
11

1

1

2

1
xx , 

 

SG-x

+>x

->x



18 
 

  






















11

11

2

1
11

1

1

2

1
xx . 

 
Then we have 
 

1̂
10

01

11

11

2

1

11

11

2

1






























 xxxx . 

 
___________________________________________________________________________ 
6. Eigenvalue and eigenkets: x̂  

 

 
 

The eigenkets: 

 

xxx ̂ ,  xxx ̂ ,  (eigenvalue problem) 

 

Note that 

 

xxx 











































1

1

2

1

1

1

01

10

2

1

1

1

2

1

01

10
̂ , 

 

xxx 























































1

1

2

1

1

1

2

1

1

1

01

10

2

1

1

1

2

1

01

10
̂ . 

 

The operator xŜ  is expressed by 

 

SG-x

+>x

->x
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)(
2

)(ˆˆ

xxxx

xxxxSS xx





 . 

 

The rotation matrix is given by 

 

xx i
i

i
i 




 ˆ

2
sin

2
cos1̂

2
cos

2
sin

2
sin

2
cos

)
2

ˆexp( 



















 . 

 

((Eigenvalue problem)) 

 

zzx 


























1

0

0

1

01

10
̂ , 

 

zzx 


























0

1

1

0

01

10
̂  

 

Thus z  and z  are not the eigenkets of x̂ . However, we ahve 

 

)(
2

1
)(

2

1
ˆ zzzzx   (eigenvalue +1) 

 

)(
2

1
)(

2

1
ˆ zzzzx   (eigenvalue -1) 

 

This means that 

 

)(
2

1
zzx  , )(

2

1
zzx  . 
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((Probability and expectation)) 

Suppose that the state of the system before entering the SG-x device is given by the 
superposition of z  and z , 

 














 zz , 

 
where  and  are complex numbers, and  
 

1
22   . 

 

The probability of finding the system in the state x  is defined by 

 

)(
2

1

))((
2

1
2

1

**22

**

2

2















 xP

, 

 

since 

 

  )(
2

1
11

2

1 



 







 x . 

 

The probability of finding the system in the state x  is defined by 
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)(
2

1

))((
2

1
2

1

**22

**

2

2

2















 xP

 

 

since 

 

  )(
2

1
11

2

1 



 







 x . 

 

The expectation value  xŜ  is  

 

 

 
**

**

**

01

10ˆ









































xS

 

 

This expectation value can be also obtained as 

 

)(
2

)(
4

)(
4

)
2

(
2

ˆ

**

**22**22











 






PPSx

 

 

Note that 
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4

)
2

()
2

(ˆ

2

222







  PPSx 
 

 

The uncertainty is evaluated as 

 

2** )(1
2

 


xS  

 

7. Eigenvalue and eigenkets: y̂  

 

 
 








 


0

0
ˆ

i

i
y . 

 

The eigenkets: 

 

yyy ̂ ,  yyy ̂ ,  (eigenvalue problem) 

 

with 

 

)(
2

11

2

1
ziz

i
y 








 , )(

2

11

2

1
ziz

i
y 










 . 

 

Note that 

SG-y

+> y

-> y
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y
ii

i

ii

i

ii

i
yy 

































 
















 


1

2

1

2

11

0

0

2

11

2

1

0

0
ˆ

2

 , 

 

y
ii

i

ii

i

ii

i
yy 



































 

















 


1

2

1

2

11

0

0

2

11

2

1

0

0
ˆ

2

 , 

 

The bra vector (the row vector) 
 








 







22

1

22

1
*

ii
y , 

 















 
22

1

22

1
*

ii
y . 

 

The closure relation: 

 

  






 











1

1

2

1
1

1

2

1

i

i
i

i
yy , 

 

  




















1

1

2

1
1

1

2

1

i

i
i

i
yy . 

 
Then we have 
 

1̂
10

01

1

1

2

1

1

1

2

1



























 


i

i

i

i
yyyy . 

 

The operator yŜ  is expressed by 

 

)(
2

)(ˆˆ

yyyy

yyyySS yy





 . 

 

The rotation matrix is given by 



24 
 

 

yy ii 



 ˆ

2
sin

2
cos1̂

2
cos

2
sin

2
sin

2
cos

)
2

ˆexp( 














 
 . 

 

 ((Eigenvalue problem)) 

 

zi
ii

i
zy 
























 


0

0

1

0

0
̂ , 

 

zi
i

i

i
zy 
























 


01

0

0

0
̂ . 

 

Thus z  and z  are not the eigenkets of y̂ . However, we ahve 

 

)(
2

1
)(

2

1
ˆ zizzizy  , (eigenvalue +1) 

 

)(
2

1
)(

2

1
ˆ zizzizy  , (eigenvalue -1) 

 

This means that 

 

)(
2

1
zizy  , 

 

)(
2

1
zizy  . 

 

((Probability and expectation)) 
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Suppose that the state of the system before entering the SG-y device is given by the 
superposition of z  and z , 

 














 zz . 

 
where  and  are complex numbers, and  
 

1
22   . 

 

The probability of finding the system in the state y  is defined by 

 

)(
2

1

))((
2

1
2

1

**22

**

2

2









ii

ii

i

yP









, 

 

since 

 

  )(
2

1
1

2

1 



 iiy 







 . 

 

The probability of finding the system in the state y  is defined by 

 

)(
2

1

))((
2

1
2

1

**22

**

2

2









ii

ii

i

yP








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since 

 

  )(
2

1
1

2

1 



 iiy 







 . 

 

The expectation value  xŜ  is  

 

 

 

)(
2

2

0

0

2
ˆ

**

**

**








































 


i

i

i

i

i
S y







 

 

This expectation value can be also obtained as 

 

)(
2

)(
4

)(
4

)
2

(
2

ˆ

**

**22**22











 







i

iiii

PPS y

 

 

__________________________________________________________ 
8. Properties of Pauli matrix  

The Pauli matrices are defined as 

 











10

01
1̂ , 










01

10
ˆˆ1 x , 

 








 


0

0
ˆˆ2 i

i
y , 











10

01
ˆˆ3 z  
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(a) Commutation relations 

 

31221 ˆˆˆˆˆ  i , 

12332 ˆˆˆˆˆ  i , 

23113 ˆˆˆˆˆ  i , 

2
3

2
2

2
1 ˆˆˆ   . 

 

Solution: see any textbook for the solution. 

 

321 ˆ
0

0

0

0

01

10
ˆˆ  i

i

i

i

i


















 








 , 

 

312 ˆ
0

0

01

10

0

0
ˆˆ  i

i

i

i

i

























 
 , 

 

1̂
10

01

01

10

01

10
ˆˆˆ 2

111 
























 , 

 

1̂
10

01

0

0

0

0
ˆˆˆ 2

222 















 







 


i

i

i

i
 , 

 

1̂
10

01

10

01

10

01
ˆˆˆ 2

333 



























 . 

 

(b) 

0)ˆ()ˆ()ˆ( 321   TrTrTr , 

 

1)ˆdet()ˆdet()ˆdet( 321    
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where Tr denotes a trace and det denotes a determinant. 

(c) 

For two arbitrary vectors A and B,  
 

)(ˆ1̂)()ˆ)(ˆ( BAσBABσAσ  i , 
 
where  
 

),,( zyx AAAA  and ),,( zyx BBBB . 

 
(d) ((Mathematica)) Schaum's problem 7-11 
 

 
 
(e) 
 
When A = B = n (unit vector) 
 

1̂)ˆ)(ˆ(  nσnσ . 

Clear"Global`";  "VectorAnalysis`";

expr_ : expr . Complexa_, b_  Complexa, b
x  0, 1, 1, 0; y  0, , , 0; z  1, 0, 0, 1; II  1, 0, 0, 1
1, 0, 0, 1

fA  x Ax  y Ay  z Az

Az, Ax   Ay, Ax   Ay, Az

fB  x Bx  y By  z Bz

Bz, Bx   By, Bx   By, Bz

eq1  fA.fB  Expand  Simplify

Ax Bx   By  Ay  Bx  By  Az Bz, Az Bx   Az By  Ax Bz   Ay Bz,
Az Bx   By  Ax   Ay Bz, Ax Bx   By  Ay  Bx  By  Az Bz

A  Ax, Ay, Az; B  Bx, By, Bz; AB  CrossA, B
Az By  Ay Bz, Az Bx  Ax Bz, Ay Bx  Ax By

AB  x AB1  y AB2  z AB3;

eq2  A.B II   AB  Simplify

Ax Bx   By  Ay  Bx  By  Az Bz, Az Bx   Az By  Ax Bz   Ay Bz,
Az Bx   By  Ax   Ay Bz, Ax Bx   By  Ay  Bx  By  Az Bz

eq1  eq2

0, 0, 0, 0
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(f) 

Suppose a 2x2 matrix X̂  (not necessarily Hermitian, nor unitary) is 

 






















2221

1211

3021

2130
3322110 ˆˆˆ1̂ˆ

XX

XX

aaiaa

iaaaa
aaaaX  , 

with 

 

3011 aaX  , 2112 iaaX  , 2121 iaaX  , and 3022 aaX  . 

 

We show that 

 

2)1̂( Tr , 0)ˆ()ˆ()ˆ( 321   TrTrTr  

02)ˆ( aXTr   

11 2)ˆˆ( aXTr   

22 2)ˆˆ( aXTr   

33 2)ˆˆ( aXTr   

 

((Proof)) 

 

2)1̂( Tr , 0)ˆ()ˆ()ˆ( 321   TrTrTr , 

 

03322110 2)ˆˆˆˆ()ˆ( aaaaIaTrXTr   . 

 

Using the relations 

 

31221 ˆˆˆˆˆ  i  

12332 ˆˆˆˆˆ  i  



30 
 

23113 ˆˆˆˆˆ  i  

2
3

2
2

2
1 ˆˆˆ    

1

32231
2
101

3312211
2
101

332211011

2

)ˆˆˆˆ(

)ˆˆˆˆˆˆ(

)]ˆˆˆ1̂(ˆ[)ˆˆ(

a

aiaiaaTr

aaaaTr

aaaaTrXTr














 

 

Similarly, we have 

 

22 2)ˆˆ( aXTr  , 33 2)ˆˆ( aXTr  , 

 




























1211

2221

2221

1211
1 01

10ˆˆ
XX

XX

XX

XX
X , 

 








 
















 


1211

2221

2221

1211
2 0

0ˆˆ
iXiX

iXiX

XX

XX

i

i
X , 

 






























2221

1211

2221

1211
3 10

01ˆˆ
XX

XX

XX

XX
X , 

 

22

)ˆ( 2211
0

XXXTr
a


 , 

22

)ˆˆ( 12211
1

XXXTr
a





, 

 

)(
222

)ˆˆ(
2112

12212
2 XX

iiXiXXTr
a 





, 

 

22

)ˆˆ( 22113
3

XXXTr
a





. 

 

((Mathematica)) 
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9. Rotation operator 

The rotation operator [rotation around the unit vector u in the 3D space by an angle ] is 
 

)
2

sin()ˆ(1̂)
2

cos()]ˆ(
2

exp[)(ˆ  uσuσ  i
i

Ru  

 
((proof)) 

Sakurai 12
Clear"Global`";

SuperStar : expr_ : expr . Complexa_, b_  Complexa, b;

1  0, 1, 1, 0; 2  0, , , 0; 3  1, 0, 0, 1;

  1, 0, 0, 1
1, 0, 0, 1

X  a0   1 a1  2 a2  3 a3; X  MatrixForm

 a0  a3 a1   a2
a1   a2 a0  a3



Tr, Tr1, Tr2, Tr3
2, 0, 0, 0

TrX, Tr1. X, Tr2. X, Tr3. X
2 a0, 2 a1,  a1   a2   a1   a2, 2 a3

1. X  MatrixForm

 a1   a2 a0  a3
a0  a3 a1   a2



2.X  MatrixForm

  a1   a2  a0  a3
 a0  a3  a1   a2 

3.X  MatrixForm

 a0  a3 a1   a2
a1   a2 a0  a3


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Taylor expansion: 
 

.)ˆ(
!6

)
2

(
)ˆ(

!5

)
2

(
)ˆ(

!4

)
2

(

)ˆ(
!3

)
2

(
)ˆ(

!2

)
2

(
)ˆ(

!1

)
2

(
1̂)(ˆ

6

6

5

5

4

4

3

3

2

2























uσuσuσ

uσuσuσ







iii

iii
Ru

 

 
Here we use 
 

1)ˆ( 22  uuσ  
 

)(ˆ)ˆ)(ˆ( BABABσAσ  i  
 
which leads to  
 

1)ˆ(  nuσ    for even n 
 

uuσ  ̂)ˆ( n   for odd n 
 
Then we have 
 

)
2

sin()ˆ(1̂)
2

cos(

)ˆ...](
!5

)
2

(

!3

)
2

(

!1

)
2

(
[1̂......]

!6

)
2

(

!4

)
2

(

!2

)
2

(
1[)(ˆ

53642







uσ

uσ





i

iRu  

 
or 
 

)
2

sin()ˆ(1̂)
2

cos()(ˆ  uσ  iRu  

 
10. Rotation matrix (another derivation) 
(a) 
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


































2/

2/

0

0

2
sin

2
cos0

0
2

sin
2

cos

2
sinˆ1̂

2
cos)

2
ˆexp()(ˆ











i

i

zzz

e

e

i

i

iiR

 

 
since 
 








































2/

2/

2/2/

2/2/

0

0

10

00

00

01

)(
2

ˆexp())((ˆ











i

i

ii

ii

zz

e

e

ee

zzezze

zzzzizzzzR

 

 
(b) 
 


























2
cos

2
sin

2
sin

2
cos

2
sinˆ1̂

2
cos

)
2

ˆexp()(ˆ









i

i

i

iR

x

xx

 

 
since 
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














































































2
cos

2
sin

2
sin

2
cos

22

)(
2

)(

2

11

11

2

1

11

11

2

1

)(
2

ˆexp())((ˆ

2/2/2/2/

2/2/2/2/

2/2/

2/2/















i

i

eeee

eeee

ee

xxexxe

xxxxixxxxR

iiii

iiii

ii

ii

xx

 

 
where 
 

  


















11

11

2

1
11

1

1

2

1
xx ,   























11

11

2

1
11

1

1

2

1
xx . 

 
(c) 
 















 






2
cos

2
sin

2
sin

2
cos

2
sinˆ1̂

2
cos

)
2

ˆexp()(ˆ









y

yy

i

iR
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













 












































 














2
cos

2
sin

2
sin

2
cos

22

)(
2

)(

2

1

1

2

1
1

1

2

1

)(
2

ˆexp())((ˆ

2/2/2/2/

2/2/2/2/

2/2/

2/2/















iiii

iiii

ii

ii

yy

eeeei

eeiee

i

i
e

i

i
e

yyeyye

yyyyiyyyyR

 

 
where 
 

  






 











1

1

2

1
1

1

2

1

i

i
i

i
yy , 

 

  




















1

1

2

1
1

1

2

1

i

i
i

i
yy . 

 
11. Representation of rotation (general case) 

Let the polar and the azimuthal angles that characterize n (the unit vector) be  and , 
respectively. We first rotate about the y axis by angle . We subsequently rotate by  about the z 
axis. 
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zyzz enne )()(:   , 

 
)cos,sinsin,cos(sin n , 

 


















2

2

0

0)
2

sin(ˆ1̂)
2

cos()(ˆ





i

i

zz

e

eiR , 

 















 


2
cos

2
sin

2
sin

2
cos

)
2

sin(ˆ1̂)
2

cos()(ˆ



 yy iR , 

 



































 



















2
cos

2
sin

2
sin

2
cos

2
cos

2
sin

2
sin

2
cos

0

0)(ˆ)(ˆ
22

22

2

2









 







ii

ii

i

i

yz

ee

ee

e

eRR . 

 
Thus 
 

f

q

x
y

z

n
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n



















































)
2

sin(

)
2

cos(

0

1

)
2

cos()
2

sin(

)
2

sin()
2

cos(
)(ˆ)(ˆ

2

2

22

22









 







i

i

ii

ii

yz

e

e

ee

ee
zRR  

 

n




















































)
2

cos(

)
2

sin(

1

0

)
2

cos()
2

sin(

)
2

sin()
2

cos(
)(ˆ)(ˆ

2

2

22

22









 







i

i

ii

ii

yz

e

e

ee

ee
zRR  

 
((Note)) Relation between n  and n  

In the notation of the ket vector n , we replace the variables,   , and    

 

n

n















































































i

ie

e
i

ie

ie

ee

ee

i

i

i

i

ii

ii

)
2

cos(

)
2

sin(

)
2

sin(

)
2

cos(

)
2

sin(

)
2

cos(

2

2

2

2

22

22

























 

__________________________________________________________________ 
We note that 
 

zeee

e

ezR
iii

i

i

z 
















































22
2

2

2

0

1

00

1

0

0)(ˆ






 . 

 
Similarly we have 
 

zee
ee

ezR
ii

i
i

i

z 













































22

2
2

2

1

00

1

0

0

0)(ˆ







 . 
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Fig. Schematic diagram for the rotation process of zRR yz  )(ˆ)(ˆ n  and 

zRR yz  )(ˆ)(ˆ n  during the rotation with angle  around the y axis and rotation with 

the angle  around the z axis, sequantially. 
 
12. Eigenstates of the operator nσ ˆ  

Here we show that zRR yz )(ˆ)(ˆ   and zRR yz )(ˆ)(ˆ   are the eigenkets of the operator 

nσ ˆ  with the eigenvalues +1, and -1, respectively, by using the Mathematica. In other words, we 
can say that 
 

zRRzRR yzyz  )(ˆ)(ˆ)(ˆ)(ˆ)ˆ( nσ , 

 

zRRzRR yzyz  )(ˆ)(ˆ)(ˆ)(ˆ)ˆ( nσ . 

 
where 
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)cos,sinsin,cos(sin n  
 
((Mathematica)) 
 

 
13. Example-1 

Rotation around the y axis by the angle π/2: zyxxz eeee )
2

(:


  

 

Clear "Global` " ; 1
1
0

; 2
0
1

;

x PauliMatrix 1 ; y PauliMatrix 2 ;

z PauliMatrix 3 ; Ry MatrixExp
2

y ;

Rz MatrixExp
2

z ; R Rz.Ry;

n1 Sin Cos , Sin Sin , Cos ;

n x n1 1 y n1 2 z n1 3 Simplify;

n. R. 1 R. 1 Simplify

0 , 0

n. R. 2 R. 2 Simplify

0 , 0
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xzRy 











































 


2

1
2

1

0

1

2

1

2

1
2

1

2

1

)
2

(ˆ 
, 

 

xzRy 











































 


2

1
2

1

1

0

2

1

2

1
2

1

2

1

)
2

(ˆ 
. 

 
14. Example-2 

Rotation around the x axis by the angle -π/2: zxyyz eeee )
2

(:


  

x y

z

O
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y
ii

i

zRx 















































2

2

1

0

1

2

1

2

22

1

)
2

(ˆ 
, 

 

yi

i

i

i

zRx 















































2

1
2

1

0

2

1

2

22

1

)
2

(ˆ 
. 

 
15. Example-3 

Rotation around the y axis by the angle π: zyzzz eeee )(:   

 

x

y

z

O



42 
 

 

zzRy 























 


1

0

0

1

01

10
)(ˆ  , 

 

zzRy 























 


0

1

1

0

01

10
)(ˆ  . 

 
16. Example-4 

Rotation around the y axis by the angle 2nπ: zyzzz n eeee )2(:   

 

zznR n
n

n

n

y 






 





















 )1(
0

)1(

0

1

)1(0

0)1(
)2(ˆ  , 

 

x

y

z

O
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zznR n
nn

n

y 





























 )1(
)1(

0

1

0

)1(0

0)1(
)2(ˆ  . 

 
We have a closure relation. 
 

1̂ zzzz  

 

zzzzzzzzSS zz 
22

)(ˆˆ 
 

 
17. Eigenvalue problem-I: Stern-Gerlach for S = 1/2 with the magnetic field along the x 

axis 
 

 
 
Here we discuss the expression for x  

 
xxx ̂ , 

 











01

10
ˆ x , 

 

)(
2

1

2

1
2

1

zzx 


















 , 

 

)(
2

1

2

1
2

1

zzx 



















 . 

 
((Mathematica)) 

SG-x

+>x

->x
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Clear"Global`";

SuperStar : expr_ : expr . Complexa_, b_  Complexa, b;

x  0, 1, 1, 0;

eq1  Eigensystemx
1, 1, 1, 1, 1, 1

2  Normalizeeq12, 1
 1

2
, 

1

2


1  Normalizeeq12, 2
 1

2
,

1

2


UT  1, 2
 1

2
,

1

2
,  1

2
, 

1

2


Unitary operator U

U  TransposeUT
 1

2
,

1

2
,  1

2
, 

1

2


U  MatrixForm

1
2

1
2

1
2

 1
2

Hermite conjugate of U

UH  UT

 1

2
,

1

2
,  1

2
, 

1

2


UH  MatrixForm

1
2

1
2

1
2

 1
2

UH.U

1, 0, 0, 1

U.UH

1 0 0 1
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18. Unitary operator 
 
Eigenvalues:  ±1 
 

zUx  ˆ , 

 
where 
 











2221

1211ˆ
UU

UU
U , 

 
under the basis of },{ zz  . 

Eigenkets: 
 







































21

11

0

1ˆ

2

1
2

1

U

U
Ux ,  








































22

12

1

0ˆ

2

1
2

1

U

U
Ux . 

 
The unitary operator:  
 






















2

1

2

1
2

1

2

1

Û . 

 
((Another method)) 
 



























2

1

2

1

01

10

c

c

c

c
 , 

 
or 
 





























0

0

1

1

2

1

c

c




, 

 

det 
 1

1 
 2 1  0 . 

 
 = ±1. 
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For  = 1, 
 


































0

0

11

11

2

1

c

c
, 

 





















2

1
2

1

x . 

 
Similarly, 
 
For  = -1, 
 

1 1

1 1











c1

c2











0

0








, 

 






















2

1
2

1

x . 

 
Then we have the unitary matrix as 
 






















2

1

2

1
2

1

2

1

Û . 

 
______________________________________________________________________ 
19. Eigenvalue problem-II: Stern-Gerlach for S = 1/2 with the magnetic field along the y 

axis 
 

 
 

SG-y

+> y

-> y
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Expression for y  

 
yyy ̂ , 

 








 


0

0
ˆ

i

i
y , 

 

)(
2

1

2

2

1

ziz
i

y 


















 , 

 

)(
2

1

2

1
2

1

zizy 



















 . 

 
((Mathematica)) 
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Clear"Global`";

SuperStar : expr_ : expr . Complexa_, b_  Complexa, b;

y  0, , , 0;

eq1  Eigensystemy
1, 1, , 1, , 1

2   Normalizeeq12, 1
 1

2
, 



2


1   Normalizeeq12, 2
 1

2
,



2


UT  1, 2
 1

2
,



2
,  1

2
, 



2


Unitary operator U

U  TransposeUT
 1

2
,

1

2
,  

2
, 



2


U  MatrixForm

1
2

1
2



2
 

2

Hermite conjugate of U

UH  UT

 1

2
, 



2
,  1

2
,



2


UH  MatrixForm

1
2

 

2
1
2



2

UH.U

1, 0, 0, 1

U.UH
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20. Summary 
 
The eigenkets: 
 






























0

1ˆ

2

2

1

U
i

y , 

 































1

0ˆ

2

1
2

1

Uy , 

 
The Unitary operator: 
 






















22

2

1

2

1

ˆ
ii

U . 

 
((Another method)) 
 
Expression for y  

 
yyy ̂ , 

 








 


0

0
ˆ

i

i
y . 

 
We assume that 
 











2

1

C

C
y . 

 
We solve the eigenvalue problem 
 

yyy  ̂ , 

 
where  is an eigenvalue.  
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























 

22

11

0

0

C

C

C

C

i

i
 , 

 
or 
 

0
2

1 


















C

C

i

i




, 

 
















i

i
M , 

 

01det 2 



 



i

i
M , 

 
or 
 

 = ±1. 
 
For  = 1 
 

0
1

1

2

1 


















C

C

i

i
, 

 
or 
 

21 iCC  , 
 

The normalization condition: 1
2

2

2

1  CC . We choose 
2

1
21  iCC . Then we have 

 

)(
2

1

2

2

1




















 i
i

y . 

 
Similarly, for  = -1 
 

0
1

1

2

1 














 
C

C

i

i
, 

 
or 
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21 iCC  . 
 

The normalization condition: 1
2

2

2

1  CC . We choose 
2

1
21  iCC . Then we have 

 

)(
2

1

2

2

1

ziz
i

i
y 




















 . 

 

Unitary operator Û  
 






















22

2

1

2

1

ˆ
ii

U , 

 

















 


22

1
22

1

ˆ
i

i

U . 

 
21. General case 
 













10

01ˆˆˆ UU y , 

 





























 

10

01

10

01

10

01ˆˆˆˆˆˆˆˆˆ 2 UUUUUU yyy  , 

 






























10

01

10

01

10

01ˆˆˆ 3UU y . 

 
In general 
 













n

n
n

y UU
)1(0

01ˆˆˆ  , 
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












2/

2/

0

0ˆ)ˆ
2

exp(ˆ





i

i

y
e

e
U

i
U . 

 

From this we can calculate the matrix of y̂ ; )ˆ
2

exp( y

i  , 

 















 









 



2
cos

2
sin

2
sin

2
cos

ˆ
0

0ˆ)ˆ
2

exp(
2/

2/










U
e

e
U

i
i

i

y . 

 
22. Mathematica: MatrixPower 
 

n
x , n

y , n
z  (n = 1, 2, 3,...). 

 
________________________________________________________________________ 

 
 

Clear"Global`";

x  0, 1, 1, 0; y  0, , , 0; z  1, 0, 0, 1;

K1 

PrependTablen, MatrixPowerx, n, MatrixPowery, n,

MatrixPowerz, n, n, 1, 12, "n", " x
n ", " y

n ", " z
n "  

TableForm

n x
n y

n z
n

1 0 1
1 0

0 
 0

1 0
0 1

2 1 0
0 1

1 0
0 1

1 0
0 1

3 0 1
1 0

0 
 0

1 0
0 1

4 1 0
0 1

1 0
0 1

1 0
0 1

5 0 1
1 0

0 
 0

1 0
0 1

6 1 0
0 1

1 0
0 1

1 0
0 1

7 0 1
1 0

0 
 0

1 0
0 1

8 1 0
0 1

1 0
0 1

1 0
0 1

9 0 1
1 0

0 
 0

1 0
0 1

10 1 0
0 1

1 0
0 1

1 0
0 1

11 0 1
1 0

0 
 0

1 0
0 1

12 1 0
0 1

1 0
0 1

1 0
0 1



53 
 

23. Mathematica: MatrixExp 
 

 

A1  MatrixExp x


2


Cos
2
,  Sin

2
,  Sin

2
, Cos 

2


A2  MatrixExp y


2


Cos
2
, Sin

2
, Sin

2
, Cos 

2


A3  MatrixExp z


2


 2 , 0, 0, 
 
2 

R  A3.A2  Simplify

 2 Cos
2
, 

 
2 Sin

2
,  2 Sin

2
, 

 
2 Cos 

2


R  MatrixForm


 

2 Cos 

2
 

 
2 Sin 

2



 
2 Sin 

2
 

 
2 Cos 

2


R.1, 0
 2 Cos

2
, 

 
2 Sin

2


R.0, 1
 2 Sin

2
, 

 
2 Cos

2

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________________________________________________________________________ 
24. Eigenvalue problem-IV: Stern-Gerlach for S = 1/2 with the magnetic field along the 

n direction 
 

 
 

)cos,sinsin,cos(sin n , 
 























cossin

sincos
ˆˆ

i

i

e

e
nn , 

 

 
 

SG-n

+>n

->n

x

y

z

n

q

f
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(a) Eigenvalue problem 

Here we use the rotation operator for j = 1/2. 
 

nnn ̂ ,  nnn ̂ . 

 

Unitary operator Û  is given by the rotation operator for j = 1/2. 
 
























)
2

cos()
2

sin(

)
2

sin()
2

cos(
),(),(ˆ

22

22

)2/1(





 



ii

ii

ee

ee
DRU . 

 
The eigenkets n  and n  are obtained as 

 























)
2

sin(

)
2

cos(
ˆ

2

2









i

i

e

e
zUn , 

 
and 

x

y

z

q

dq

f df

r

dr
r cosq

r sinq

r sinq df

rdq

èr

èf

èq
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






















)
2

cos(

)
2

sin(
ˆ

2

2









i

i

e

e
zUn . 

 
We note that 
 

zUzU  ˆˆˆn  zzUU  ˆˆˆ
n , 

 
nnn ̂ , 

 

nnn  UU ˆˆ̂  zzUU  ˆˆˆ
n , 

 













10

01ˆˆˆ UU n . 

 
(b) Another method 
The above formula can be derived without Mathematica. 
 

  )ˆ( nσ . 

 
Since 1)ˆ( 2


nσ , 

 
 22 )ˆ()ˆ(  nσnσ , (eigenvalue problem) 

 
We get 2 = 1, or  = ±1. 
 
Thus 
 

nnnσ  )ˆ( , 

 
nnnσ  )ˆ( , 

 




























21

11

2221

1211

0

1ˆ
U

U

UU

UU
zUn , 

 




























22

12

2221

1211

1

0ˆ
U

U

UU

UU
zUn , 
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where 
 

U11
* U21

*

U12
* U22

*











U11 U12

U21 U22











1 0

0 1









. 

 
(i) Derivation of the eigenket n  

 
cos sinei

sinei cos











U11

U21











U11

U21









, 

 
or 
 

cosU11  sineiU21  U11 , 
 

sineiU11  cosU21  U21 , 
 
or 
 

111121 2
tan

)cos1(

sin
UeU

e
U i

i


 






 . 

 
Since  
 

1
2

21

2

11  UU ,   (normalization) 

 
we get 
 

2
cos22

11


U . 

 
When we choose 
 

2
cos2

11


i

eU


 , 

 
we have 
 

2
sin2

21


i

eU  . 

 
(ii) Derivation of the eigenket n  
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cos sinei

sinei cos











U12

U22









 

U12

U22









, 

 

122212 sincos UUeU i    , 
 

222212 cossin UUUei    , 
 

121222 )
2

cot(
sin

)cos1(
UeU

e
U i

i


 






 . 

 
Since  
 

1
2

22

2

12  UU ,   (normalization), 

 
we get 
 

)
2

(cos22

22


U . 

 
When we choose 
 

2
cos2

22


i

eU  , 

 
we have 
 

2
sin2

12


i

eU


 . 

 
(c) Special case for  = 0. 

We consider the special case when  = 0. 
 


















)

2
sin(

)
2

cos(





n , 

 
and 
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
















)
2

cos(

)
2

sin(





n . 

 
When 0 , we have  
 











0

1
z , 










1

0
z . 

 
When 2/  , 
 











1

1

2

1
x , 




















1

1

2

1
1

1

2

1
x . 

 
This expression of x  is different from the conventional expression of x  only for the sign. 

So we may use the expression of n  as 

 




















)
2

cos(

)
2

sin(





n . 

 
25. Derivation of the eigenkets in each SG configuration from the above formula 
(i) SGx experiment: 

 = /2 and = 0. 
 





















2
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

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






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






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1
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x . 

 
The eigenket of x  thus obtained is different from the conventional eigenket 

 




















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1
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1

x , 

 
except for the phase factor exp(i)=-1. 
 
(ii) SGy experiment: 
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 = /2 and = /2. 
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e
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
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. 

 
The eigenket of y  is different from the conventional y  except for the phase factor 4/ie . 

The eigenket of y  is different from the conventional y  except for the phase factor (- 4/ie ). 

 
26. SG Thinking experiment (gedanken experiment) 
(1) Experiment 
 

 
 
______________________________________________________________________ 
(2) Experiment 
 

 
 
______________________________________________________________________ 
(3) Experiment 
 

SG-z

+>z

->z

SG-z

+>z

SG-z

+>z

->z

SG-x

+>x

->x
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Analysis of experiment-3 
 


















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
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1

x . 

 
The probability: 
 

2

122

1  xzzxP , 

 

2

122

2  xzzxP , 

 

2

12

3  xzP , 

 

2

12

4  xzP . 

 
The expectation value: 
 

0

2

1
2

1
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2

1

2

1

2







































zS , 

 
or 
 

0)
2

(
2 43  PPSz


, 

 

SG-z
+>z

->z

SG-x
+>x

->x

SG-z
+>z

->z
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4
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2 





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


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




















zS , 

 
or 
 

444

2

4

2

3

2
2 

 PPSz , 

 

.
4

2
222 
 zzz SSS  

 
________________________________________________________________________ 
(4) Experiment 
 

 
 
_______________________________________________________________________ 
(5) Experiment 
 

 
 
_______________________________________________________________________ 
(6) Experiment 
 

 
 
Analysis of experiment-6 

SG-x

+>x

->x

SG-y

+> y

-> y

SG-n

f=0

+>n

->n

SG-z

+>z

->z

SG-n

f=0

+>n

->n

SG-x

+>x

->x
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

















2
sin

2
cos





n , 


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
















2

1
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x ,  











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








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1

x , 
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2
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2

1

2

1 
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












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








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2
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The probability; 
 

)sin1(
4

1
)

2
sin

2
(cos

4

1 22


 nxP x , 

 

)sin1(
4

1
)

2
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2
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4

1 22


 nxP x . 

 
The expectation value: 
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or 
 

sin
2

)
2

(
2


  xxx PPS , 
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
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
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 nn zz SS

 

 
________________________________________________________________________ 
27. Rotation operator and angular momentum 

The relation between the rotation operator and angular momentum in detail will be discussed 
later  in new topics. We assume that 
 

 dJ
i

dRU zz
ˆ1̂)(ˆˆ


 ,  (infinitesimal rotation operator) 

 

where zĴ  is the angular momentum (in the unit of ħ), 
 

 dJ
i

dR zz
  ˆ1̂)(ˆ


, 

 
where 
 

*ii  , 
 

  ABBA ˆˆ)ˆˆ( , 
 

  
 zzz JiiJJi ˆˆˆ . 

 
Here we note that 
 

1̂)())ˆˆ(1̂

)ˆ1̂)(ˆ1̂()ˆ)(ˆˆˆ

2 











dOdJJ
i

dJ
i

dJ
i

dRdRUU

zz

zzzz



  

 
leading to the relation 
 

zz JJ ˆˆ  .  ( zĴ  is a Hermitian operator) 
 

Suppose that 
N

d
    (N  ∞), 
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)ˆ1
exp()ˆ1̂(lim

)](ˆ).....(ˆ)(ˆ)(ˆ[lim)(ˆ




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N
R

N
R

N
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N
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




 

 
((Note)) 
 

e
N

N

N



)

1
1(lim ,  (from the definition of e). 

 
aaN

N

N

N
e

NN

a



])

'

1
1[(lim)1(lim '

'
, 

 
where 
 

a

N
N ' . 

 
28. Eigenstate and eigenvalues 

We start with 
 

zezJ
i

zR
i

zz 


2)ˆexp()(ˆ





, 

 

where 2


i

e


 is the phase factor. 
 

zezdR
d

i

z 


2)(ˆ


 . 

 
Using the Taylor expansion, we get 
 

zd
i

zdJ
i

z  )
2

1()ˆ1̂( 


. 

 
Then we have 

f
0 fDf=

f
N
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zzJ z 
2

ˆ 
.  (Eigenvalue problem). 

 
Similarly, we have 
 

zezR
i

z  2)(ˆ


 , 

 
Using the Taylor expansion, we get 
 

zd
i

zdJ
i

z  )
2

1()ˆ1̂( 


. 

 
Then we have 
 

zzJ z 
2

ˆ 
.  (Eigenvalue problem). 

 

29. Calculation of 
xzR )(ˆ   
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When  = /2, 
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When  = 2, 
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z
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For  = , 
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30. Expression of the Pauli matrix x̂  under the basis of { z , z } 

 

xxJ x 
2

ˆ 
, xxJ x 

2
ˆ 

.  (1) 

 
where 
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









1

1

2

1
x ,  











1

1

2

1
x . 

 
Note that 
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Then we get 
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1
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2
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1
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22
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2
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. 

 

using Eq.(1). The matrix representation of xĴ  under the basis of { z , z }, is given by 

 


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

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
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01

10

22
ˆ 

xxJ  . 

 
______________________________________________________________________ 
31. Expression of the Pauli matrix y̂  under the basis of { z , z } 

 

yyJ y 
2

ˆ 
, , yyJ y 

2
ˆ 

  (1) 

 
where 
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Note that 
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i
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Then we get 
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using Eq.(1). The matrix representation of yĴ  under the basis of { z , z }, is given by 
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32. Commutation relation of the Pauli matrices 
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33. Formulation for the eigenvalue problem with 2 x 2 matrix 
We consider the eigenvalue problem such that 

 

111
ˆ aaaA  ,  222

ˆ aaaA  , 

 

where 1a  is the eigenket of Â  with the eigenvalue a1, and 2a  is the eigenket of Â  with the 

eigenvalue a2. Note that 
 

ijijiiji aaaaaAa ˆ   (diagonal) 

 
Suppose we have the matrix A under the basis of { 1b  and 2b }. 
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In the eigenvalue problem, we need to find the unitary operator Û  such that 
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








*
22

*
12

*
21

*
11ˆ

UU

UU
U . 



72 
 

 
The condition for the unitary operator 
 











































10

01

ˆˆ

22
*

2212
*

1221
*

2211
*

12

22
*

2112
*

1121
*

2111
*

11

2221

1211

*
22

*
12

*
21

*
11

UUUUUUUU

UUUUUUUU

UU

UU

UU

UU
UU

 

 
The orthogonality of 1a  and 2a ; 

 

0)( 21
*

2211
*

12
21

11*
22

*
1212 








 UUUU

U

U
UUaa . 

 
The normalization of 1a  and 2a ; 

 

1)( 21
*

2111
*

11
21

11*
21

*
1111 








 UUUU

U

U
UUaa , 

 

1)( 22
*

2212
*

12
22

12*
22

*
1222 








 UUUU

U

U
UUaa . 

 
Note that 
 

ijijiji abUAUbaAa   ˆˆˆˆ , 

 
or 
 




































2

1

2221

1211

2121

1211

*
22

*
12

*
12

*
11

0

0ˆˆˆ
a

a

UU

UU

AA

AA

UU

UU
UAU . 

__________________________________________________________________________ 

34. Matrix representation of zŜ  under the basis of { x and x } 

Eigenvalue problem: 
 

xxSx 
2

ˆ 
, xxSx 

2
ˆ 

. 
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We define the unitary operator such that 
 




























21

11

2221

1211

0

1ˆ
U

U

UU

UU
zUx , 

 




























22

12

2221

1211

1

0ˆ
U

U

UU

UU
Ux . 

 

The matrix representation of xŜ  is given by 

 











01

10

2
ˆ 

xS , 

 
under the basis of { z  and z }. Then the eigenvalue problem is as follows. 

 
(a)  = 1 (eigenvalue) 
 



























21

11

21

11

201

10

2 U

U

U

U 
, 

 
or 
 


















1

1

2

1

21

11

U

U
, 

 
(b)  = -1 (eigenvalue) 
 



























22

12

22

12

201

10

2 U

U

U

U 
, 

 
or 
 



















1

1

2

1

21

11

U

U
. 

 
Then we have the unitary operator (matrix form) 
 












11

11

2

1
Û , 












11

11

2

1
Û . 
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









1

1

2

1ˆ zUx , 










1

1

2

1ˆ zUx . 

 
Since 
 

 Uzx ˆ ,  and  Uzx ˆ , 

 
we get 
 

zUSUzxSx zz   ˆˆˆˆ . 

 

The matrix representation of zŜ  under the basis of { x and x } is given by 

 






























































01

10

2

11

11

11

11

4

11

11

2

1

10

01

211

11

2

1ˆˆˆ






USU z

 

_____________________________________________________________________ 

35. Matrix presentation of yŜ  and zŜ under the basis of { y  and y } 

Eigenvalue problem: 
 

yyS y 
2

ˆ 
, yyS y 

2
ˆ 

. 

 
We define the unitary operator such that 
 




























21

11

2221

1211

0

1ˆ
U

U

UU

UU
zUy , 

 




























22

12

2221

1211

1

0ˆ
U

U

UU

UU
zUy . 

 

The matrix representation of yŜ  is given by 

 








 


0

0

2
ˆ

i

i
S y


, 

 



75 
 

under the basis of { z  and z }. Then the eigenvalue problem is as follows. 

 
(a)  = 1 (eigenvalue) 
 

























 

21

11

21

11

20

0

2 U

U

U

U

i

i 
, 

 
or 
 


















iU

U 1

2

1

21

11 . 

 
(b)  = -1 (eigenvalue) 
 



























22

12

22

12

201

10

2 U

U

U

U 
, 

 
or 
 



















iU

U 1

2

1

22

12 . 

 
Then we have the unitary operator (matrix form) as 
 












ii

U
11

2

1ˆ , 






 


i

i
U

1

1

2

1ˆ , 

 











i
Uy

1

2

1ˆ , 










i

Uy
1

2

1ˆ , 

 


























 


10

0111

2

1

1

1

2

1ˆˆ
iii

i
UU . 

 

The matrix yŜ  under the basis of { y  and y } is given by 
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


















 







 


















 







 


10

01

2

11

1

1

4

11

2

1

0

0

21

1

2

1ˆˆˆ







iii

i

iii

i

i

i
USU y

 

 

The matrix xŜ  under the basis of { y  and y } is given by 

 



























 



























 


01

10

2

11

1

1

4

11

2

1

10

01

21

1

2

1ˆˆˆ







iii

i

iii

i
USU z

 
 
36. The Vector operator under the rotation 

Consider a rotation by a finite angle  about the z axis. 
 

 )(ˆ' zR . 

 

Let us calculate the expectation value of the spin operators xŜ , yŜ , and zŜ  

 

 )(ˆˆ)(ˆ'ˆ' zizi RSRS  , 

 

)sinˆcosˆ(
2

)
2

exp(ˆ)
2

ˆ
exp(

2
)(ˆˆ)(ˆ  yx

z
x

z
zxz

ii
RSR  

, 

 

)cosˆsinˆ(
2

)
2

ˆ
exp(ˆ)

2

ˆ
exp(

2
)(ˆˆ)(ˆ  yx

z
y

z
zyz

ii
RSR  

, 

 

z
z

z
z

zzz

ii
RSR  ˆ

2
)

2

ˆ
exp(ˆ)

2

ˆ
exp(

2
)(ˆˆ)(ˆ 

 . 

 
Here we use the following theorem. 
 
The operator 
 

)ˆexp(ˆ)ˆexp()( xABxAxf   
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can be expanded as 
 

...]]]ˆ,ˆ[,ˆ[,ˆ[
!3

]]ˆ,ˆ[,ˆ[
!2

]ˆ,ˆ[
!1

ˆ)ˆexp(ˆ)ˆexp()(
32

 BAAA
x

BAA
x

BA
x

BxABxAxf  

 

2

i
x  , zA ̂ˆ  , yA ̂ˆ  . 

 
Thus we have 
 

 yxyxx SSSSS ˆsinˆcossinˆcosˆ'ˆ'  , 

 
Similarly 
 

 yxy SSS ˆcosˆsin'ˆ'  , 

 

 zz SS ˆ'ˆ'  . 

 
Note that 
 















 


100

0cossin

0sincos

)( 


z , 

 

 
j

jijj
j

iji SSS  ˆˆ'ˆ' . 

 
In general for any vector operators, we have 
 

 
j

jiji AA  ˆ'ˆ' . 

____________________________________________________________________________ 
APPENDIX 2D rotation matrix 

Suppose that the vector r is rotated through  (counter-clock wise) around the z axis. The 
position vector r is changed into r' in the same orthogonal basis {e1, e2}. 
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In this Fig, we have 
 




sin'

cos'

21

11




ee

ee
, 




cos'

sin'

22

12




ee

ee
. 

 
We define r and r' as 
 

''''' 22112211 eeeer xxxx  , 

 
and 
 

2211 eer xx  . 

 
Using the relation 
 

)''()''('

)''()''('

22112221122

22111221111

eeeeeere

eeeeeere

xxxx

xxxx




 

 
we have 
 




cossin)''('

sincos)''('

21221122

21221111

xxxxx

xxxxx




eee

eee
 

 
or 
 

x1

x2x1

x

y

x2

e1

e2 r

r'

e1'

e2'

f
f
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














 



















2

1

2

1

2

1

cossin

sincos
)(

'

'

x

x

x

x

x

x




 . 

 
___________________________________________________________________________ 
APPENDIX II Rotation operator for spin 1/2 (this will be discussed later chapter) 

(a) Calculate the rotation operator   )ˆ
2

exp()
ˆ

exp(ˆ  z
z

z

iSi
R 


, which rotates the ket 

counterclockwise by angle  around the z axis. 

(b) Calculate the rotation operator   )ˆ
2

exp()
ˆ

exp(ˆ  x
x

x

iSi
R 


, which rotates the ket 

counterclockwise by angle  around the x axis. 

(c) Calculate the rotation operator   )ˆ
2

exp()
ˆ

exp(ˆ  y
y

y

iSi
R 


, which rotates the 

ket counterclockwise by angle  around the y axis. 
(d) Calculate the rotation operator defined by 
 

)(ˆ)(ˆ  yz RR . 

 
(e) Find the expressions for the state vectors zRR yz  )(ˆ)(ˆ n  and 

zRR yz  )(ˆ)(ˆ n , where the unit vector n  is given by 

 

zyx eeen  cossinsincossin  . 

 
((Solution)) 
(a) 
 

)ˆ
2

exp()ˆexp()(ˆ  zzz

i
J

i
R 


, 

 

zez
i

zR
i

zz 
 

 2)ˆ
2

exp()(ˆ , 

 

zez
i

zR
i

zz 


 2)ˆ
2

exp()(ˆ , 

 
or 
 























2

2

0

0)(ˆ
i

i

z

e

eR . 
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(b) 
 

)ˆ
2

exp()ˆexp()(ˆ  xxx

i
J

i
R 


. 

 
Here we note that 
 

)(
2

1
zzx    )(

2

1
zzx  . 

 
Then 
 

)(
2

1
xxz  , )(

2

1
xxz  , 

 

ziz

zzezze

xexe

xx
i

z
i

zR

ii

ii

x

xx















2
sin

2
cos

)]()([
2

1

][
2

1

))(ˆ
2

exp(
2

1

)ˆ
2

exp()(ˆ

22

22










 

 

zzi

zzezze

xexe

xx
i

z
i

zR

ii

ii

x

xx















2
cos

2
sin

)]()([
2

1

][
2

1

))(ˆ
2

exp(
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((Method II)) The use of formula for the rotation operator 

We use the formula for the rotation operator given by 
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((Method-III)) The use of unitary operator 
Since 
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