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The existence of a spin magnetic moment for the electron was first demonstrated in 1921 in a
classic experiment performed by Otto Stern and Walter Gerlach. The Stern—Gerlach experiment
was originally assumed to demonstrate the space quantization of the orbital magnetic moment
associated with the orbital motion of electrons in silver atoms. In their experiment, a beam of
silver atoms was passed through a non-uniform magnetic field along the z axis. Such a non-
uniform field exerts a force on any magnetic moment, so that each atom is deflected by an
amount governed by the orientation of its magnetic moment (the z-axis). So the silver atomic
beam should split into a number of discrete components. Experimentally the silver atomic beam
was clearly split—but into only two components, not the odd number (2/+1) which is expected
from the space quantization of orbital magnetic moments. It was realized that silver atoms in
their ground state has no orbital angular momentum (/ = 0) with s state. In 1927, T. E. Phipps and
J. B. Taylor had the same experiment with a beam of hydrogen atoms replacing silver, where the
ground state has no orbital angular momentum. The result for hydrogen atom was the same as
that by Stern and Gerlach for silver atom. From these experiments, it was concluded that there is
some contribution to the spin magnetic moment other than the orbital motion of electrons. The
origin of the spin magnetic moment is due to the spinning motion of electrons. The spin angular
momentum obeys the same quantization rules as orbital angular momentum.

In conclusion, the magnetic moment observed in the Stern—Gerlach experiment is attributed
to the spin of the outermost electron in silver. Because all allowed orientations of the spin
moment should be represented in the atomic beam, the observed splitting presents a dramatic
confirmation of space quantization as applied to electron spin, with the number of components
(2s + 1 =2) indicating the value of the spin quantum number s (= '%).

Here we discuss the Stern-Gerlach experiment which is a simple experiment that
demonstrates the basic principles of quantum mechanics. The measurement of the Stern-Gerlach
experiment is equivalent to solving the eigenvalue problems of spin matrices. For simplicity, we
use the Dirac notation.

1. Fundamentals
A. Angular momentum and magnetic momentum of one electron
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Fig. Orbital (circular) motion of electron with mass m and a charge —e. The direction of orbital
angular momentum L is perpendicular to the plane of the motion (x-y plane).

The orbital angular momentum of an electron (charge —e and mass m) L is defined by
L=rxp=rx(mv), or L =mvr. (1)

According to the de Broglie relation, we have

pQmr) = %2727/ =nh, (2)

where p (= mv) is the momentum ( p :%), n is integer, & is the Planck constant, and A is the

wavelength.
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Fig. Acceptable wave on the ring (circular orbit). The circumference should be equal to the
integer n (=1, 2, 3,...) times the de Broglie wavelength A. The picture of fitting the de
Broglie waves onto a circle makes clear the reason why the orbital angular momentum
is quantized. Only integral numbers of wavelengths can be fitted. Otherwise, there
would be destructive interference between waves on successive cycles of the ring.

Then the angular momentum L, is described by

Lz:pr:mw’:ﬂ:nh. 3)
2r

The magnetic moment of the electron is given by

1
Ile = ;IHA > (4)

where c¢ is the velocity of light, 4 = 7 is the area of the electron orbit, and I is the current due
to the circular motion of the electron. Note that the direction of the current is opposite to that of
the velocity because of the negative charge of the electron. The current /y is given by

e e ev
[,=——=— = , 5
¢ T mr/v) 2 ©®)

where T is the period of the circular motion. Then the magnetic moment is derived as

1 evr e eh L Y7,
=] A=—-=—— [ =—— = =""LB] (¢>0), 6
Hs ¢’ 2c 2me 2mc h h : ( ) ©)
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where up (Zi) is the Bohr magneton.
2mc

g =9.27400915 x 10! emu (emu=erg/Oe).

Since L_=nh, the magnitude of orbital magnetic moment is np. The spin magnetic moment is
given by

2
”S:_ ;;Bsa (7)

where § is the spin angular momentum. In quantum mechanics, the above equation is described
by

. 21, &
=g, (8)

using operators (Dirac). When S :g&, we have [t =—u,0 . The spin angular momentum is

described by the Pauli matrices (operators)

S,=-0,,8,=-0,8. =

6. ©)

N | St
N | St
N | St

Using the basis,

|+z>=@,

|—z>:®. (10)

we have
R 0 1) . 0 —i) . 1 0 an
= ,O. = ,0, = )
g 1 0 7 i 0 0 -1

The commutation relations are valid;

[6.,6,1=2i6.,[6,,6.1=2i6., [6.,6,]=2i6,. (12)

B. Magnetic moment of atom



We consider an isolated atom with incomplete shell of electrons. The orbital angular
momentum L and spin angular momentum § are given by

L=L+L,+L,+.., §=8+8,+8,+... (13)
The total angular momentum J is defined by
J=L+S. (14)
The total magnetic moment g is given by
__Hp
The Land¢ g-factor is defined by
==, (16)

where

Fig. Basic classical vector model of orbital angular momentum (L), spin angular momentum
(8), orbital magnetic moment (44 ), and spin magnetic moment (us). J (= L +8) is the

total angular momentum. g is the component of the total magnetic moment (L + k)
along the direction (-J).



Suppose that
L=aJ+L and S=bJ+S, (17)

where a and b are constants, and the vectors S, and L, are perpendicular to J.
Here we have the relation a+b =1, and L, +§, =0. The values of a and b are determined
as follows.

J-L J-S

a="7 b= (18)
Here we note that

JoS=(L+8)S=§1L.5=§ ) L8 _J-L+8
or

JSzi:%;gi:§{KJHy1@+D+ﬂSHﬂ, (20)

using the average in quantum mechanics. The total magnetic moment y is
__MHp __Hp
,u——7(L+2S)——7[(a+2b)J+(LL+ZSL)]. (21)

Thus we have

u, =L (a+2b) T =-LE 1+ by =-5H 5 (22)
h h h
with
g,:1+b:1+J'ZS:§+S(S+1)_L(L+l). 23)
J 2 2J(J +1)
((Note))
The spin component is given by
S=bJ+S, =(g,-)J+S,, (24)

with b = g, —1. The de Gennes factor is defined by



%:(& 1)’ J(J +1). (25)

In ions with strong spin-orbit coupling the spin is not a good quantum number, but rather the
total angular momentum , J = L+S. The spin operator is described by

S=(g,-)J. (26)

D Stern-Gerlach (SG) experiment

We consider the Stern-Gerlach experiment, which provides a direct evidence of the
quantization of magnetic moment and angular momentum. One way of measuring the angular
momentum is by means of a Stern-Gerlach experiment. Suppose that we want to measure the
angular momentum of the electrons in a given type of atom. A beam of these atoms is prepared
by evaporation from the solid, and passing the evaporated atoms through a set of collimating slits.
This beam then enters a region in which there is an inhomogeneous magnetic field that is normal
to the direction of motion of atoms. The apparatus is shown schematically in Fig. The angular
magnetic moment is related to the orbital angular momentum as

e

ﬂL:_ L7

2mce

where e>0. In an inhomogeneous magnetic field, we have an interaction energy called the
Zeeman energy,

V=-u, B.
The atoms experience a force given by
F=-VV=-V(-p, -B)=V(u, B).

We consider the case when the magnetic field B = B_e_is applied along the z axis. Then we have
the force along the z axis,

o_, OB __eh L OB _
= = Mz oz 2mc h Oz

OB,
0z

LZ
_/JB; >
where u, (=eh/2mc)is the Bohr magneton. Thus, each atom experiences a force which is

proportional to the z component of the orbital angular momentum. The beam is collected some
distance from the magnet at a point that is far enough away so that atoms of different L. is
separated. By measuring the deflection one can calculate L..

L.

l,m>:mh

l,m>,



where m = -/, -I+1,..., [.

The experiment can also be used to reveal the existence of electron spin. For example, if we
send a beam of hydrogen atoms in their ground state, the beam split into two parts. Note that the
spin magnetic moment is related to the spin angular momentum as

S
M5 =24 P

where g is the spin magnetic moment and S (= EG ) is the spin angular momentum, and

§Z+z>:§|+z>, §Z—z>=—§|—z>.
Classical
prediction What was

Silver atoms
actually observed

N

’ Q Furnace

Inhomogeneous
magnetic field

http://en.wikipedia.org/wiki/Stern%E2%80%93Gerlach_experiment

Fig. Stern-Gerlach (SG) apparatus. A beam of particles with magnetic moment enters the
inhomogeneous magnetic field. Classically, the beam is expected to fan out and a
produce a continuous trace. In fact, the atomic beam is split into two beams, indicating
that the magnetic moments of the atoms are quantized to two orientations in space.
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Fig. Schematic diagram for the Stern-Gerlach experiment in the presence of a magnetic field
along the z axis.

3 Stern-Gerlach for S = 1/2 with the magnetic field along the 7 axis
Spin angular momentum is related to the Pauli matrices as

Sx = O-x’ Sy: z z

N | St
v |

. 5~ ho.
o, S ZEO'
The eigenkets of S’Z are given by

1 0 .
+z)= 5 —Z)= € column vector, 2 X 1 matrix
|+2) [OJ |- z) [J (the col tor, 2 x 1 matrix)

The Pauli matrices are defined as

The commutation relations

[6.,6,]1=2i6 [6,,6.]1=2i6.,  [6.,6,]1=2i6,.

z y

SG, stands for an apparatus with the inhomogeneous magnetic field along the z direction. We

B . . .
assume that 9B, >(0. The atom with u, > 0 (S, < 0) experiences a downward force, while the
zZ

atom with u, <0 (S,> 0) experiences a upward force, where the force F, along the z axis is given
by

10



F =2 z £
z B h a
where
S
”:_2/13%’

where g is the Bohr magneton, and the magnetic moment u is antiparallel to the spin angular
momentum S.

The beam is then expected to get slit according to the values of ¢ (or S,). In other words, the SG
apparatus measures the z-component of u, or equivalently, the z-component of S.

$J+2)=2lrz)=2]+2), or  6|+z)=|+z).

3 Py =_T 512\ = |

SZ—>Z—EGZ—Z>— 5 z>, or o z> | z>.
where

A0 el o)

We use the Dirac notation; the ket vector and the bra vector.

|+ z>, - z> (the ket vectors, we use these as basis)
<+ z| =(1 0), <— z| =(0 1) (the bra vector, the row vector, 1 x 2 matrix)

The denotations of bra and ket vectors are from the words, “bra(c)ket.

((Note))

11



The notations of kets for the eigenstates of S, S;, and § are different for different standard

textbooks of quantum mechanics. Here we use the notations used by Townsend.

Townsend Sakurai McinTyre
[+2) [+) [+)
-2) - -

[+x) S.5%) [+),
=) S.7) =),
[+5) 5,54) [+,
|_y> ‘Sy;_> |_>y
[+n) At [+,
= n) =) ),
4. Eigenvalue and eigenkets: &
[+>,
- SG-z
|_>z
.
The eigenkets:
6‘Z+Z>=|+z>, 6‘Z—z>:—|—z>

with

12



ooy 1o

We note that

L L o

(a) The inner product

UZ

1 00 0
We define the inner product as

(+z]+z)=(1 o)"(éj:@ o)((l)}l,
(—z|+z)=(0 1)"@]:(0 1)@:0,
(-z|]-2z)=(0 1)“‘@:(0 1)@:1

(b) The Closure relation (completeness)

|+Z><+z|=[éj(1 0)=[(1) ﬁj |—Z><‘Z|:((1)j(° 1):(8 (1))

Thus we have
I 0 0 0 1 0) - ) . .
|+ 2)(+ 2|+ |- z){~z| = (0 Oj + (O 1] = (0 J =1, (identity matrix)

(d) Spin operator 52

The operator S‘z can be written as

13



SZ = §Z(|+ z><+ z| +|—z><—z|)

S R 1

(e) The rotation matrix

The rotation matrix is defined by

-2 cosg—ising 0
exp(—ié'zg){e ’ 09] 2 2 :icosg—isingé'z
0 2 0 Ccos—+isin—
¢ 2 2
S. Probability, average value, and uncertainty

Suppose that the state of the system before entering the SG-z device is given by the
superposition of |+ z) and |- z),

=al2)+ a-2)=( )

where & and Bare complex numbers, and
o] +|B" =1.
(r ol =afe o 2)+ B ) =a
(mzly)=al-zl+2)+ B{-z|-2)= 8.

The state is normalized such that the inner product is equal to 1;

ly=1=la 5[5 |aa g laf 415 -1,

where

wl=a'(+2l+ 5 (~2[=la" 5),

14



where “*” denotes the complex conjugate; (1+i) =1—i.

* *
Y .

Wla)=a'={rzly).  {yl-2)=p"=(-zy)

(a) Probability

The probability of finding the system in the state |+ z> is defined by

2
s

P= ) =l

since

(+z|w)=(1 o)@za.

The probability of finding the system in the state |— z> is defined by

2
s

P =|~zly) =Ip

since

(—2l)=(0 1)@%.

(b) Expectation value <l//|§z|l//> = <$’Z>

The expectation value (average value) is given by

R . .1 O h, 2
vty 5],

15
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This form can be also derived from

iy h oy Ry e Ry
WlSly) =3P+ P =l S Al

Sl)

& 2
Sz

v)—(w

(¢)  Uncertainty AS_ = \/ (v

z

S‘,Z

z

. 1 0 e e
R W AR

(w

since

§2_h_21 0Y1 o_ﬁlo_ﬁi
410 -1)\o -1/ 4{0 1) 4

<t//|§zz| l//> can be also determined from

hZ
4

$2) =G+ (<27 P =" (el +[) =

(w

Then the uncertainty AS_ is obtained as

AS. = w3l )-(w S lv)’
= 1= |y
=2 Ja=laf +16)0 +[af ~|)

h 2| 2
=S\ 4el 1A =Hlap

16



5. Stern-Gerlach for S = 1/2 with the magnetic field along the x axis

Here we discuss the expression for |ir x>

+ x> = J_r|J_r x> , (eigenvalue problem)

This matrix form of & will be derived later.

1
#5)= 2 =75 2h+]-2).
NG
1

-9 B =,

V2

The bra vector (the row vector)

e c o e

The closure relation:

=210 -2} 1)

17



Then we have

|+x><+x|+|—x><—x|:%[i D%[_ll ‘11}((1) ‘l)j:i.

6. Eigenvalue and eigenkets: 6

The eigenkets:

G|+ x)=|+x), G|~ x)=—-x).
Note that
obi={y oflo )50 o))+

The operator S’X is expressed by

18

(eigenvalue problem)



S’X = §x(|+x><+ x| +|—x><—x|)

=) x| )

The rotation matrix is given by

A

exp(—io,

A

o,.

oD

cos— —isin—
)= 92 :lcosg—ising
—isin— cos— 2 2

2 2

((Eigenvalue problem))

0 oi)o)+

Thus |+ z> and |— z> are not the eigenkets of & . However, we ahve
1

N (|+z)+]-z)) :%(h z)+|-z))  (eigenvalue +1)

&X%(H z>—|—z>):—%(|+z>—|—z>) (eigenvalue -1)

This means that

) ==e)el-z).  |-x)=m(e2)-]-2).

19



((Probability and expectation))

Suppose that the state of the system before entering the SG-x device is given by the
superposition of |+z> and |—z>,

a
= —+ + — = ,
W)=aie 2+ -2) (5]
where o and £ are complex numbers, and

lof +|8 =1.

The probability of finding the system in the state |+ x> is defined by

P, =|fe sl
St
— (@ pa’ )
—(af +|ff +a prap)

since

1

(+aly)=7=(0 1){2} =%(0{ +B).

The probability of finding the system in the state |— x> is defined by

20



P =[(=xly)
Sl
=—(a Ba - p)
=5<|a| +|[ —a” p-ap’)

since

1

)= 0 1[5y

The expectation value <W|§x|t//> is

(w|S.|w)=(a' ﬂ*{? (1)](;]

—a f+af

This expectation value can be also obtained as

A 7] 7]
(w|S|w) :EP+ + (_E)P‘
= af +|p +aprap) =Sl |57 o p-ap)
L@ prap)
Note that

21



& 2
Sx

B o B
V)= P+ ()P

hZ
T4

(w

The uncertainty is evaluated as

AS. = %Jl (& B+af’)

7. Eigenvalue and eigenkets: &
[+>
>
SG-
- y I->,
=
. 0 —i
o, = .
i 0
The eigenkets:
&y|+ y> = |+ y> , &y|— y> = —|— y> , (eigenvalue problem)

with

Note that

22



Then we have
1(1 =iy 11 &) (1 0 .
|+y><+y|+|—y><-y|—5(l- 1]*5(_,- J‘(o J‘l'

The operator Sy is expressed by

S, =S, (+ )+ y[+|-¥)-¥)

h .
=S () y[==2)=2D
The rotation matrix is given by

23



0
cos— —sin—

exp(—ig, —) = o 02 = lcosg —isin i g,
sin—  cos—
2 2

((Eigenvalue problem))

oo ()
o e

Thus |+ z> and |— z> are not the eigenkets of & . However, we ahve

\/_ |+z>+z| z> \/_(|+z>+i|—z>), (eigenvalue +1)

! (| + z> - i| - z>) , (eigenvalue -1)

6,2} -2 ==

This means that

1 .
)=+ 2) -2,

=)=z +2)--2).
((Probability and expectation))

24



Suppose that the state of the system before entering the SG-y device is given by the
superposition of |+ z> and |—z>,

a

=al+z)+f|-z)= :

W)=afs2)+-3)=( )
where o and £ are complex numbers, and

o] +|B" =1.

The probability of finding the system in the state |+ y> is defined by

P =[(+ y|y)f
—fa-ipf
=%(a —iB)a’ +if)

=%(|a|2 +|B] —ia’ p+iopf’)

since

<+y|w>=i2(1 —i){;}%(a—iﬂ)-

The probability of finding the system in the state |— y> is defined by

=§(a vi)a ~if")

:%(|a|2 + 4" +ia" p-iep’)

25



since

(= |y =L2(1 l)(;] =%(a +if).

The expectation value <1// 3‘x

1//> is

w-ge 2} ;)

R N—ip
_E(a ﬂ{iaj

~i-a'prap)
This expectation value can be also obtained as

A h h
(w|S,|w) = PP
=Sl +1gf —ic piap )= ol |6 10’ p-iap)

=i§<—a*ﬁ+aﬂ*)

8. Properties of Pauli matrix
The Pauli matrices are defined as



(a) Commutation relations

A2 A2 A2
O, =0, =03;.

Solution: see any textbook for the solution.

(b)
Tr(&l):Tr(&z):Tr(&3):Oa

det(6,) = det(6,) = det(6,) = -1

27



where Tr denotes a trace and det denotes a determinant.

(©)

For two arbitrary vectors A and B,
(6-A)6-B)=(A-B)l+i6-(AxB).
where

A=(A4,,4,,4,) and B=(B,,B,,B,).

(d) ((Mathematica)) Schaum's problem 7-11

Clear["Global "+"]; << "VectorAnalysis™";

expr_* := expr /. {Complex[a_, b_] = Complex[a, -b]}

ox = {{0, 1}, {1, O}}; oy = {{0, -4}, {&, O}}; oz = {{1, O}, {O, -1}}; Il = {{1, O}, {O, 1}}
{{1, 0}, {0, 1}}

TA = oX AX + oy Ay + 0z Az
{{Az, AX-1 Ay}, {AX+1 Ay, -Az}}

TB = ox BX + oy By + 0z Bz
{{Bz, Bx-1By}, {Bx+1By, -Bz}}

eql = FA.fB // Expand // Simplify

{{AX (Bx+1By) + Ay (-1 Bx+By) + AzBz, AzBx-1 AzBy - AxBz + i Ay Bz},
{-Az (Bx+ 1By) + (Ax+ 1 Ay) Bz, Ax (Bx-1By) + Ay (i Bx+By) + AzBz}}

A = {AX, Ay, Az}; B = {Bx, By, Bz}; AB = Cross[A, B]
{-AzBy + Ay Bz, Az Bx - Ax Bz, -Ay Bx + AX By}

0AB = oX AB[[1]] +oy AB[[2]] + 0z AB[[3]]:

eg2 =A.BIl + i cAB // Simplify

{{AX (Bx+1By) + Ay (-1 Bx+By) + AzBz, AzBx -1 AzBy - AxBz + i Ay Bz},
{-Az (Bx+ 1By) + (Ax+ 1 Ay) Bz, Ax (Bx-1By) + Ay (i Bx+By) + AzBz}}

eql -eq2
{{0, 0}, {0, O}}

(e)

When 4 = B = n (unit vector)

(6-n)6-n)=1.

28
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Suppose a 2x2 matrix X (not necessarily Hermitian, nor unitary) is

A A R R a,+a, a —lia, X, X,
X =ayl+o0a +0,a, +05a, = . = ,
a,tia, a,—a, Xy Xy

with
X,=a,+a,, X, =a,—ia,, X, =a,+ia,,and X,, =a,—a,.
We show that

Tr(l) =2, Tr(6,) = Tr(6,) = Tr(63) = 0
Tr(X) = 2a,

Tr(6,X) = 2a,

Tr(6,X) = 2a,

Tr(6,X) = 2a,

((Proof))
Tr(l) =2, Tr(,) = Tr(6,) = Tr(S;) =0,
Tr(X) = Tr(a,l + 6,a, + 6,a, + 65a,) = 2a,.

Using the relations

A

0,0, =—0,0, =i0,

A

0,0, =—0,0, =10,

29



A2 A2 A2
o, =0, =0,

Tr(6,X) =Tr6, (aoi +6,a, + 0,a, + 6,a;)]
=Tr(6,a, + 6a, + 6,6,a,+6,6,a,)
=Tr(6,a, + 6la, +i6,a,-i6,a;)

=2a,
Similarly, we have

Tr(6,X) = 2a,, Tr(6,X) =2a;,

LT X, + X,

_ T’”(é'r}%) _Xt X,

, a
0 2 2 : 2

Tr(6,X) —iX, +iX,,
T, T

I
:E(Xlz —X21),

((Mathematica))

30
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Clear["Global %"7];
SuperStar /: expr_* = expr /. {Complex[a , b ] :» Complex[a, -b]};

O'l: {{os l}’ {11 O}}; 02 = {{Os _j'}’ {j's O}}; 03= {{11 o}’ {01 _1}};
e={{11 O}s {Os l}}

{{11 O}s {01 l}}

X=ale+olal +o02a2+03a3; X // MatrixForm
a0+a3 al-1a2

al+1a2 a0-a3

{Tr[e]l, Triol], Tr[o2], Tr[o3]}

(2, 0, 0, 0}

{Tr[X], Tr[ol. X], Tr[o2. X], Tr[o3. X]}
{2a0, 2al, i (al-ia2) -1 (al+1a2), 2a3}

ol. X // MatrixForm

<a1+j1a2 aO—aS)
a0+a3 al-1ia2

o2.X // MatrixForm
(—J‘l (al+1a2) -i (a0-a3) )
i (a0 + a3) i (al-1ia2)

o3.X // MatrixForm

( a0 + a3 al—jlaZ)
-al-1a2 -a0+a3

9. Rotation operator

The rotation operator [rotation around the unit vector u in the 3D space by an angle ] is
ﬁu (a)= exp[—%(& ‘u)]= cos(%)i —i(6-u) sin(%)

((proof))
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Taylor expansion:

o a a
A ~ (_l 5) R (—l 5)2 i ) (_l E)3 A .
Ru(a)=1+ 1 (O"ll)+ ol (O"”) +T(O"u)
.a a a
- 5)4 5 4 - 5)5 A 5 (i 5)6 A 6
4! (G.u) + 51 (G'u) +T(O"l£) +.
Here we use
(6' . u)2 = llz =1
(6-A)6-B)=A-B+i6-(AxB)
which leads to
(6-u)" =1 for even n
(6-u)'=6-u for odd n
Then we have
o o o a a a
: GO RN GO NN GO R O NN GO NN GO}
Ria)=[1-—2—+2_ -2 Ji+[-2 -2 ;2
2! 4! 6! 1! 3! 5!

= coS(%)i —i(6-u) sin(%)

or
R (a) =cos(H)i -i(6 - w)sin(Z)
2 2
10. Rotation matrix (another derivation)
(a)

32
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since

ﬁz (6’)(| + z><+ z| + |— z><— z|) =exp(—io, g)d + Z><+ z| + |— Z><— Z|

= e_i9/2|+ z><+ Z| +ei9/2|—z><—z|

" 10 4ol 00
0 0 0 1
e

(b)

since
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f&x (49)(|+ x><+ x| + |— x><— x|) =exp(—io, g)(|+ x><+ x| + |— x><— x|

= e‘i9/2|+ x><+ x| + ei0/2|—x><—x|

:e-ia/zll 1_'_619/21 -1
2(1 1 2(-1 1

ei0/2 +e—i0/2 _(ei0/2 _e—i0/2)
- 2 , ,
_(610/2 _e—10/2) 610/2 +e—10/2
2 2
0 ..
COS— —1SIn—
__ 2 2

.. 0
—isin— cos—
2 2

where

(©)

34



ﬁAOM+yX+ﬂ+Pv%—yD=@®Gﬂﬁgxhyx+ﬂ+kvﬂ—y

_ -i0/2

= e y)(+ y]+ e = y) (- v

:eﬂ‘g/zll —1 +ei9/2l L
20 1 AGAN!

i0/2 —i6/2

. i0/2 -i0/2
e’ +e i(e” " —e''")
_ 2 2
.. 012 -i0/2 i0/2 -ig/2
(e =)y e +e!
2 2

0 .
cos— —sin—
2 2

.0
sin— cos—
2 2

where

lest=3Je =035 7))

|—y><—y|=%(_lij(l l'):%(_li ij

11.  Representation of rotation (general case)
Let the polar and the azimuthal angles that characterize n (the unit vector) be fand ¢,

respectively. We first rotate about the y axis by angle 8. We subsequently rotate by ¢ about the z
axis.
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e. >n:n=R_(HR (Oe.,

n=(sinfcos¢@,sin@sin@,cos ),

Iéz(¢)ZCOS(£)i—i&Zsin(ﬂ): et 0
2 I

0 .
cos— —sin—

jéy (9) = COS(g)i - lé'y Sin(—) = o J
2 2 sin— cos—

o 0 6 _ig 0
N . e—zf 0 COSE —smE e COSE
R.(P)R,(0)= 4 6 0 7|

0 e?)sin— COSE e2sinl

Thus
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((Note)) Relation between |+ n> and |— n>

In the notation of the ket vector |+ n> , we replace the variables, ¢ > 7 —-60,and ¢ > ¢+

_0)

We note that

Similarly we have
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Fig. Schematic diagram for the rotation process of |+n> = I%z (¢)I%y (6?)|+ z> and
|—n> = IAQZ (¢)IA€y (0)|—Z> during the rotation with angle @ around the y axis and rotation

with the angle ¢ around the z axis, sequantially.

12.  Eigenstates of the operator 6 -n
Here we show that IAQZ (¢)1§y(6’)|+z> and ﬁz (¢)I§y (49)|—z> are the eigenkets of the operator

o -n with the eigenvalues +1, and -1, respectively, by using the Mathematica. In other words, we
can say that

(6-mR.(P)R,(0)+z)=R.(H)R,(0)+2),

(6 MR(PR,(O)|-z)=—-R.(H)R,(0)-2).

where
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n = (sindcos@,sin @sin @,cos )
((Mathematica))

Clear["Global +"]; ¢yl = (é) TY2 = ((1)) :

ox = PauliMatrix[1]; oy = PauliMatrix[2] ;

oz = PauliMatrix[3]; Ry = MatrixExp[% oye] :

Rz = MatrixExp[% oz ¢>] ; R =Rz_.Ry;

nl = {Sin[e] Cos[¢], Sin[e] Sin[¢], Cos[e]};
on=0oxnl[[1]] + oynl[[2]] +0znl[[3]] // Simplify;
on.(R.y1) -R_.y1 // Simplify

{{0}, {0}}

on.(R.y2) + R.y2 // Simplify
{{0}, {0}}

13.  Example-1

Rotation around the y axis by the angle n/2: e, —>e, e, =R (%)ez
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14.

1 1 1
Rk 7P @: 2 |,
V2 2 V2

1 1
e A Ok s
5

1
V2 2
Example-2

Rotation around the x axis by the angle -n/2: e, >e e =R, (—%)ez
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y
0
»
1 & 1
RDpea)=| B V[ 2 1)
V2 2 V2
1 Ra
RCDpa=| 2 P ‘D: 21y,
V2 2 V2

15. Example-3
Rotation around the y axis by the angle n: e, —> —e_ :—e. =R (7)e

z
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16.

[e)

s, Y
{2

Example-4
Rotation around the y axis by the angle 2nn: e, > e e, =R (2nn)e,

R @)+ 2)= ((_é)n (_?),,J@ - [(_3)"] = -1+ ),
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. -1)" 0 0
ot {7 SIH e

We have a closure relation.
L+z>(+z|+{—z>(—z|=i
- - hi fi
S. =S, 2)(+ 2| +[=2)-2) = T+ o)+ 2 =S |- =)~

17. Eigenvalue problem-I: Stern-Gerlach for § = 1/2 with the magnetic field along the x
axis

' SG—x

Here we discuss the expression for |ir x>

+x)=4+x),

1

ex)=| P |2 le2)+ -2,
V2

V2]
9= 2 -2,
V2
((Mathematica))
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Clear["Global %"7];

*

SuperStar /: expr_* = expr /. {Complex[a_, b ] = Complex[a, -b]};

oX = {{O, 1}! {11 O}};

eql = Eigensystem[oX]

{{711 1}1 {{711 1}1 {11 1}}}

¥2 = -Normalize[eql[[2, 1]]]

1 1
¥1 = Normalize[eql[[2, 2]]]
& &)

z2 2

1 1 1 1
Unitary operator U

U = Transpose [UT]

(F ST )

U // MatrixForm

1 1L
V2 2
1L
V2 2

Hermite conjugate of U

UH = UT*

(EE S E L)

UH // MatrixForm

U
V2 2
11
VZ T2

UH.U

{{1, 0}, {0, 1}}

U.UH

P ~ A Y



18. Unitary operator

Eigenvalues: *1

|ix>:Uiz>,

where

U — (Ull U12j ,
U21 U22

under the basis of {|+ z>,

Eigenkets:

ot

V2

The unitary operator:

22

((Another method))

0ol

11
Oo|v2 V2
1 1

2

or

—z>}.

45



V2
|[+x)= -
V2
Similarly,
For A=-1,
b=
1 Y, ) \0)°
1
V2
|—x)= 1
2
Then we have the unitary matrix as
LI
0<%
22

19.  Eigenvalue problem-II: Stern-Gerlach for S = 1/2 with the magnetic field along the y
axis
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Expression for |i y>

((Mathematica))

47



Clear["Global "%'"];

*

SuperStar /: expr_* = expr /. {Complex[a_, b ] = Complex[a, -b]};

o.y= {{O! _j'}v {j-’ 0}};

eql = Eigensystem[oy]
{{711 1}1 {{11 1}1 {7].11 1}}}

Y2 = (-1) Normalize[eql[[2, 1]1]]
1 i

(L. -1}

¥l = i Normalize[eql[[2, 2]]]
1 i

(. 1)

UT = {y1, ¥2}

1 i 1 i
Unitary operator U

U = Transpose [UT]

(EE S E L)

U // MatrixForm

11
V2o V2
V2o V2

Hermite conjugate of U

(F SRR RN )

UH // MatrixForm

1 i

V2 V2

1 i

V2 V2
UH.U

{{1! O}! {01 1}}

U.UH



20. Summary

The eigenkets:

The Unitary operator:

1 1
7 %
V2o a2
((Another method))

Expression for |i y>

where A is an eigenvalue.
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or
-4 —-i\C
=0,
i =2 C2
(—/1 —1
M = ,
i =-A
-A =il
detM =| =1 -1=0,
i -4
or
A==+l1.
For A=1
-1 —-i\(C o
i -1\c ) 7
or
C =-iC,,

The normalization condition: |C1|2 + |C2|2 =1. We choose C, =—iC, = % Then we have

1
+3)=| Y2 | =54 +i).
V2

Similarly, for A=-1

i V1)

or
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C, =iC,.

The normalization condition: |C1|2 + |C2|2 =1. We choose C, =iC, = % Then we have

1
=] Y2 |-,
"

Unitary operator U

3

11
o7 ®
NEE

.
L
22

21. General case

a,

+

>
<

<,

Il
VR
O =

|
— e
N—

o
U yU:(

O =
—_ O
N
N
O
=
—_
~—
Il
T
oS =
=
—_
~—

In general

N £ L |
U+6-yU: s
0 (-1
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~ 10 . . €7i9/2 O
U exp(—;ay)U=( 0 eimj.

. . . 0 .
From this we can calculate the matrix of o, ; exp(——0o,),
2 y

_i6/2 0 cosg —sing
e T+ _ 2 2
0 ei9/2

exp(—%&y) = U(

.0
sin— cos—
2 2

22. Mathematica: MatrixPower

o', o/, o' ®=1273,..).

Clear["Global " %"];

ox = {{0, 1}, {1, 0}}; oy = {{0, -4}, {&, O}}; oz = {{1, O}, {0, -1}};

K1
Prepend [Table[{n, MatrixPower[oX, n], MatrixPower[oy, Nn],
Matrixpower[czl n]}! {n! 1! 12}] t {'ln"! " Oxn "’ " cyn l" ' cZn " }] //

TableForm
n oy " Oyn 0"
1 01 0 -i 10
10 io0 0 -1
5 10 10 10
01 01 01
3 01 0 -i 10
10 io0 0 -1
4 10 10 10
01 01 01
5 01 0 -i 10
10 io0 0 -1
5 10 10 10
01 01 01
. 01 0 -i 10
10 io0 0 -1
5 10 10 10
01 01 01
9 01 0 -i 10
10 io0 0 -1
10 10 10
10 51 01 01
01 0 -i 10
11 10 io0 0 -1
10 10 10
12 51 01 01
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23.

Mathematica: MatrixExp

Al = MatrixExp[—i oX 3]
2

{{005[2}, -i Sin[g}}, [-1isin]

e
A2 = MatrixExp[—i oy —2]

{{Cos[- ], -Sin|

N Q@
NI

A3 = MatrixExp[—i oz ?]
2

({e72.0}, {0,¢2})
R = A3.A2 // Simplify

i¢ i¢

({72 cos[Z]. -e 2 sin[]}. {

R // MatrixForm

e 7 cos[2] e 2 sin[]
¢ sin[2] 2 cos[¢]

R.{1, 0}

(e77 cos[2]. 2 sin[2])

R.{0, 1)
_ie =) i¢ o
[-e 2 Sln[a], e 2 COS[E]}

53
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24.  Eigenvalue problem-IV: Stern-Gerlach for S = 1/2 with the magnetic field along the
n direction

n = (sinf@cos¢@,sindsin@,cos ),

. cosf sinbe ™
6,=6-n= ,
sin Ge —cosd
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r cosf €

r sinf d¢

(a) Eigenvalue problem
Here we use the rotation operator for j = 1/2.

=)

Unitary operator U is given by the rotation operator for j = 1/2.

+n>:|+n>, G,

Gn

N

_i? _i?
e 2cos(=) —e ?sin(—
¢ (2) (2)

U=RO.9)=D"0.9)= , 49
e?2 Sin(E) e? COS(E)

The eigenkets |+ n> and |— n> are obtained as

N

e 2cos(Z
(2)
4 ’
e ?sin(—
(2)

|+n>=(7

+2z)=

and
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[-m)=U-z)=| ,
e 2 cos(—)
We note that

&n0+z>:(}+z> U+6'nl}+z>=|+z>,
6‘n+n>=—|+n>,
&nU—n>=U—n> U+0A'n0—z>:—|—z>,
N (1 Oj
UoU-= .

0 -1

(b) Another method
The above formula can be derived without Mathematica.

(&-my)=2y).
Since (6-n)* =1,

(6-n)’|y)=A(G-n)|y)=A|y), (cigenvalue problem)
We get 22 =1, 0or 1==1.
Thus

(6'-n)|+n>=|+n>,
O ——

(U Up ) (U
+z)= v, U, \o) U, )
21 22 21

[+n)=U




where
LU“* UJ(U U”J‘[l oJ
lJlZ* Uzz* Uy Uy 0 1

(i) Derivation of the eigenket |+n>

[ cosé sin@e”’J[UllJ _(UHJ
sinfe?  —cos® \U,,) \U,)’

or

cos QU,, +sin e U, = U,,,

sin &’U,, —cos@U,, = U, ,
or

) =MUll =tan§ei“’U”.
(1+cosf) 2

Since

|U11|2 +|U21|2 =1, (normalization)
we get

|U”|2 =coszg.

When we choose

4

—iZ

U,=e *cos—
11 >
2

we have

¢

-

U, =e? sinE.
(i) Derivation of the eigenket |—n>
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Lcos@ sinHe"”’]{UuJ_ {qu
sinfd?  —cosd \U,)  \Uy,)’

cosOU,, +sinfe U, =-U,,,

sin@e'’U,, —cosU,, =-U,,,

u,, = -1rcosd)e” ;Onsg)em U, = —cot(g)e"f"U12 .
Since

|U 12|2 + |U 22|2 =1, (normalization),
we get

0
|U22|2 = cosz(z).

When we choose

¢

i~

U, =e?cos—
22 ’
2

we have

N

-1

U,=—e ?sin—.
2

(c) Special case for ¢=0.
We consider the special case when ¢= 0.

cos(g)

[+m)= 0 |
s1n(5)

and
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— sin(g)

|-n)= 92
cos(E)

When 6 =0, we have

oy ()

When 0=7/2,

ardl) al0)

This expression of |—x> is different from the conventional expression of |—x> only for the sign.

So we may use the expression of |— n> as

sin(g)

|-n)= 2.

—cos(g)
2

25.  Derivation of the eigenkets in each SG configuration from the above formula
(i) SGy experiment:

0= /2 and ¢p=0.
L L
)= Y2, 9= 17|

V2 V2

The eigenket of |— x> thus obtained is different from the conventional eigenket

except for the phase factor exp(im)=-1.
(ii) SGy experiment:
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0= 2 and ¢ = /2.

e i
|+y> — \/5 — e—iﬂ/4 \/5
L e i
V2 V2
R o
|_y> — \/5 =_e—iﬁ/4 \/5
Leiﬁ/4 —i |

N, 7

The eigenket of |+ y> is different from the conventional |+ y> except for the phase factor e'*.

The eigenket of |— y> is different from the conventional |— y> except for the phase factor (-
—ir/4
e’").

26. SG Thinking experiment (gedanken experiment)
0} Experiment

l+>-
+>
A SG-z
——> SG-z |_>Z|
2) Experiment
l+>x

SG—x

A3) Experiment
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|+>. 2l SG-2

1 1
2 2
= R e B
G 7
The probability:

B =[xl 2 =|(+ 2|+ ) =%

P =|—x|+ Z>‘2 =|(+ z|—x>‘2 =

1
2)

R =[(+ 2|+ x)f :%

2

P, :K—Z|+x>‘2 :%.

The expectation value:

ot lb e

or

h h
(s.)= 51)3 + (—E)Pz; =0,

61



or

4) Experiment

[+>
l+>
SG-y  |]->,
—> SG-x = -
5) Experiment
|+>
+>
] $G-z |-
——>»{ SG-n = -
(¢=0)
(6) Experiment
l+>
[+>, G
—X
|—>
——» SG-n > _K_I
(¢=0) |

Analysis of experiment-6
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1 1
COS— = =
R I S
V2 2

(s

The probability;

_ 221 o2 rsinfy = Lo
P+X—K+x|+n>‘ —4(cosz+sm2) 4(1+sm6’),
_|(— 2 Lios? —sin?y =Ly

RX—K x|+n>‘ —4(cos2 sm2) 4(1 sinf).
The expectation value:
cosg
<Sx>=<+n Ax+n>:E(COSQ singj(o 1] 2
2 2 2A1 0 sinE

= hsingcos— =—sin@
2 2

or

h h h .
(S,)= SR H ()P, = sind,
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~

S.

<SZ> = <+n

0

(6 . oY1 0)°%5
+n>=— COS— Sin—

2 2 200 1) . €

sin—
2

= E(cosz 9 _sin? Q) P oso
2 2 2

27. Rotation operator and angular momentum
The relation between the rotation operator and angular momentum in detail will be discussed
later in new topics. We assume that

U= f&z (do)= 1- %j dg, (infinitesimal rotation operator)

where J _ 1s the angular momentum (in the unit of 7),

A

R (dg)=1+—J"dg,

12
h z

where

(ijz)+ =J it =—iJ" .
Here we note that
00 =R @pRdg)= i+~ dg)i—+ ] dg)
~T+ (0 = )dg)+ Odg) =1
leading to the relation
j; = jz . (jz 1s a Hermitian operator)
Suppose that d¢ = / (N > ),

N
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0 ¢

Ap=
2 )= AP Py
R.(9) = Ilvlifjo[Rz(N)Rz(N)Rz(N) ----- RZ(N)]
= lim(—+J. 2y ~exp(-i-J 9
((Note))
lim (1+ %)N =e, (from the definition of e).

: a N _ 1z 1 N'qa _ _a
i (1+-)7 = i [(1+ 071 = e,
where

n=2
a

28. Eigenstate and eigenvalues
We start with

A 9 A ¢
R(p|+2)= exp(—%Jz¢)|+ Zy=e 2|+2),

¢

where e 2 is the phase factor.

d¢
R(dp)+z)=e 2|+z).

Using the Taylor expansion, we get
I S i
a —%sz¢)|+ z)=(l —§d¢)|+ z).
Then we have

65
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A~

I |l z> = §| S z> . (Eigenvalue problem).

Similarly, we have

. 2
R(@p|-z)=¢?|-2),
Using the Taylor expansion, we get
Ao i
a —%sz¢)|— z)=(1+ Eaz(;ﬁ)|— z).
Then we have

~

J |- z> = —§|— z> . (Eigenvalue problem).

29.  Calculation of ﬁz (¢)| i>x

1%2(¢)|+x>=Rz<¢>%(|+z>+|—z>)

1« .
= ﬁ[Rz (D)) +2)+ R.(9)|-2)]

ﬁz(¢)|—x>:éz(¢>%<|+z>—|—z>)
1

> [R.(§)+2)—R.($)|-2)]

¢ 2
[e 2|+z>—e 2|—z>]

——

e 2[|+z>—ei¢|—z>]

G- B

When ¢= 7/2,
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When ¢= 27,

N
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R.Qnm)|+x)=

)

V2
=§%GMH4+F41
=—|+x)

Iéz (27r)| — x> =

= Le_’A” [| + z> — ei(z”)|— z>]

2

1
=5 CDl+2)-|-2)]
=—-x)

For ¢ = 7,

R.(m)|+x)=
=§?a€u+4+aq_4]
=il 2)=|-2)
=~i|-x)

R (m)|-x)=

Lo+ 2)—e"]-2)]

2
:j?emp@+p@]
= —i|+ x>
30.  Expression of the Pauli matrix &, under the basis of {|+ z> , |— z>}

A

J, —x)=—2]-x). ()

+@=§Hﬂ, J

X

where
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=) (L)

Note that

|+z>:%[|+x>+|—x>], |—z>=%[|+x>——x>].

Then we get
. 1 - . 1 & 1 7 n
Jx+Z>=3[Jx+x>+Jx|—x>]=$E[|+x>—|—x>]=ﬁ5\/§|—z>=5|—z>,
jx—z>:%[jx+x>—jx—x>]:%§[|+x>+|—x>]:%§ﬁ|+z>:§|+z>.

using Eq.(1). The matrix representation of jx under the basis of {|+ z> ,
n 0 1
J. = EO'X = h .
2 2{1 0

31.  Expression of the Pauli matrix &, under the basis of {|+ z> , |— z>}

- z> }, 1s given by

A L 0
where
1 (1 1 (1
R )
Note that
1 1
+2)= 2l -2) =)L
Then we get
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_>]

using Eq.(1). The matrix representation of J , under the basis of {|+ z>, - z> }, 1s given by

s n a0 i
J=te =2 .
r % 2(1' OJ

32. Commutation relation of the Pauli matrices

where
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33. Formulation for the eigenvalue problem with 2 x 2 matrix
We consider the eigenvalue problem such that

A

A

A

a1>:a1|al>, A

a,) = a,|a,),

where |a1> is the eigenket of A with the eigenvalue a,, and |a2> is the eigenket of A with the

eigenvalue a,. Note that
(a,

Suppose we have the matrix 4 under the basis of {|b1> and |b2> }.
121 - (All AIZ ] ,
AZI A22

(b Ab,)=4,.

A~

A

aj.> = ai<al. ‘aj> =a.0, (diagonal)

=4a;0;

where

In the eigenvalue problem, we need to find the unitary operator U such that

b>— U11 U12 1 _ U11
Y\u,, u,\o) \u, )
21 22 21

|a1>:U

A

w-om-(et o )iHez)
and
U =0 ()b | +[b:)(,)
=|a,){by[ +|a, )b,
where

U — (Ull UIZJ’
U21 U22

U+ _ (Ull* UZI*J.
U12 Uzz
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The condition for the unitary operator

*

U = Un* UZI:Z](U” Ulzj
U, U, \Uy Uy

Ull Ull + U21 U21 Ull U12 + UZI UZZJ
U12 Ull + U22 UZI U12 U12 + U22 U22

(10
o 1

The orthogonality of |a1> and |a2>;

Ull

<a2 |a1> = (Ulz*Uzz*)(U j = U12*U11 + U22*U21 =0.

21

The normalization of |a1> and |a2>;

Ull

<%M0=am153&]]=UJU”+U;Uﬂ=L

21

* * U * *
<a2 |a2> =U,, Uy )(Ulzj =U,U,+U,U,=1.
2
Note that
<ai|2l‘aj> = (5, |lj+21l)‘bj> =a,0,

iCij»

or

0+AU:(U11* Ulz*J(All A12J£U11 U12]=(a1 Oj
U]z* Uzz* Ay Ay \U,y Uy 0 a

34.  Matrix representation of S‘Z under the basis of {|+ x> and |— x>}

Eigenvalue problem:

A

§exp=2fex), 8
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We define the unitary operator such that

+ Z> — Ull U12 1 — Ull
U21 U22 0 U21 ’
- (Un Ulzj(oj _ (Uu]
U21 U22 1 U22

The matrix representation of S’x is given by

N 0 1
gm0 )
2\1 0

under the basis of {|+ z> and |— z> }. Then the eigenvalue problem is as follows.

|+x>=U

oy

|—x>=U

(a) A=1 (eigenvalue)

1 o))
o))

(b) A =-1 (eigenvalue)

0 ofen) 3ot
o))

Then we have the unitary operator (matrix form)
0= 1 (1 1 0+ = 1 (1 1
2 -1) V2 -1)
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|+x>:0+z>=L2@, |—x>=U—Z>:%[_1J.
Since

(2] = (o 2f0 and  (x|=(-=0",
we get

<+x|§z|+x>:<+z|ﬁ+§2ﬁ|+z>.

The matrix representation of 3‘2 under the basis of {|+ x> and |— x> } 1s given by
noa~ 1 (1 1\a(l 0)1 (1 1
USZU:ﬁ(l —JE(O —Jﬁ(l —J
A(1 1)1 1
22(1 —1)(—1 J
A(0 1
zi[l oj

35.  Matrix presentation of ﬁy and 5‘2 under the basis of {|+ y> and |— y>}
Eigenvalue problem:

A

S,v

A .
ty)=gley). S,

~3=3l-y).

We define the unitary operator such that

+Z>:(U11 Unj[lj :(Un}
U21 U22 0 U21
UZI U22 1 U22

The matrix representation of S, is given by

n R(0 —i
S, ==
’ 2(:‘ oj’

[+y)=U

A

=v) =U
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under the basis of {|+ z> and |— z> }. Then the eigenvalue problem is as follows.

(a) A=1 (eigenvalue)

o
o))

(b) A =-1 (eigenvalue)

0 ofen)3lot)
o5

Then we have the unitary operator (matrix form) as

0_111 U+_11—i
2l —i) 2\ d )

A

|+y>:U+>=%@, |‘y>:U_>:L2

1

ooy Tl )

The matrix S’y under the basis of {|+ y> and |— y> } is given by

or

or
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_hIO
210 -1

The matrix §x under the basis of {|+ y> and |— y> } 1s given by

U@U:L(l —ijﬁ(l OJL(I 1)
=200 i )2l0 —1)V2l i
(1l —iY1 1
:Z(l iJ[—i J
n(0 1
:E(l oj

36. The Vector operator under the rotation
Consider a rotation by a finite angle ¢ about the z axis.

W) =R.(P)|w).

A A

Let us calculate the expectation value of the spin operators Sx , S,,and §

z

WS|w) = (wIR"DSR.@ly).
3 (¢>SXRZ(¢)——exp(¢ 99: )6 exp(- ¢2 )= 26, cosg=3,sing).
R ($)S,R.(§) = 2ex "’ 9.y (6 sing+6
R D206, exp(-"02) =2 (6. sin g + 6, cos ).,
R @SR =2exn(C06, exp-127) =25

Here we use the following theorem.

The operator
f(x)= exp(;lx)l? exp(—ﬁx)
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can be expanded as
N ~ AoX A oA XD A n X A A A
f(x) =exp(A4Ax)Bexp(—A4Ax) =B + F[A’ B]+ 5[A,[A, Bl + §[A’ [4,[A4, B]]]+...

x:%, 1212(5'2, A=6

y

Thus we have

<z,//' ﬁx 1,1/'> = <w|§x cos¢@ — ﬁy sin ¢|1//> = COS ¢<w|§x|w> —sin ¢<1//|§y|1//> ,
Similarly
(W18, Jy) =sin gl [S.|w) + cos gy [$,|w)
WS v) = (wlS.]w).
Note that
cos¢g —sing 0
R (#)=|sing cosg 0],
0 0 1

WSlw) =2 R, 4w[S Jw) = 2 (wR,S lw).
J

J

In general for any vector operators, we have

(wAly’) =D {wR,4|w).

J

APPENDIX 2D rotation matrix
Suppose that the vector r is rotated through & (counter-clock wise) around the z axis. The
position vector r is changed into #' in the same orthogonal basis {ej, e,}.
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In this Fig, we have

e -e'=cos¢g

e -e,'=—sing’
We define r and r' as

r'=x'e +x,'e,
and

r=xe +x,e,

Using the relation

e,-e'=sing

e, -e,'=cosg

_ ' '
=Xxe tx,e, ,

e r'=e (x'e +x'e,)=e (xe'+txe,")

e, r'=e,-(x'e +x'e)=e,-(xe '+xe,'")

we have

x,'=e, -(xe'+x,e,") = x, cosg—x,sing

x,'=e,-(xe'+x,e,") = x sing+x, cosg

or
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' x| (cosg —sing) x
(xz 'j - %W)(xzj - (sin¢ cos¢ )(xj '

APPENDIX II Rotation operator for spin 1/2 (this will be discussed later chapter)
(a) Calculate the rotation operator Iéz (7/) = exp(— Z;Z y)= exp(—éo‘z 7) , which rotates the ket
counterclockwise by angle yaround the z axis.
(b) Calculate the rotation operator IQX (a) = exp(— li} )= exp(—é&xa) , which rotates the ket
counterclockwise by angle « around the x axis.
(©) Calculate the rotation operator R, (/3) = exp(—% p)= exp(—%&y ), which rotates the
ket counterclockwise by angle £ around the y axis.
(d) Calculate the rotation operator defined by
R.(HR,(0).
(e) Find the expressions for the state vectors |+ n> =R, (¢)1§y (9)| + z> and
|— n> = Iéz (¢)1§y(0)|— z> , where the unit vector n is given by
n =sin @ cos ge +sin @sin de, + cos e, .
((Solution))
(a)
- i- i .
R(y)=exp(=—J.7)=exp(=—6.7),
~ i . —17
R, (7/)|+ Z> = exp(—EO'Z}/)|+ Z> =e? |+ Z> ,
A i . Ly
R(p)=2)=exp(-567)-z2) =€ |-2),
or
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(b)
. i i
R (a)= exp(—EJxa) = exp(—EO'xa) .

Here we note that

| 1
|+x>_$(|+z>+|—z>) |—x>—ﬁ(|+2>— - z)).
Then
| 1
|+Z>:ﬁ(|+x>+|_x>)’ |—z>:ﬁ(|+x>——x>),
R(@f+2)=exp(-26,00)+2)
:%exp(—%é'xa)(|+x>+|_x>)
:%[e‘2“|+x>+e2“l—x>l
R IRy RN
:cos%|+ Z>—iSin%|_Z>
R (@)-2)=exp(- 15 @) -2)
:%exp(—éé‘xa)(|+X>—|—x>)
L e)=e )
S GCHEE Ry TR
:—isin%|+2>+005%|_z>
or
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()
R,(B)=exp(—1] f)=exp(=35 f).
Here we note that
1 . _ b Nl 2
ex)=pleari-a )= ea-i-2).

Then
1 1
e =)+ A=),

R(P+2)=exp(-26 B+ 2)
_ %exp(—éé'yﬂ)(| +y)+=2))
) %[e_zﬁh )+ =)
_ %[ezﬁ (+2)+i-z)+e?’ (+2)=i]-2)]
B B

= cos3|+ z>+ sin3|—z>

R (B)|-z)= exp(—éﬁyﬂﬂ_ 2)
=ﬁexp(—é5'yﬁ)(|+J’>_|_y>)

-t )|

=2li[e‘zﬂ(|+Z>+i|_z>)_ezﬂ(|+z>_z-|_z>)]

= —sin§|+ z> + cos§|—z>
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or

cosg —sing
R.(B)= 3 y:
sin™— cos—
2
(d
i o .0 —é¢ o
. X ¢ 0 cos— —sin— e %2 cos—
R.(HR,(0)=|¢ ; 2 2=
‘ Y —¢ . 0 0 L¢
0 e? )sin— cos— e? sin—
2
(e)
. . e? cos—
R(HR,O)+z)=| | 2
2 .0
e? sin—
) . —e 2 sin—
R@GR,©O)+2)=|
e? cos—

((Method IT)) The use of formula for the rotation operator
We use the formula for the rotation operator given by

ﬁu(¢):eXP[—M(&-u)]=Cosgi—i(6‘-u)cos£.
2 2 2
(a)
A ia . o . .
R (a)=exp|-—0c_.]=cos—1—io_sin—
(@) =exp[ 5 ] S 1-i6,sin=
a ..
cos— —isin—
_ 2
.. a o
isin— cos—
2 2
(b)

82



Rp=exnt-L,)
ﬂ,\

=cos=1—-io_sin
2 y

kS

(c)
R iv .
Ay 4
=cos(=) —io. sin(—
(2) g (2)
cosz—isinZ 0
2 2

0 cosl+isinZ
2 2

((Method-III)) The use of unitary operator
Since

<+ Z|IA3x (a)|+ z> = <+x|leA3x (a)l7;|+ x> ,
we have
_p cosg —sin—
Uxéx(a)ﬁﬁl(l 1]‘32 9(1 1]: 2 M7
2\ -1 -1 sinZ cosZ
2 2
Since
(+2[R,(B)+2)=(+y[U,R, (DU, |+ y).

we have
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..
—isin—
2

.. a
—isin—
2

a
COS—
2



