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The outer product |, )(w,| is not a number. It is an operator. A special case is the outer product

of a ket with its corresponding bra vector, |y )(y|. Assuming that |y/)is normalized, this operator

is called a projection operator. The projection operator can be said to project a vector onto the
direction defined by |1//> We discuss the properties of the projection operator.

1. Adjoint operator
The adjoint operator of

A= wi){wal,
is given by

A :|W2><‘/’1|.
((Proof))

From the definition, we have
(BIAY @) =(alA ) .
Here we note that
(@lAB) = (aly.)v.|B) ={v.| B) (alw) = (Blw.)yile).
Then we have

A" :|‘//2><‘//1|-

2. Properties of projection operator
The projection operator is defined as

Isl :|W1><W1|v



where |y,) is normalized; (v, |y,)=1
(a)
AR IAARLY
which means that P, is the Hermitian operator.

Plva) =lw)wlva) =lws).
(b)

I512 = '31|'/’1><‘/’1| =lw) v |= IS1
or

o
P2=P.

=

In general, we have
P, =|y ), '31|‘/’1>=|W1>'
It follows that for any vector |y)

P Jw) = Plwi)(wilw) =lwi)wilw) = Plw),

or

~

S 2
P’ =

-

The identity operator is a simple example of a projection operator, since
=T, 12=1.

(©)



A=l Bl
where i # j.Hence

8Bu)- F

v fwilw) =0,
PiRlw) = Pilwi)wilw) =0.

(d) The product of two commuting projection operators F3l and I32 , Is also a projection
operator, since

(PB,)> =PPPP, =PP>=PP,
(€)

)= cl)

S Blv) = SIAalv) - Yeld) =)
where

P =l
Hence

an:Fi -1, (closure relation)
(f)

|a,) is an eigenket of A with the eigenvalue ay,



Aa,)=a,a,).

Then we have

Azzn:,&|an><an| :Zn:an|an><an|.

3. Measurement
Suppose we measure the physical quantity A. The eigenstate of the operator A is given by

Av)=alv,).

The initial state is given by |z,//> After the measurement we have

Py} =lwa)walw).
with the probability as

2

(v lw)

— Y ><n >

_M»
Pn=ln><in| >

—>  Y><ynlly>

Fig.  Projection operator. |1//n> is the eigenket of the operatorA corresponding to the

measurement of physical quantity A.
4. Examples of projection operator (2x2 matrix)

F3+:|+z><+z|, P =|-z)(-1],



where
I3+ +P =1. (Closure relation)

The matrix representation of I3+,

. (10
P.= .

The matrix representation of P,

. ~ (00
P=1-P = .
01

5. Property of the projection operator:

A

I:)+

+2)=|+z)(+ 2]+ 2) = |+ 2), P

+

—2)=|+z)(+12|-2)=0.

Pl+2z)=|-2)(-2[+2)=0, P|-z)=|-2)(-2|-2)=|-2)
This means that

(i) |+ z) is the eigenket of P. with the eigenvalue 1, |- z) is the eigenket of P. with the
eigenvalue 0.

(i) |+ 2z) is the eigenket of P with the eigenvalue 0, |- z) is the eigenket of P, with the
eigenvalue 1.

P2=P|+z)(+z|=|+2)(+2|=P,,



6. Eigenvalue problems for the projection operator
((Mathematica))

Clear["Global +"]; P1 = (é 8) P2 = (8 2)
eql = Eigensystem[P1]

{{1, 0}, {{1, 0}, {0, 1}}}

1l = Normalize[eql[[2, 1]1]1]
{1, 0}

%0 = Normalize[eql[[2, 2]]]
{0, 1}

eq2 = Eigensystem [P2]
{{1, 0}, {{0, 1}, {1, O}}}

¢1 = Normalize[eq2[[2, 1]1]]
{0, 1}

0 = Normalize[eq2[[2, 2]1]
{1, 0}

7. Definition of Outer[Times,...] in the Mathematica

We assume that
a
a‘2

8

Then we have the matrix of the projection operator as



&
a,
a3
wivl=| o & & . a))
an
aa aa, aa,. . . . aa
a,a, a,a, aa,. . . . a,a,
a,a, aa, aa, . . . aa
anal* anaZ* a‘na‘S* anan

We note that the matrix of the projection operator can be calculated using the Mathematica as

(a)
wivl—>  v)(vl.

where we use the dot mark "." between |y) and (|, we use the standard form of |y) and (|
as

(b)
lw)w|—>  Outer[Times, |v), (w|]

where we use

v)—>la a a ... oaf,



(w|>{a, a a ... ak
((Mathematica))

Clear["Global *"];
Yyl ={al, a2, a3, a4, ab}; ¢y2 = {bl, b2, b3, b4, b5};

Al = Outer[Times, ¥1, y2] // Simplify // MatrixForm

albl alb2 alb3 alb4 albs5
a2bl a2b2 a2b3 a2b4 a2bs
a3 bl a3 b2 a3b3 a3 b4 a3 bs
a4 bl a4 b2 a4 b3 a4 b4 adbs
abbl a5b2 a5b3 a5b4 a5bs

8. Examples: Projection operators
2=y -0-(5):
sl s
i) b

The projection operator

(@
aeal=(oJao=(g o). Fata-{Gfen-[ |

ea)e a2l 1)

(b)



(©)

) o+ 9Kvl=(g 3

((Mathematica))

Clear["Global +"];
expr * = expr /. Complex[a , b ] Complex[a, -b];

1 1 1 .
yXp=—— {1, 1}; ¢xn=—— {1, -1}; yyp=— {1, 1};

2 V2 V2
1

yyn = — {1, -i}; ¥yzp = {1, 0};
2

yzn = {0, 1};

Pxp = Outer[Times, yxp, ¥xp*] // Simplify;
Pxn = Outer[Times, yxn, ¥xn*] // Simplify;
Pyp = Outer [Times, yyp, ¥yp*] // Simplify;
Pyn = Outer[Times, yyn, yyn*] // Simplify;
Pzp = Outer [Times, yzp, Yyzp*] // Simplify;
Pzn = Outer[Times, ¥zn, yzn*] // Simplify;



Pzp // MatrixForm
10

oo

Pzn // MatrixForm
00

o 1)

Pzp + Pzn // MatrixForm
10

o 1)

Pxp // MatrixForm

|

Pxn // MatrixForm

NI DNIF
NI NI

1 1

2 2
11
2 2

Pxp + Pxn // MatrixForm
10

o 1)
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Pyp // MatrixForm

i
2

NIE NI

1
2

Pyn // MatrixForm

1

2

i
2

NI NI

Pyp + Pyn // MatrixForm

o 1)

9. Spin opertors

S,

S+ 2)(+ 2]+ |-2)(-2)
=20+ 2 2] |- 2)-2]
h A~ A
:E(P+Z_P—Z)

S, = S+ X)(+ x| + | = x)(~ x|)

=20 X x| x) (- x]

h A~ A
=2(P,-P
2(+X —X)

S, =S,(+V)(+y[+|-y)(-¥)
=20 )y ==Yy

B o~ -
ZE(P+y - P—y)
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(6-n)
(&-n)[|+ n><+ n|+|—n><—n|]
=50+ )+ n|=[-n)(=n]

h o~ =
-2(P,,-P
2( +n +n)
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