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The model of the simple harmonics plays an important role in quantum mechanics as
it does in classical mechanics. In our discussion of the simple harmonics we stress
operator techniques using the creation operator and annihilation operator, rather than the
coordinate representation (Schrodinger equation) because of the generality of the former
approach. Such quantum mechanics treatment of the simple harmonics is very useful for
our understanding various kinds of quantum phenomena such as the lattice vibration (as
phonon) in solids and the quantization of the electromagnetic field (as photons).

The quantum mechanics of simple harmonics can be discussed in terms of (i) the
wave function of the Schrodinger equation (ii) the operator method with the
commutationrelations. The latter method is the more powerful tool in discussing the
physics of simple harmonics.

((L. Susskind and A. Friedman))
Quantum Mechanics, the theoretical minimum, Basic Book 2014)) The operator
methods have tremendous power.

"The operation method reduces the entire study of wave functions and wave
equations to a very small number of algebraic tricks, which almost always involve the
commutation relations. In fact, whenever you see a pair of operators, my advice is to
figure out their commutator. If the commutator is a new operator that you have not seen
before, find its commutator with the original pair. That is when the fun happens.
Obviously, this advice can lead to an unending chain of boring computations. But once in
a while you may get lucky and find a set of operators that close under commutation.
Whenever that happens, you are in business; as we will see, operator methods have
tremendous power."

1. Classical mechanics
We consider a particle moving under the harmonic potential given by

V (X) :%mwsz.

Equation of motion is given by

F =——V:—ma)§x,
OX
2
md—i(: F :—ﬂ:—mwjx,
dt OX

which leads to a simple harmonics oscillation,
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d?x
dt?

_ 2
=—m,X.

The solution of this differential equation is
X = Xy, cos(a,t — @),

where Xy is the amplitude of the oscillation. The momentum p is given by
p= m% =—-Mw,X,, sin(wt — ).

The total energy of the system is a sum of the kinetic energy and potential energy

E= 2p—m+5ma)§x2 =—May Xy
(Conservative system)
Then we have
2E
Xy = 5.
ma,
((Note)) Equi-partition of energy for simple harmonics

Suppose that the kinetic energy and the potential enegy are the same.

2
1
p—zzha)o, p=Mhaw,

2m
1 1
—Mma X’ =—ho, x= |
2 2 Mma,

Ma, . . .
Thus L,and X,|— are dimensionless variables.
Mha, h

We use a parameter

ma,

P=\"%



Then we get

ma,
h

= X,

p_pﬂhﬂp

\/mha)o - \/mhwo M, Ma,

2. Creation and annihilation operators
The commutation relation is given by

[%, p]=inl.

The Hamiltonian of the simple harmonics is given by

The eigenvalue problem of the simple harmonics is defined by
H[n) =z[n),
with the energy eigenvalue,
g, =(n +l)ha)0,
2
wheren=0, 1, 2, 3,....

In the {| X>} representation, the wave function of the simple harmonics can be

described as

Here we introduce the creation operator and annihilation operator given by

ma, o ip

azﬁ( ma)o) \/_( \/mha)o)




with

\/E,B 2ma,
. I may(x A\ 1 M, (n 4
=— a-a')=- a-4a'),
VTR @-a)=- ot a-a)
where
N A 1 mo
[X, P]= —

or



the Hamiltonian of the simple harmonics can be expressed by

A

1P 1 o N E
H=—+—mao, X" =ho, aa+51 =hw, n+51 ,

2m 2
where

A A+

n=a%a.

The number operator i is Hermitian since
A A+ AN At A
n" = (a*a) =a'a.

The eigenvectors of H are those of i, and vice versa since [H,N]=0.

Hijn) = h%(ﬁ +%)|n> _ ha)o(n +%]|n> _E,[n),
fin)=n[n).

((Note)) The eigenvalue ¢, should be positive.

A

& =7—(n

n|n) "

P mae’
- i)+ 0/l

|
1 p'p me’ .
:W[<n| om |n>+<n|Tx n)>0

1
|

—

—

((Note))
(nja*dn) =(n|i[n) =n(n|n) >0,

N = 0 is the minimum value.



where

[A,a]= -4
and
[A,a"]=4a",
Aln) =n|n).

[A,a]n)=-4[n),
or

(Ad—an)|n)=-4n),
we get

(@ n)) = (n-1an),

which implies that é| n> is the eigenket of i with the eigenvalue (n-1).

a

I’1> ~ |n — 1> .
Similarly, from the relation

A A+

[A,a"]n)=4"|n),

or



which implies that é+| n> is the eigenket of i with the eigenvalue (n+1).

A+

a

n>z|n+1>.

Now we need to show that n should be either zero or positive integers: n =0, 1, 2, 3,.....
We note that

and

aa'|n)=(nfa*a+1n)=(n+1)(n|n)>0.

The norm of a ket vector is non-negative and the vanishing of the norm is a necessary and
sufficient condition for the vanishing of the ket vector. In other words, n = 0.

Ifn=0,

n)=0.
Ifn=0, é| n> 1s a nonzero ket vector of norm n<n|n>.

If n>0, one successively forms the set of eigenkets,

n),

belonging to the eigenvalues, n-1, n-2, n-3,....., n-p.

ajn),a’|n),&’

n),....a°

This set is certainly limited since the eigenvalues of N have a lower limit of zero. In
other words, the eigenket ép|n>z|n— p>, or N - p = 0. Thus n should be a positive

integer. Similarly, one successively forms the set of eigenkets,

belonging to the eigenvalues, n+1, n+2, n+3,....., n+p.
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Thus the eigenvalues are either zeo or positive integers: N =0, 1, 2, 3, 4,
The properties of &" and &

(@ 40)=0

since <O|é+é| 0> =0.

(b)  &'|n)=+vn+1|n+1)

n)+a‘n)=(n+1)a’ln).

é+| n> is an eigenket of A with the eigenvalue (n + 1).

Then
a’ln)=c/n+1).
Since
(njaa* n>:|c|2<n+1|n+1>:|c2,
or
(nja*a+1jn) = n+1:|c2,
or

| =~v/n+1.
(c) é|n>=«/ﬁ|n—1>

faln) = anln)—an) = (n-1)ajn).

é|n> is an eigenket of N with the eigenvalue (n - 1)



Then we have

an)=cln-1).

Since
(nja*gn) = |c|2<n—1|n -1) = |c|2 =n,
lc[=+/n.

3. Basis |n) vectors in terms of |0)

We use the relation

=470).
2)= a1y == (a"Flo).
5= al2)= 7 lo).

The expression for >2|n> and f)|n>

A

n) = /2r:w0 (a+a)n)= /2r:w0(m|n+1>+ﬁ|n_1>),
pln) = |2 2i(a - a)n) = o2l [+ 1)~ Vil -1).

Therefore the matrix elements of &, 4", X, and P operators in the ﬂn}} representation

are as follows.
(naln) = V., .
(na*|n) =vn+16, .,

ar
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@2n+1)/2

3/2

0ﬁ000

1/2

H=lho

o

<

-
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4. Heisenberg’s principle of uncertainty
Mean values and root-mean-square deviations of X and P in the state |n>

The product AXA4p is
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AXAp = (n + %)h >—h. (Heisenberg’s principle of uncertainty)

Note that
G2 + + A)_ At A+ AA A+ A AA+
X = ma, (a +aXa +a)— 2ma)0( a"+aa+4a'da+aa )
2:=fﬂ%§b(a+ 4 a*-a)_'“if%(a+a+4-aa-a+a-aa+)
and
(nflaf|n)=0
(nfa’|n) =0,
(nja*a+aa‘|n)=(n2a*a+1n)=2n+1.
5. Virial theorem
The mean potential energy is
(V) =lma>2<n %[n) :lma)z(Ax)2 L1,
2 2 2"
The mean kinetic energy is
_ L mieny = Lapy =L
(K)= 2m<n p[n) = 2m(Ap) =én-
Thus we have
(V) =(K).
(virial theorem)
6 Wave functions associated with the stationary state

We start with

A

a

0)=0.
We note that
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mao,
or
B 0. Lar L0 Vixlo) =
Using
1
=X, =—|X
&= px £) ﬁl )
we have
T(§+_j¢°@ 0,
where

2,(£) = (£]0) -
the solution of this differential equation for ¢,(&) is obtained as

52

?(&) = Ag 2,
Normalization:
1= [l de=|A[ [e*de=|A['7

1
leading to A, =7 *. Here we assume that Ay is real.

e
P (&) =7 ‘e *.

We note that
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((Note-1))
(£]0) =7 exp(-£).
where
_ _ [May,
& =P, B = rek
((Note-2))

The characteristic length is defined by

= h
2ma, ’

Note that the probability density is given by the Gaussian distribution function, as

X2

2 _ | R
|¢0(X)| —MI e~ .

with the standard deviation o =1 (see the detail later).

((Note-3)) Example
S. Holzner, Quantum Physics for Dummies (John Wiley and Sons).

Suppose that we have a proton undergoing harmonic oscillation with @ =4.58x10*
rad/s. The ground state energy of the proton, in MeV, is

E, =%ha)o =1.51 MeV.

The characteristic length | is



h
2Ma,

| = =2.621 fm.

Here the mass of proton is mM=1.672621637x10"g. The Dirac constant is
71 =1.054571628x107" erg s. 1fm (femtmeters)= 10" m=10" cm. 1THz=10" Hz.

7. Wave functions ¢, (¢) =(&|n) and ¢, (x) =(x|n)

m)=<¢|n>=iﬂ<x|n>=ﬁ¢n<x>,

since

with
(£]¢) = 016 ~£) = BB ) = 50K = £ {x]x).

The wave function for the |n> state is given by

o0

0,00 = {x{) = (x

SOk

)= 7 Al

mz—n ( h aj%“

‘sz_n ) MY

((Note)) In general, one can use the formula,

(x

N )
n)=f(x i ax)<x|n>.
Since

n nX
?,(8) = \/ﬁw()
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we have

a() = (&]n) =(2"n!)‘2(§—%>"¢0<§).

where
&=px.

e
Note that ¢ (&) =7 ‘e 2,

2

1 &
©=(eln)= ez - Tye

((Note))
Using the Mathematica, we can get the normalized wave function ¢, (&)

Clear["Global "] ; CR1 := (i (§# -D[#, €]1) &);

V2
fo[< ] := Exp[-¢°/2];
y[n_, &1 := L Nest[CR1, fO[<£], n] //
vV on

Simplify; Table[{n, ¥[n, £1}, {n, O, 3}1 //
TableForm
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0] e
ﬂ1/4
2
_&2
1 \/Ee 2 &
ﬂ1/4
2
_&2
2 e 2 (—1+2§2>
\/Eﬂl/4
2
_&2
3 e 2 5(—3+2§2>
\/§ﬂ1/4
Using the operator identity
8. Lo %
T I SIS
-—)=-e2—e 2(-€2 — (1e2—2,
(¢ agg) o (—e ag 2)=(-1) o8
mgeneral ..........................................................................................
& o" &
(5——5) =(-1)"e? o e,
or, for any function (&), we have
& o &
-— D'e? —e ? :
4 89g) w(&)=CD" o w(S)
Then we obtain
2o,
2 é.

0, (&) =(Wr2"nl) ( I)'e

Using the Hermite polynomial defined by
17



n

H e’ —e,
(&) =(D"e o

we have

1 é
@, (&) =(Wr2ml) 2e 2H (&).

((Note))

ne=€2/2 _ (_1)" 52/28_n =&
(= ég) =(=D’e ag”e :

2 O
H —(—])"e¢ —g 5/2 n—§/2.
(&) =(-D"e _&f” (&- §

The Hermite polynomial satisifies the differential equation

d’ d
(dé —2§—§+2n)H ,(£)=0.
8. Differential equation derived from the Hamiltonian
(a)
o Blg B ) [ 0
° ‘fz(x mwo]ﬁ 2(5 65]’
_ B, P 1 0
a_ﬁ(Xera)O]_)\/f(ngaé]
¢ =pX,
with
mw,
A=\""
(b)
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1

&) =ﬁ|x>, and (pn«:)=<¢|n>=—<x|n>=ﬁ¢n<x>.

B
(©)

H =ha)0[é+é+%i}
a'aln)=n/n),
a'n)=vn+1n+1),
an)=+n|n-1),

(x|a*an) =n(x|n).

Then we get

e e+ 2 em=nicln.

or

0 0
(é_%j[§+%j¢n(§) =2n¢,($).

@, (&)= <§ | n> satisfies the differential equation

¢n"(§) - §2¢n'(§) + (2n + 1)(Dn (‘f) =0.
When

52

2.(&)=(72"nY) 2e 2H (&),

we find that H, (&) satisfies
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H,"(§)-28H,'($)+2nH,(£) =0.

where H,(¢&) is a Hermite polynomial.

(d)

a'ln)=+n+1jn+1),

. B[, ip

cotfes)

(x|a*[n) =vn+1(x|n+1),
or

L= D) =+ 1(xjn +1)

V2 Ma, OX ’
or

j—(f‘g)(ﬂ n)= < In+1). (Arfken p.826)
(e)

Similarly we have

\/— S+ —)<§|n> = \/ﬁ<§|n -1), (Arfken p.826)
, an)=+/n[n-1).
9. Mathematica-1
(a) Derivation of the differential equation from the relation
a'an)=n/n).
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Clear["Global " +"]1; CR := (E# - D[#, £]) &;

1
V2
1
AN := — (£ # + D[#, €]) &;
2

eql = CR[AN[¥[&]11] ==n¥y[&] // Simplify
YIE] +2NYE] + ¥ [E] = E2 Y[E]

-2
rulel = {zp - [Exp[—z] H[#] &

eqll = eql /. rulel // Simplify
&2
e 2 (2nH[E] -2&H[&] +HT[&]) =

DSolve[eqll, H[E], €]
{{H[€] > C[1] HermiteH[n, &] +

C[2] HypergeometriclFl|-—, %, 52]}}

NS

(b) Hermite polynomials
H{x_, n_] z= (-1)" Exp[x®] D[Exp[-x?]. {x, n}]:

Prepend [Table[{n, HermiteH[n, X]}, {n, O, 10}], {"n', " H[x,n]"}] //
TableForm
H[x,n]

1
2X

—2+4x2

~12x +8x3

12 - 48 x2 + 16 x*

120 x - 160 x3 + 32 x°

~120 + 720 x2 - 480 x* + 64 x5

~1680 x + 3360 x3 - 1344 x° + 128 x'

1680 - 13440 x2 + 13440 x* - 3584 x5 + 256 x8

30240 x - 80640 x3 + 48384 x° - 9216 x’ + 512 x°

-30240 + 302400 x2 - 403200 x4 + 161280 x5 - 23040 x8 + 1024 x10

© 0o ~NO U~ WDNPFPOS

=
o
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10. Mathematica-2
Plot of the wave function

0,(&) = (72" 2 2 H (&)

wheren=20, 1, 2,...
{0} {1}

0.6
0.6 0.4
0.2
0.4 0.0
-0.2
0.2 ~04
0.0 -0.6
-6 -4 -2 0 2 4 6 -6-4-20 2 4 6
{2} {3}
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0
-0.2 -0.2
—04 -0.4
-0.6
-6-4-2 0 2 4 6 -6-4-20 2 4 6
{4} {5}
0.6 5 e 0.6

0.4 0.4

0.2 0.2

0.0 0.0

~ ~02

02 =HEAVA'A
: 0.6

—6-4-20 2 4 6 T_6-4-20 2 4 6
{6} {7}

EDATYANE R TTTAN
+: VVV :g;z\/VUV

-6 -4 — 4 -6 -4 -2 0 2

Fig.  The plot of the wave function ¢,(&) as a functionof £ n—-0,1,2,3, ....

harmonic oscillator.

11. Mathematica-3
Plot of |p, (&) wheren=0, 1,2, ...,

22
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{0} {1}

0.5 0.4
0.4 0.3
0.3 0.2
0.2
01 0.1
0.0 0.0
-6 -4 -20 2 4 6 -6-4-20 2 4 6
{2} {3}
0.35 0.35
0.30 0.30
0.25 0.25
0.20 0.20
0.15 0.15
0.10 0.10
0.05 0.05
0.00 0.00
-6-4-20 2 4 6 -6-4-20 2 4 6
{4} {5}
0.30 0.30
0.25 0.25
0.20 0.20
0.15 0.15
0.10 0.10
0.05 0.05
0.00 0.00
-6 -4-2 0 2 4 6 -6 -4-20 2 4 6
{6} {7}
0.30 0.30
0.25 0.25
0.20 0.20
0.15 0.15
0.10 0.10
0.05 0.05
0.00 0.00
—-6-4-20 2 4 6 -6-4-20 2 4 6

Fig. Plot of the probability |(pn(§)|2 as a function of & n -0, 1, 2, 3, ...., for the

harmonic oscillator. There are (n + 1) peaks for the n state.

12. Mathematica-4
Proof of

0 n n % " _§
(5—%) 2(&)=(=D"e aéne (&)

for any function y(&).
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£2
Clear["Global “+"]; CR1 := (§ # -D[#, €]) &; ¢0[& ] 1= n"1/4 EXp[——Z];

f[n ] := Nest[CR1, x[£], n] // Simplify;

gln_] :

3 g2
(1" Bxp[= | o[ Bxp[-— | x1€1. 6. ] 7/ Simplify;

Prepend[Table[{n, F[n]}, {n, 1, 4}1, {"'n", "F(n)= g(n)"}] // TableForm

n f(n)=g(n

1 Ex[&]-X[€]

2 (-1+8%) X[E]-2EX[E] + X7 [€]

3 £ (-3+&2) x[€]1-3(-1+62) X [E1+3Ex71E] - x® (€]

4 (3-6E2+6%) x[£]-4¢E (-3+E2) X [E]-6X"[E]+6E2x (€] -4Ex® (] +xP (€]
13. Mathematica-5

24



Creation and annihilation operators : differential form

(@]
Pu)
.

Sl Sl

(§# -D[#, €]) &;

AN := (§# +D[#, £]) &

The wave function of the ground state

1/4 52

o -1/ A I

0[] 1= 74 Exp| > E

The properties of creation and annihilation operators

eql = AN[CR[¥[£]1]1 -CRIAN[¥[£]]] // Simplify
Y€l

eq2 = CRIAN[¥[E]11] =ny[g] // Simplify
YIET +2NY[E] + ¥ [E] = E2 Y[€]

}

72
srule = {z// - [Exp[——z] H{#] &

{v- [Exp[—%lz] Hirl] &]}

25



Hermite differential equation

eq2 /. srule // Simplify

£
e 2

(2NH[E] -2 EH[€] +H7[€]) =0

AN[@O[€]]
0

CR[¢O[€1]
2

£2
V2 e 2 ¢

/4

AN[CR[CRICR[¢O[£1111]1 /- srule // Simplify
2

ei% (—3+6§2>

1/4

s

CR[IAN[CR[CR[¢0[&11111 /- srule // Simplify
2
(ei% (72+4§2>

/4

The wave function of the n-th state

26



1

Y[, n ] o= Nest([CR, ¢0[£], n] // Simplify;
Vvn!
Prepend [Table[{n, ¥[§, n1}, {n, 0, 6}], {"n", "¥[£.n]"}] // TableForm
n ylE,n]
0 i1/4
52
V2 e 2
1 1/ :
&2
e 2 (-1+2¢2
2 V2 174
£2
e 2 ¢[-3:2¢2
3 \/§7T1/4

§2
e 2 (3125244

2~/6 1/4
2
5 e’% £ (15-20 2.4 §4)
ZN/E ﬂ1/4
£2
6 e 2 (-15+90 260 £4.8 £6)
12+/5 71/4

14.  Parity of the wave function

1)=4a%|0),
with
At N A
a = %(x - p) :
Noting that
X=-X7,
B=—pr.

we have the relation

=Ll Uplo Bl plicas
J2 ma, V2 M, '

We note that

27



N A
=g {e o)
Since (&£[7]0) = (- £]0) =(£|0) (even function of ¢,(¢) = 77" '?), we have

A

7 0> = |O> , (|O> has an even parity)

Al=2 f|0> #0)=-4"{0) =—{1).

Then |1> must have an odd parity. Similarly

i2) =) =Sl - S =[2).

Then |2) n) hasa (—1)" parity:

(xfn) = (=1)"(x|m),

(=)= D" (x[n).

which means that <X| n> 1s an even function of X for even number and is an odd function

of X for odd number.

15. Parity selection rule (even and odd parity operators)
We define a new operator as

A+A ~ ~
T Ar=A,

s

for operator with even parity

~

T Ar=-A,

and for operator with odd parity.

28



So the operators X and p are odd parity operators:

A A

7 k7x=-X, and A Ppr=-p.
The operator Xp is the even parity’

TR =7k A =XP .
In general,
Rp'z=r" 822" p'r=(=1)"" R p".

Ak A

%“p’ is an even parity when Kk + ¢ =even and is an odd parity when K + ¢ =odd.

We now consider the matix element of the operators A+ and A_ with<n| and |m> , where

#n) = (=1)"|n), #m) = (=)"|m).
The matrix element is given by
(n|A.Jm)=(n|z*A 7

<n|A+| m) is equal to zero when n+m = odd.

A

m) = (=1)""(n| A, |m).

Similarly,
(nlA m} = ~{n

<n|Aﬁ|m> is equal to zero when n+m = even.

AT

m) = (=1)""™"(n|A_|m).

16.  Generating function

S LY

n=0

((Proof)))

n

H He’ —52,
(&) =(-D"e o

29



n=0 n=0 0 é: n!

Taylor expansion:

n
—(&-t)* _ [8 —(&-t)? }
e E — e .
n=0 n' atn t=0

0 0
Note that — f (£ —t)=—— f(£-t). We put
ote that —T(c'—1) of (c—t). Wepu

X =£&-t,
O o o _OXA(X)_ af(X)
atf(gg ) ot oX oX
Kl X af (X) _af (X)

5 fe-b= o X X

Then we have
0 0
ax f(f—t)——% f(&-1),

or more generally

8“

-0,

) o0 tn an )
e—(f—t) — _(_1)"{_8—(5‘—0} — _( )
Z; ! o&" o nzz(;n'

éf

or

o0 n
e (¢~ -1)? &2 naé? 0 =&
e -1)'e s
Z;; 8§n

or
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o ¢N ootn

exp(—2§t+t2)=zt (-D)"ed — 6 ¢ Z— (

n=0 0 n!

17. Proof the generating function using the Baker-Hausdorff relation
A+ _ S tn A+\N _ S "
F(t,x) = (x|exp(a t)|0>_n§ﬁ<x(a ) |0>_n§m<x|n>.
((Lemma))

If the commutator of two operators A and B commute with each of them

[A[A B]]=[B,[A B]]=0.

One has the identity

eAB — ghgBe IABY

Now we assume that

A=

L . pt
\/EX’ B——lﬁmw .

Note that

a+ ﬁt s iA
e ' = exp[t=(X —
pl 5( -

= exp(% X)exp(—i %%) exp(— tz)
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F<nx>=<x|exp<a+t>|o>=<x|exp<%ﬁ>e><p<—i% b

)

—eXP(——)eXP( 7 X)(x IeXp( i= o )|0>

)

A i, - i,
Ta = eXp(—g pa) s Tax (a) = exp(% pa) s

- exp(——) exp(\/— X)< \/_ﬂ

Note that the translation operator is defined by

(x[T," (@) =(x+a,
with

A A1t
C 2me, 28 2

Using the form of <X|0>

F(t,x)= exp(——)exp(jt_x)ﬁzir exp[——ﬂ( _\/_,H

1

= ﬂiﬂ exp(—E B +ﬁtﬁ><—5t2)

Thus we have

1

o t" bl 1 1
F(t,x)= X)= B2r 4 exp(—— B2X> +/2tBx ——t?),
();Wn()ﬂﬂ Xp(zﬂ ,5’X2)
Since

2n(E)= B 20,(%),
we have

00 n 1

gﬁpﬂ(é) — 7 texp(— £+ V2E ) =KL,
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K(t,Xx) is called the generating function of ¢, (&).

Since

52

0, (&) = 72"n!) 2e 2H (&),

we get

1t ., 1.,
2 () HA©) = exp2tE ).

n=0

When t is replaced by V2t , we have

Z t—'Hn &= exp(—t2 +2t&). (generating function)

n=0 I

18.  Comparison with Classical Mechanics
Classical mechanics:

X = Xy, cos(at — @),
p= m% =—Ma, Xy sin(at — @),

S| 1
:Zp_m +Ema)02x2 :Ema)ijz.

Comparison (classical mechanics and quantum mechanics)
We choose ¢ = /2.

X = X, sin(at),
p= m% =M, X, cos(at).

We define a classical “positional probability” as

dt
Wclass (X)dX = ? )

where dt is the amount of time within dX and T = 27/ @.
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dx = wX,, cos(at)dt = wx,, dty/1-sin’(at) = wx,,dt_[1- (L)2 ,
XM

since
X 2
cos(at) = +4/1—sin’(at) =+ 1—(—] )
XM
we get
dt a)dt
X)Xy, dt_[1—(— ,
class( ) ( ) T 272_
or

1

1
Wclass(x) :Z X .
Xm 1/1 - (7)2
M

But this expression is not correct. Requiring that the total probability of finding the
particle between —Xy and Xy is unity determine the following correct expression

1
Wclass(x) = X
X, [1-(—)*
M (XM )
In fact
Wl 1
J. cIass(X)dX_ J. - 4dX: .
—Xm —Xm a X 1_(L)2
M XM

The reason for the factor 2 is as follows. The particle passes between X and x +dx twice
during a period. Here we have

Since

class (é:)dé: class (X)dX 5
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or

Wclass (f)d 95 = Wclass (X)dX = Wclass (X) % dé: >

or
1
W, lass = Wclass 5
class (&) (X)ﬂ
and
&= pX,
_ __ B 1 dg
Wclass(f)dg_wclass(x)dx_ﬂ_\/zn_i_l\/1( f )2 ﬂ s
v2n+1
1 1 1 1
Wlass = - .
tass (€) 7[\/2n+1\/1_( & 2 7z’\/2n+1_§2
v2n+1

The classical limit is given by

2
S i
2 2

The intercepts of the parabora (£2/2) with horizontal lines (n+1/2) are the positions of the

classical turning points. W, (&) is compared with |g0n (§)|2 (quantum mechanics).

class

E+e

-1 )
Wos (&) = nLLfJ.JgJ 0, (£)]dé.

—&

Finally we calculate the probability of the particle in the forbidden region of the classical
mechanics.

P =2 [lp, (&) d&.
V2n+l

19. Mathematica-6
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Probability beyond the classical limit

Clear["Global "7];

2
o[n_, &1 12212 714 (ny)-1/2 Exp[—iz] HermiteH[n, £1:

Prob[n ] := o[n, €12d€ // N;

2 [ee]

v[/2n+1

Prepend[Table[{n, Prob[n], 1-Prob[n]}, {n, O, 10}],
{"'n", "Prob(n)", "1-Prob{n)"}] // TableForm

Prob (n) 1-Prob{n)
0.157299 0.842701
0.11161 0.88839

0.0950694 0.904931
0.0854829 0.914517
0.0789264 0.921074
0.0740342 0.925966
0.0701809 0.929819
0.0670313 0.932969
0.0643863 0.935614
0.0621191 0.937881
0 0.0601438 0.939856

P OO~NOUIAAWNEFLOS

20. Mathematica-7
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Fig.

Fig.

Energy eigenstate probability density function of the 1D harmonic oscillator. The
horizontal axis is & (=fx). The vertical axis is Energy E divided by 7w . The
bottom line is at E/A#w =(n+1/2) for the state n. The parabola denoted by black
line is the potential energy (=&°/2). The wave functions penetrate into the
regions that are not accessible according to the classical mechanics. The classical
turning point is given by &, =+2n+1.

Classical region

<l 1.2 -
- o ey Ll

o
<§|(7

0.8+

06"

0.4+

02+

vin

The ground state energy eigenstate probability density function of the 1D

harmonic oscillator (denoted by Kf |O>‘2 The horizontal axis is & (=fX). The

vertical axis is Energy E divided by %@ . The bottom line is at E/fhw=1/2 for
the ground state. The parabola denoted by black line is the potential energy

(=£&°/2). The wave functions penetrate into the regions (|§| > 1that are not

accessible according to the classical mechanics. The classical turning point is
given by &, =v2n+1==1 forn=0.
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21. Mathematica-8

Fig.  Probability density for the n = 30 state as a function of & The classical
probability distribution (denoted by blue line) peaks at the classical turning point.

The region for |§M | >+/2n+1=+/61=7.81 is not allowed classically.



Fig.  Probability density for the n = 50 state as a function of & The classical
probability distribution (denoted by blue line) peaks at the classical turning point.

The region for |£,|>~v/2n+1=+101 =10.05 is not allowed classically.

22. Differential equation (Series expansion method)

We start with the original differential equation for the simple harmonics.
Hly)=Elw),
or

nod® o1
[—%W + Emw02X2]<X|l//> = E|l//> .

We introduce

=X, |X)=+/B|£).

<s|w>=iﬁ<x|w>,
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with

Mo,
B=—7""
Then we get
W @ LS e
i ma S el = Efelv).
or
> __2mE __2E
(s~ EHelY) =T elv) == (el

For simplicity we use

kO =y).

Let us try to predict intuitively the behavior of @(&) for very large &

d2

d§2 _é: )(D(é:):o

(

To do this, consider

2
£
2

Gi(é:):e 5

satisfies

d2

[d§2

—(£*£D)]G.(§)=0.
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When & approaches infinity, &2 £ 1 = &2 = £-2¢.
We choose

52

G.(H)=e 2,
from a physical point of view.

limG_(£)=0.

Now we set

§2

p(&)=¢e 2h(&).

Here h(&) satisfies the differential equation.

d? d
[d§2_2§E+(28_1)]h(§)_0'
((Note))
d e
E¢(§)=_§e (6)+e 0z (S,
G PO =8 ThO L ) - )
,% d 7% q2
—ce Eh(f)+e ae? h(¢)
< : d d:
=e 2[-h()+< h(f)—2§@h(§)+d§2 h()]
Then we get
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> . _ S S
[~ (€ 29000 =e [N+ )22 1)
e i
g ) - 0@+ 2606
e 9 b m 2 neey s e (e =0
4z e

h(¢) should be either even or odd functions.

h(&)=EP(a, +a,&° +a,E +..) = iamfzm*p,

with a, # 0.

[This expression is used by Cohen-Tannoudji et al. Quantum Mechanics, volume I and
volume II (John Wiley & Sons, New York, 1977].

(&)= a,, (2m+ p)eme,

N'(£)= Y 2y, (2m+ p)2m+ p—E™ P2,

m=0

iaZm(zm +p)2m+ p—1)EMP2 2ia2m(2m + p)ETP
m=0 m=0
(1)

+Y (26 -1a,,&™P =0
m=0
We note that

>, (@m-+ P2+ p=DE T = a,p(p-DE" + Y a,,(2m+ pY2M+ p- 5
" m=1
=a,p(p-1&P
+ ia2m+2[2(m +1D)+ pl[2(M+1)+ p =g D+p-2
m=0
=a,p(p-D&"?
+ iaﬂm(zm +Pp+2)2m+ p+1)EmP

m=0
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Then Eq.(1) can be rewritten as

3,p(p—DE"* + i[(Zm +p+2)2m+ p+1Da,,., +(2e—1-4m-2p)a,, &7 =0

m=0
The coefficient of & leads to
a'0 p( p - 1) = 0 B
Thenp=0or 1, since a, # 0.

In general, for the co-efficient of &P
a,,2e-1-4m-2p)+a,,,2m+p+2)2m+p+1)=0,

or

2e—(4dm+2p+1
a2m+2 =- ( P ) aZm s (1)
Cm+p+DH2m+p+2)

withp=0or 1.
First we consider what happens when ¢ is not a half integer such that

2e #4mM+2p+1=22m+ p)+1.
Then a,,,, #0, a,,,, #0,....... We note that

. a . -2+ (4m+2p+1) 1
lim 22 = [im =—,
mow g, moe (2m+ p+DE2m+p+2)° m

2
Now we consider the power series ofe”

with
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Thus

This means that

h(&) ~e,

or

2

£ £ 2

p(&)=e *h(S)~e 2e” ~e’

which become infinity when & tends to infinity. We must reject this solution. This
solution makes no sense physically. The numerator of Eq.(1) goes to zero for a value my

of m.

a,, #0 for m<m,,

and

a,, =0 for m>m,,.

I I I I I I I 1
dg a, ady dg a mo-4 ay mo-2 az mg
A2mg+2=0

a2 mo+4=0

a2 Mo +6 =O

Thus we have

_ 2e-(4my+2p+1)
2my+p+DH(2m, + p+2)

a2m0+2 -

2mo ~— Yo

where
4m, +2p-2&+1=0,

or
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£=2m +p+l—£
S 2 ho'

If weset N=2M; +P (n=cven forp=0andn=odd forp=1)

1
E =ho(n+-),
o= ha(n+2)

and
h(&) =&, +a,& +a,é +..+a,, M),
where p=0or 1.
We consider the two cases.
(@ p=0.

2e—(4m+1)
Ay = om
2m+1)(2m+2)

The coefficients of &0, &2, & & 28

£° (2e-1Da, +2a, =0,

£ (2e-5),+12a,=0,

£ (2e-9)a, +30a, =0,

£ (2e-13)a, +56a,=0,
£ (2e —17)a, +90a,, = 0,
& (2e-2Da,+132a, =0,
£n (2e—-25)a, +182a, =0,
£ (2e-29)a,, +240a, =0,
£ (2e-33)a, +306a,, =0,

£ (2e-37)a, +380a, = 0.



p=1

2e—(4m+3)
Ay = an -
(2m+2)(2m+3)

The coefficients of &1, &3, & &7, ...

23.

& (2e-3)a, +6a, =0,

£ (2e-T)a,+20a,=0,

£ (e-11)a, +42a, =0,
£ (e-15)a,+72a, =0,
£ (2e-19)a, +110a, =0,
& (2e-23)a, +156a,, =0,
£ (e -27)a, +210a, =0,
& (2¢-3Da,, +272a,=0,
&7 (2e-35)a, +342a,=0,
£ (26-39)a, +420a, =0.

Mathematica-9
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Hermite differential equation (series expansion)
Clear["Global " %"];

Eql=D[¢[£]1,{€,2}1-(£%-2 €) 0[£];
rule1={¢p->(Exp[-322] h[u]&)};

Eg2=Eql/.rulel//Simplify;

£
Eq3=Eq2 e2 //Simplify

e

(-1+2¢) h[&] -2&N' [&] +h"[&]
Eg4=(-1+2 €) h[£]-2 & h'[£1+h"[€&]
(-1+2¢) h[§] +h"[§]1-2&ER (€]

2
F[x ] := xP Z a[2m+ 2 k] x2M2k

K=-2
f[&] // Expand
§2m+pa[2m] +§74+2m+pa[74+2m] +§72+2m+pa[72+2m] +§2+2m+pa[2+2m] +§4+2m+pa[4+2m]
rule2 = (h-» (f[#] &) };

Eq5 = Eq4 /. rule2 // Simplify
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_El“ ((L+4m+2p-2¢) e¥2™Par2m +

(-7+4m+2p-2¢) e2™Paj-4+2m] +£% ((-3+4m+2p-2¢) £2™Par-2+2m] +
(5+4m+2p-2¢) E¥2M"Pa(2,:2m] +9%2MPa4.2m) +4me®2™P a4 2my +
2pe®2MPargas2m -2 £52™Para2m) - &2 (Flul] &)7[£]))

Eq6 = Eq5 £5°2™P // FullSimplify

g22MP (2™ ((1.ams2p-2¢) sta[2mi+ (-7+4m+2p-2¢)al-4+2m +
g2 ((-3+4m+2p-2¢)aj-2+2m)+ (5+4m+2p-2¢) fa[2+2m +
(9+4m+2p-2¢) fafa+2m))) + & (Flu1] &) 7 [&])

listl=Table[{2 n,Coefficient[EQ6,¢£,2 n]},{n,0,6}]//Simplify//TableForm

7-4m-2p+2¢)al-4+2m)
3-4m-2p+2¢)a(-2+2m]
-(1+4m+2p-2¢) af2mj
-(5+4m+2p-2¢) aj2+2mj
0 -(9+4m+2p-2¢) a(f4+2m)
2 0

0
(
(

PROOANC

We pick up the recursion formula :
~(1+4m+2p-2¢c)a[2ml+ (2+4m*+3p+p?+m (6+4p))aj2+2m
seql=-(1+4m+2p-2¢)a[2m] + (2+4m*+3p+p’+m (6+4p)) a[2+2m] =0
(-1-4m-2p+2¢c)a[2m] + (2+4m2+3p+p2+m (6+4p))af2+2m] =0
Solve[seql, a[2+2m]] // Simplify

(L+4m+2p-2¢) a[2m) }}
2+4m2+3p+p2+m (6+40p)

{{al2+2m] >

Factor[2+4m2+3p+p2+m (6+4p)]

(L+2m+p) (2+2m+p)

24.  Stationary wave function

Ground state (n = 0)
c=1/2
my=0,p=0, ay#0,

h(¢) =ay,

£
@,(&)=a,e * (even function).

Normalization:

[loo(@)[ dé = [la| exp(=£")d& =[a,[ V7 =1,
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or

@ (&) = 't

2°0!

n =1 state
=32

my=0,p=1. {ag#0}.
h($) =a,¢,

2

-
p(H=e *a;s,

ﬂcpl(é)l2 dé= j la|” & exp(-£*)dé = [a,| % ~1,

2

_&
(01(§)=7f”4ﬁ(2§)e 2

n = 2 state
1
e=5/2,or E=hw,2 +E)

mp=1,p=0. {a,#20,a,#0}
a‘2=_2a05

£ )
p,(&)=e 2a,(1-2&),

fl%(f)lzdé = j|a0|2(1—2§2)2 exp(—&2)d¢E =[a,| 27 =1,

1 ¢

(&) =n"" e (—2+4&%e 2.

n = 3 state
1
e=7/2,or E=hw,(3 +E)
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my=1,p=1. {a,#0,a,#0},
6a, +4a, =0,

2

e 2,
P (D=0 Tad1-38).

Jlo@fde= | |a0|2§2(1—%e:ﬁzexp(—fz)dg:|a0|2@:1,

&
o) =e 27:‘”4ﬁ<—125+853).

n = 4 state
8—2 or E=7w (4+l)
2 )
p=0,my=2, {a,#0,a,#0,a,=0}.

1 1 1 4
8, =—;(2¢-3)a, =—3% = —5(—430) =3 %

1
8, =~ (2¢-1a, =4a,.

() =a,(1- 487 + 16 =3, (12- 488 +16"),

g

¢4(c) = exp[~=-1,(3).

Normalization

0

[expl-&lla, [ (12-482> +16*)d¢ =a, [ Vr 2*41=1,

—00

or

Thus we have
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s | _68_2
P, (&) =7 mexp( 2)H4(SZ)-

((Note))

H, (&) 1s the Hermite polynomial.

Hy($)=1

H (5)=2¢

H,(&)=4&" -2

H, (=8 —12&

H, (&) =16&" —488 +12

H (&) =328 —160& +120&

H, (&) satisfies the differential equation given by

d? d
(E— 2§d—§+2n)Hn(§) =0.

25 Characteristic length in the ground state
(@) Definition of the characteristic length

The operators X and P are defined by

- 44",
p i\/E,B( )
with
_ M,
p= n

We now introduce a characteristic length |, given by
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| h
2ma,

Then X and P can be rewritten as

L=1a+4a"),
R PSP s ax
=-——(@-4")=-0,(a-4"),
p i2|( ) o )
where
1
Pl
We note that
o*I—E
p 2

in the |§> representation

a = ﬁ(f( - l) = L(§ -—), in the |§> representation
1)

where

(b) Property of the ground state
We start with

or
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h 0
s ()0,

Using & = fX and |X>:\/ﬁ|§>,we get
(§+—)<§|0>

The solution of this differential equation is

<§|O> = Aexp(—% .

The constant A can be deterimined from the normalization condition,

o0

(0]o)=1= [(0]&)(¢[0)ds =|A] jexp( ENde=|A'Vr,

—00

or
1
A=
71_1/4
Then we get
1 £
0)= exp(—=),
(610) = o=
or

2

Ma, _ MayX
(X10)= JBLE]0) =1 % exp(- 2.

Using the characteristic length |,

2 2

1 X
4|2 (272_)1/4|1/2 exp(-—73),

exp(= e

(X0) = i

where

Ma, 2mao,
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The probability is given by the normal distribution

2 1 x>
P, (X)=[(X|0)] =———exp(——),
with the standard deviation of the position

o, =1.

X

V2 oxkxioy?|

. X/o
4 X

2 h
X<X|0>‘ vs X/o,. o0, == /Zma)o

The momentum representation of the wave function can be derived from the Fourier
transform as

(p[0) = [{p|x)(x|0)ax

Fig. Normal distribution. (27)"* o

1 1% i x?

= % (2ﬂ|2)1/4 :[Oexp(—g pX) exp(—m)dx
1 1 I°p’

:\/27171 QA" 2|\/;exp(— 72 )

1 p’
= exp(—
2n)" o, w 4ap2)

where o, is the standard deviation of the linear momentum,
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p/O'p

Fig. Normal distribution. (27[)”20'p‘<p|0>‘2 vs p/o,. o, = o0

We note that

h
o, 0, =—l=—,
21 2

which is consistent with the Heisenberg uncertainty principle.

(©) Expectation and fluctuation

(n|g|n)=1I(n|a* +4/n)=0

(n|&*[n) =1*(n|(@" +&)’|n)
—1*(n[a"a" + 44 +4a" +4"a|n)
=1*(n[2a"a +1n)

=o. 2n+1)=1’°2n+1)
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(n|p’|n)=-o(nj(@-4a")*|n)
= —of,(n dta"+44-4a"-4a'a n>
=o.(nl2a*a+1n)
hz
=oy@n+D=(@n+D) 5
since
f):—ap(é—éf), X=1a+4a"),
with
h
o, ==, o, =|
21

Then we have the uncertainties of the position and momentum as

n)=Iv2n+1,

G2

Ax =./(n|R

o=l - L

and the product AXAp as

AXAp = g(Zn +1).

The expectation value of the Hamiltonian H

A2
A 1
H=P - ma, %>,

is given by
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(n|H|n) :ﬁ(Zn +1)o, +%ma)020'x2(2n +1)

1 1
=(2n +1)[%a; +Ema)020'X2]

[/ | -
=2n+D[——+—mw,|
( )[2m 41> 2" ]
:%hw0(2n+1)

(d) Dynamics of oscillators

p(t=0)=2a]n),
‘l//(t> _ e—iﬁt/h‘l//(t _ 0> _ Zane-nﬁn/h‘ n> _ Zanefiwo(nH/Z)t‘ n>'

We calculate the expectation;

X

m)

~ N * oy (n+1/2)t —imy (M+1/2)t
- n m
w®Ow®)=> a,e a_e {n

m
- Ze“”o(“‘m>‘an*am<n|>?| m)
n,m

Here we note that

(n|gm)=1(nja+&*|m)
_ |\/ﬁ<n|m_1>+|«/m+1<n|m+l>
= I\/Eé‘n,m_l +1 vm +15n,m+l

since
g=1(a+a").

Then we get
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X

(w(t)

w() =13 6" """ '8, (Y3, + VM +15, ,.,)
o
=1Y (e Vn+la,a,, +e"'Vna,a, )
= Ié\/ﬁ(e‘i“’“anl*an +e"'a’a )
We put
IWna, 'a, =xe" .
Then
(w®)|R|w () =D x, (e +e'e')
n

= ZZ X, cos(apt +¢,)

This is the sinusoidal oscillation with the angular frequency a.

26. Normalization of the wave function of the simple harmonics
The wave function is given by

2,(&) = (z2"n) e H (&),
where

Of)n
o5"

2
e .

Ho (&) =(-1)"e"

We show that

[o) ©p(ds=1,

or
Te_éz H, (5H, (£)dE=2"n7 .

((Proof))
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Le H(EH(E)dE = (1) j e < H, (S)[ef = “lde

o" -£2 __n_nOO —fzan
%ne dé = (=1)"(=1) _Le P

=(=1)" [H,(&) H,(&)dg

H, (&) is the Hermite polynomial and is a function of & The highest power is £ and the
coefficient for the power &£ is 2".

%Hn(g)=2"m.

Thus we have
Je < H@H, @i =2 [e'dg =2"mVx.
or

[ ©p.($ds=1.

27.  Simple harmonics: momentum space

. . . k p
(@)  Dimensionless variables: &= fgx and x =—=—
pnp
k_p
§=ﬂxa p:hk’ K=—=—,
g np

) =BlS), :

=gl R =VAk =)

(b)  Transformation function: (&|x) IR S

2z

(x|p)=p—e".
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(c)  The Fourier transform; (x|n)

The Fourier transform is defined by
_ _ (ol i
2,(00) = (eln) = [ (el )¢ |ndlé = [—e™(¢In)ds
So <K’| n) is the Fourier transform of <§ | n> (dimensionless). We note that
(el = JB{KIn) =i (Bl (m) =),

(d) Creation operator & and annihilation operator a
The creation operator and the annihilation operator are given by

\/—( ) \/—(§+|K)

__ib ! E—ik).

& = G ) = 7

. . 0 . . 0 2
28.  Relations —|%<§|n>:<§|x|n> and |§<K|n> =(x|¢|n)

(£]n) = [ dae{] )| m) = jdkﬁexp(ikéxrdn%

where
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Leixf )

(6he) ==

We now calculate

Si9 ren) = —i O (el eix
|a§<§|n> 'ag dxme (x|n)

—J.dl('fe <K‘| >
- [ax{ée)xleln)
= (£I&|m)

i eln) = eféln).
®) ia%<x|n>=<x|é|n>

n) = [d&(x|E)(E[n) de— “(&]n),

where
* 1 —iK
(el2) = {elw) =e.
We now calculate
- (i) = [de——i(-i&)e (2] n)
0 NP

- Joe e {eln)
= [d&(xc|e)( )
= (x|¢]n)

or
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. 0 2
-2l = ().
29.  Fourier transform of (£|n)

1 &t

(cloy=re ™
Y Tl e
<K|O>_J;—ﬂe <§|O>d§_£—”e 7 ‘e

V2z 2z

Note that
1., . 1 ., 1,
—=& —ikE=—=(E+ik) —=K".
25 ¢ 2(5 ) 5

Then we get

N2
where
1o, 2
[e2"""de=vaz .
So we have

2y (5) = (1) 9y () ;o= @o(&) |-
In general we have the following relations.
¢n (K) = (_i)n¢n (‘):) |§:K 5

| (Dn (K) |2:| ¢n(§) |2|§:K :

6g2

2dé&.

We show that ¢, (k) satisfies the same differential equation for ¢, (&).

pu() = | ﬁe“’“‘fm@dé,
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with

12
0. (&)= 72" n'> e 2H, (9.

Then we have

d’p, (k)
dx?

T 1 2\q-1KE
= -£7)e e, (5)dS . 1
_[O o6 O (1)
We note that ¢, (&) satisfies the differential equation.

(? & +2n+1)p, () =0.

Taking the Fourier transform of this differential equation,

Tl —mfd 0,(&) 2g-iKE
[ IJ_( e o, )08

=-K ¢n(’()

[ e +an g, 0= T2 4 oni g ().
K'

S A2r
Then
Tl
J.ﬁe f( ie —E 1 2n+1)g, (k) =0,
or
d2
(d ~— k> +2n+1)p (k) =0,
K

@, (k) satisfies the same differential equation as ¢,(&).

30 The form of the Fourier transform: <7<| n>
Here we show that

(i) = (=0)"(£[m) .. .
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In other words, the form of <K’| n> is essentially the same as the form of <§| n> , except for

the factor (—i)".

((Proof))
(€ln) = elayo)
= e {elE-iro)
AT
Similarly,

1 < n 0 \n
- m(_l) (K_ﬁ_;() <K|0>

2

o 1 AN -
= e
= (—)"(£[n) |-,
where
<K‘|O> = 7r_%e_’(7 .

31. Mathematica-10 ,
¢
oln_, £1 = x4 (2" ny) 2 Exp[-—Z] HermiteH[n, &]

Prepend |
Table|
{n, FourierTransform[e[n, £], £, x, FourierParameters - {0, -1}],
(-i)" @[n, x1} /7 Simplify, {n, 0, 4}],
{"n™, "o[n,x<]1", " (-i)"0[n,£=x]1"}] // TableForm
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K2 2
2 2
0 € €
o1/4 1/4
%2 _x2
1 _iv2 e 2 x _iv2 e 2 x
1/4 1/4
K2 K2
> e 2 [(1-2x2 e 2 [(1-2x2
NP 2 AL/4
K2 K2
3 ie 2 x (—3+2 KZ) ie 2 x (—3+2 KZ)
NEE N3 Al/4
X2 K2
4 2 (31242454 2 (31242454
26 n1/4 26 1/4
X2 K2
5 ie 2 x (15—20 K2+4 K4) ie 2 x (15—20 K2+4 K4)
- 2+/15 »1/4 - 2+/15 »1/4

32.  Classical probability density in the x spane

X = X, sin(at),

p= m% = mx,, wcos(awt) = p,, cos(at),

where
Py =MX,, @ .
Noting that
dp .
— =—p,, osin(wt).
ot Pw (t)

the probability density is given by

1 dp _ dp
T py@|sin(at)| 2ap, |sin(at)|

W (p)dp =W(K)dlc:$=

Taking into account of the factor 2 for the probability correction, we have

d d
W (x)dr = — =
ﬂ\/pM -p 72'\/KM - K
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where

Ky =v2n+1.
Thus we get
W (x) = !

JZ'\/(ZI’I ) —x
which has the same form as

W(x) =W () |-,

33.  Wave packet of simple harmonics
(L.L. Schiff, Quantum mechanics, p.67-68)

(Xl (0) = (Xlexp(— - Fioju (¢ =0)
= J{x{exp— Folx)(x|w t = 0))ox
We define the kernel K(x,X',t) as
K(x,X',t) = <X|exp(—% Ht)|x')
= (e~ E,0(n) )

- Zexp(—% ED@, (0, (X')

Note that
&= pX,
with
_ M,
it —

Then we have
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w0 = Y exp(— ED [ de' g, (w (X)g, (0.

We assume that

w00 =L cexpl- R x-a%),
or
Pu(&) = (E]n) = —=(X|n) =—= g, (%),
Iz JB
or
P(&) = "1,
with
é-go = :BXO .
We need to calculate the integral defined by
| = [dx'g (Y (x')
- [a0,000 L el (x-a7)

=[5 80 el S

- [dg0l @ expl—~(E—&)')
V4 2

Here

2

1 g
0.(&)= 72"l 2e 2H(&).

Then we get
1 n _% 52 1 2
=== Wr2'n) 2 [dgexp(—)H (Oexpl— (- 4)°)).

Here we use the generating function:
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00 n

exp(25¢=5") = Y2 H, (9.

Note that
dzespass -s)exp(-Sempl-1 (65713 [de S H (O~ yexpl-L (€&
27 s" 2 2
=Z I d§—H, (&) expl—(¢ —505+550 )]
The left-hand side is

jdr:exp(zsr: )expl-£" ~££+ &= explst, -5

Thus we have

7% exp( —)2550 =[O H, @expl (£ ~&E+2 £

1l n=0 .,

or
12 502 e i ) 1.,
7' exp(-—2)6" = [dEH (D expl=(£7 = &+ 2],
Then h
| =@ 7z2"n!) 2 exp(—i)go .
Then
p(x.1)= Zexp(—-Et)(z 1) 2 exp( 5—0)50 0:(%).
Since

1
E, =ha,(N+2),
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or

[ i .
exp(—% El)= exp(—z w,t—1nwt),

and
t X, t
p(e)= \/EV/( )
we get
P(ED =20 exp—2)Ge Y expl- 00, (),
or

; £
)" exp(—lwone 2H, (&)

_| wpt

(e = 7}2(2 ) exp(— S0 e

o exp —Sl—i )Z 1 (§° Y'H, ()

Using the generating function
,,wot

Sl 2iNw,t —j@,t
Zn,( Y H,(6) = expl— Z&E v ge e,

n=0
we have the final form

§02 52 I 2 2j @t

|‘Uot

CAVES 1/4exp(— 4 _E_Ea)ot__fo + &
EF & 1> .
v = I exp[—T—T—Ea)ot —Zfo (cos2am,t —Isin2am,t)

+ &,E(cosw,t —isina,t)]

2
= Texp[—% - %éoz cos 2yt +2&,E cosat],

or
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» 1
- _1/2
T

exp[—(& — &, cos wot)z] .

W&

? represents a wave packet that oscillates without change of shape about £ = 0

(&0
with amplitude &; and angular frequency .

34. Mathematica-11

v\'o'o"o'o;g'/ \
XA
W
0
W

)
'

n
)

Fig. The time dependence of |1//(§,t)2:%exp[—(f—focosa)ot)z], where & =1.
V4

T =2rn/w,. The peak shifts from =0att=0to S=0att=T/4, &= §att=
T2, 6=- &, att=3T/4,and £=0att=T.

35.  Application of Schrodinger and Heisenberg pictures
Simple harmonics
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where H is the Hamiltonian

Using the equation of Heisenberg picture, we obtain

Xy = Xcosa,t +

psinmyt,
@y

and
Py = Pcosa,t —mao Xsinwyt .

The matrix of X and p are given by

0 J1 0 0 0

Voo V2 0 o0

e L]0 ¥2 0 43 0
V2810 0 3 o0 4 [

0 0 0 4 0

and

o 1 0 0 0
10 V2 0 o0
. Mo, | 0 —¥2 0 43 0
P=Ris 0 0 -3 o0 i
0 0 0 -4 0

((Discussion))
What are the expectation values <1//(t)|)?|t//(t)> and <l//(t)

Bl (©)?
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{w Oy ) = (¥ 0)[% | (0))

<1//(O)|)? cos ot + !

ma,

= <t//(0)|)2|1//(0)> cos ot +

psin a)0t|1,y(0)>

1
ma,

(w(0)| Bl (0))sin ot

(w®] bl ®) = (W ()| py|w(0))
<1//(0)| p cos w,t — maw,Xsin a)ot|1//(0)>

= <1//(0)| f)|1//(0)> cosat —Mo, <l//(0) |)?| y/(0)> sin a,t

Suppose that
1
My O)=72(0)+21)+[2)

we can calculate the matrix elements <y/(0)|)?|y/(0)> and <l//(0)| f)| z//(0)> as follows.

1
[1 2 1]1 o L9 ?
(W (0)|Xw (0)) = % & T —{1 0 V2 |—
6 6 \/E\/Eﬁoﬁ 0 f
J6
1 2
:\/—Tﬂg(l+\/§)

ool % 7 T

@ )=o)+

(W Oy (0)) = (

51—
l\)"_
N—
®‘~
e
7\
—_ O
o ek
N
HN‘
1
ﬁ‘H
e



<w<o>|o|w<o>>=[

Gl -

RN

<t//(t)|f(|t//(t)> = \/%,6’ cosa,t,

and

(w®]plw () =- rjg’ﬁ sinof

36.  Schrodinger picture

0) =€ (0)+)= 5= oy re =)= (€10

<l//(t)| = %(eiEﬂt/h iEt/ )’

N 1 ? 1 ieen gm0 1 e
(W(t)IXII//(t)>=(ﬁ] \/—Tﬂ(e‘) 1 L Oj(z_mlt/h}

l 1 (lEt/h iEgt/h R
2\/_ e—iEOt/h
1 1 iyt —iw,t
——(e'™ +e7
WY, ( )

1
= cosa,t
2
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. 1 ? o (AiEt/n iEt/A 0 1)ye™
<w<t>|p|w<t>>=(ﬁj Ny LA )[_1 0}[2}

—iEt/R
:l Mo, (eiEot/h ietn) €
2\/_ﬂ| _e—iEot/h

I ma, ,a,ot)

2\/—,8(_0
t

M, sin @
2

37.  Sturm-Liouville problem of the simple harmonics

The Hamiltonian of the simple harmonics

A mao; .
p+—= %

Hol g
2m 2

The eigenvalue problem of the simple harmonics

Y

H

n)=¢,|n),

with
g, =+ l)ha)
n 2 ('
Schrédinger equation
(XHIn) =&, (x|n),

(3 P+

)= en(x|n).

or

2m dx2

&=, (Xn)=B(g[n), and |:>=ﬁ|x>,
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B = >
We note that
d d&d d

or

with

We put

d _d_sti(d_fi):ﬂi(ﬂi):ﬂz d 22

dx>  dx d& dx dé dé™" dé dé&

L
2m” d& 2 B

ho, d° ho,
2 48 2

( XA =heoy(n+eln),

dZ

G ~& +2n+1)9,(£) =0,

(

(&l =0,(9).

0,(6)= exp(-u, &),

with U, (&) = H,(&): Hermite polynomials.

Uy"' () —28U,"(&) +2nu, (&) = 0.

Sturm-Liouville type differential equation

38.

Determination of the weight function w(¢)

Eq.(1) x (&)

W(SU, " () = 2eW()u, ' (&) +2nW(S)U, ($) = 0.
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The weight function should be determined such that

W(SU," (&) = 28W(S)U, () = Ofl—g[W(é)Un'(f)],

or
W (£)=-28w(8)
w(&) =exp(-¢&"),
L[u,]+2nexp(-&")y, =0,
with

d 2
L{u, 1= dé[eXp(—f U, (&)

((Orthogonality))
L[u,]+2nexp(—&)u, =0,
L[u, ]+ 2mexp(=&*)u, = 0.

We show that

Tum* L[u,Jd¢ = Tuann*]df,

_T;um*L[um]dé - _zum*;—g[eXp(—iz)unr?]dé - —_z(um*)ﬁeXp(—éz)UnV dé
- ju Jlenpt-u, 1oz - T;unL[um*]dé
[, 2nexp(-£ w02 = [u, (-2mexp(-&)u, Az,
or

(n-— m)Tum* exp(~=& ), dé=0.
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Ifn=m,

Tum* exp(—& ), dE=0.

g

Summary

Notations

annihilation and creation operators

_ Moy,
B=—7">

g = pX.

P p
A="—(R+i ,

)
o B oo o P
& ="=X-i ,

S
[4,8"]=1,
i=4aa,

H =ha)0(ﬁ+%),

é|n>:\/ﬁ|n—1>,

a In>=+n+1|n+1>,

Aln>=n|n>,

| N
In>=—(@")"|0>,

Jn!
[ﬁ,é_]:—é,
[A,a"]=4a".
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The parity operator

zin>=(=D)"|n>.
Corodinate and momentum operators

A

X:Q%E@f+®,

. Mo,

a-4a'
p=—(

i ﬁﬂ)'

Wave function

<on(§>=<§|x>=ﬁ<x|n>=#¢n(x>,

>=——| X >,
| & \/E \
p,(&) = (W2 2 (£ —%)”ez,
with
T
(57%)—(De 5 ,
using

o0(&) = (T2 2 (- l)ez agn e,

and

B

P (&)= (m) ‘e ?,

we have the final form of wave function using ther Hermite polynomials

1 £

2, (5= N 72'n!) 2e 2H(&).
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Note that Hermite polynomials (definitions) is defined by

an
0"

2
e .

H, (&)= (-1)"e"

Normalization
[dee < [H,OH (&) =725, ,.

Differential equation

d’ d
(d_é:z_2§E+2n)Hn(§)_o'

The integral representation

Hn(f):j; [(&+iuyedu.

The generating function

exp(—t* +2t&) = g—tH ”n(!é) "

K(L6) =7 expl— £ 442t == 1) = i%% @

The recursion relation

Hn+1(§) = 29&Hn(§) _2an—l(§)7
4 @ =2nH,,©)
df n - n-1 .

Momentum space
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@, (K),

1

N

[e ™, (£,
2n+1)/2

<K|n>
00
—00

1

2x

1

7

eikx’
3/2

1

2x

1/2

@, (k) =<k|n>
<X|k >
(k) =<K |n >
H=lo
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0 0 0 0 0
Jioo o0 o0 o0
L. |0 V2 0 0 o0
o 0 3 oo oo |
0 0 0 4 0
0 0 0 0 0 0 V1 0 0
Jioo 0o 0 o0 0 0 2 0
ﬁ:oﬁooo 0 0 0 3
0 0 3 0 0 00 0 0
0 0 0 4 0 00 0 0
000 0
0100
0020
=10 0 0 3
n

40.  The properties of the translation operator T (1)
The translation operator is given by

A | n
T, = eXP[—E pul,

where x is the X co-ordinate. Using the relation, we have
A H hﬂ A+ Py
=i—=(&" -4,
P=173 ( )
the translation operator can be rewritten as
T,=T(A)=exp[-A(@-a")],

where
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Maw, pu Ma,
= R A== .
S L Ao

Some properties of the translation operators are shown as follows.

(D
T(1) =exp(14" — 14) = exp(—%/iz)exp(ﬂé*)exp(—/lé) :
)
T (1) =T(-1) = exp(—1&* + 14) = exp(—%f)exp(—w)exp(zé) .
3)
T (AT (1) = Al +4.
“4)
T(DAT(A)=A1+4".
(5)
[exp(4d"),a] = —exp(A8")A.
(6)
[exp(24),d"]= exp(4d) 4.
(7)
THAT(A) =+ L1+ A(A+4"),
with
fi=4"a.
® ) . .
T (VEaT(A) =88+ A 1+2184= @+ A1) .
©9)
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TY (DA T(A)=4a"a"+ 221 +244" = @ + A1)
(10)
In general
T*(D)f@a)HT(A)= f(a+ AL A" + Al),
where f is any function of & and &" with a power series expansion.
(11)
TA)T(A) =TA)T(A) =T +4,).
41.  Simple harmonics of charged particle in the presence of an electric field

Claude Cohen-Tannoudji, Bernard Diu, and Franck Laloé Quantum Mechanics
volume I and volume 11 (John Wiley & Sons, New York, 1977).

The one-dimensional harmonic oscillator consists of a particle of mass m having a
potential energy. Assume, in addition, that this particle has a charge q that it is placed in a
uniform electric field ¢ parallel to the X axis. What are its new stationary states and the
corresponding energies.

V(X)

. ) 1 . ..
Fig. The potential energy V(X) :Ema)zx2 —gex. The potential takes a minimum at

qge

Xo =M= —k The minimum position of the potential energy shfts to the larger
0

x as the electric field increases.
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The Hamiltonian of a particle placed in a uniform electric field ¢ is given by

A Iy

H'=H,-qe&k=—p"+ 1mcox —QeX.

e
2m

We find the eigenvalues and eigenkets of this Hamiltonian. To this end, we use the
translation operator given by

T, = T(A)=exp[-A(&d—4&")],
with

A= % ) (A is real)

The Hermite conjugate of T(A) is given by
T'()=T(-2) = exp[A(@-8")],
and
T*W)T(A)=1. (unitary operator)
The Hamiltonian I:|O of the simple harmonics is given by
Ho =L p2 e M g2 avas L)
2 2
Under the translation operator 1:(/1) , the Hamiltonian becomes
1 ~

Hoe = TAH T () =T H,T," = g—ﬁ :

kz)f;

Here we note that

T.pT, =P,
F AT + A2
T‘up i :p b
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F o2T + o 2 02 o 27
TXT, =(X=pul)" =X =2+ 1.

Then we have

HneW:THHOTﬂ
A 2
- p2 Wy o2\ +
=T (—+ XHT
”(Zm 2 ) #
A 2
p’ Y o 2
S % — ul
m (X— )
_f)—2+ 3 kz—ma)z,ufur—ozyzl
2m 2 0

Then the new Hamiltonian can be rewritten as
2

|:|new = (l:IO = ma)oz,ux)*'m%,uzi = I:|'+ha)0/12i S

where

Py

H'= I—A|0 —ma)oz,uf(,

and

2 2 2 212
Mo, »_ Moy 247 Mo, 4 —ma)02/12 h

= =haw A,
2 T T ma,

or
2
M, 1 =0e.

42.  The eigenstate and eigenket of H'

Suppose that |n> is the eigenket of I-AI0 with the wigenvalue E =7wo,(n+ %) ,

; 1
H,[n) = o, (n +E)|n>,

Then we have
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n . Ao 1
Ho|n> :T*(/l)HneWT(/l)|n> = ha,(n +5)|n>,
or

H e T (D[N) = oy (n +%)f (A)n),

implying that 'I:(ﬂ)|n> is the eigenket of I:Inew with the eigenvalue 7Z@,(n +%). Because

of the commutation relation,

N S

H_ . H'=0.

new?

it is concluded that the eigenket of H' is the same as that of H new >
H'T(A)|n) = (H e, — 0, 2 DT (A)[N) = [heoy (0 + %) —hap, )T (A)n). )
with the energy eigenvalue of H' given by

E,'=ha,(n +%)—th,12.

The |X> representation of the eigenket 'f(/l)| n} 1s

(o) = (T o) = (-~ x- [ 25

ma,
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APPENDIX-I
Al.  The property of generating function
We now show that

© n

9D = Y, (6) = exp(—£ +210).

n!

using the recursion formula of the Hermite polynomials.

(@) Recusion formula

H,.(¢)=28H,(5)-2nH, (&),

d
E"'n(f)—%Hn_l(f),

(2n)!

H2n (0) = (_l)n T’

H2n+1(0) =0,

[dee M, OH @1 =72, ..

(b) Differential equation

d —2§i+2n)Hn(§)=o.

(déz dé

The integral representation

H, (&) = j; j(§+iu)"e—“2du.
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9D =3 EH,©).

n=o N

ﬁg(ét) _yra <§) -5, @
ol "

= n!

S 2 n-1
=2 2t2

Iy _1), Ho (O = 29(£.0)
a9

= =2t|d¢,

Jo =2fae

In[g(&, )] = 2tc + In[g(&,t = 0)],

()
g(E=0,t) = Z—H(O)
We use the relations
H,, () =1y &2,
Hypa(0) = 0,
(=00 =3 S, 0= Yo B SO e,

From Eq.(1),

In[g(&t)]=2tE-t°.

Thus we have
9D = Y H (6 =exp(2E 1),

((Generating function))
A2.  Normalization
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- f exp(=¢7) exp(2t¢ —t*)exp(2s¢ —57)dg

0 n m ©

= Z —— eXlD( EIHL(OH,(5)dE

mnO

Here we use

[exp(=&H(OHL(&)dE =5, , [ exp(-E)[H(E)T dé.

Then

1= 3 e [0, OF 0= 2 [exp-H O 0
The left-hand side:
Noting that

E 48+t - 2E-2sE=(E—s—t) —2st,

(Zst

= jexp[—(f S — t) Jexp(2st)dé = \/_exp(Zst) \/_z
Coefficient of (st)»

[exp(=&)H (& dé=z 2",
or

[exp(-EYH(OH(HAE =V72"n15, .

—00

A3. Recursion relation

(@)
R Malel (1)
g—gzztexp(za—tz) i '(é)tn : (2)

&9



2;92’ — 4t” exp(2aA —t7) = i A "(g)tn

Eq.(3)-2¢x Bq(2):

2 [H,"(&) 2 3
Z (&)~ §H (9]

n=0

= (4t —4&)exp(2& - t),
On the other hand,

a9 2

i (28 —2t)exp(25t—t7),

or

2‘[%’-(4& 4t%)exp(2& —t%)
- H (fj)tn : 2 2nH, (E)t"°
nz=(; n=0 n!
From Egs.(4) and (5)

i[Hn"(f)—2§Hn'(§)+2n|‘|n(§)]t” ~0.

n=0 n!

In fact, Hy(&) satisfies the Hermite differential equation.

(b)
We show that

H,'(¢)=2nH,,(5),

g—g =2texp(2& —t*) = i '(?)t

=0

or

H (5)t 251‘2(n+1)Hn(§)t"+1 i

)

(4)

)

n- l(f)t

o9
8§—2texp(2§t t?) = 2tz . n+ 1) 2

Thus we have the reloation, H,'(¢) =2nH, ().
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(b)

.. ey Ha O
at_(2§ 2t)exp(2& t)—g (-1 °

A4.  Matrix of Hermitian (Arefken)

Table[{n,HermiteH[n,&]},{n,0,10}]//TableForm

1

2¢

-2+4 §2

~12 £+8¢&3

12 - 48 €2+ 16 &4

120 £-160 &3+ 32 &£°

~120 + 720 £2 - 480 &4 + 64 &6

~1680 &£ + 3360 £3 -1344 £°+128 &7

1680 - 13440 &2 + 13440 £4 - 3584 £6 .+ 256 &8
30240 &£ - 80640 &£3 + 48384 £°-9216 &7 + 512 &£°
~30240 + 302400 &£2 - 403200 £4+161280 £6 - 23040 £8 + 1024 £10

© 0N O Ol b W DN PFO

[EEY
(@)

These functions cane be written using the matrix

H, (&) 1 0 0 0 0 0 0 0 0 0Y1
H, (&) 0 0 0 0 0 0 0 0 0| ¢
H,($) -2 0 4 0 0 0 0 0 0 0 |¢&?
H, () 0 -12 0 8 0 0 0 0 0 0 |&
H (&) | | 12 0 —48 0 16 0 0 0 0o o0 |¢&t
H (& | 0 120 0 160 0 32 0 0 0 0 [¢&
He(&)| |-120 0 720 0 —480 0 64 0 0 0 |&°
H, (&) 0 -1680 0 3360 0 -1344 0 128 0 o0 |¢&
H8(&)| | 1680 0  —13440 0 13440 0 -3584 0 256 O |¢&°
H, () 0 30240 0 -80640 0 48384 0  -9216 0 512)&9

This can be written as follows using the inverse matrix.
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1 1 0 0 0
& 0 1/2 0 0
& 1/2 0 1/4 0
& 0 3/4 0 18
& 3/4 0 3/4 0
Sl o 15/8 0 5/8
el 158 0 45/16 0
& 0 105/16 0  105/32
&) [105/16 0 105/8 0
&9 0 945/32 0  315/16

0 0
0 0
0 0
0 0
1/16 0
0 1/32
15/32 0
0 21/ 644
105/32 0
0 189/ 64

The wave function of the simple harmonics

?,(8) =

or

1

—/2e_§ /an(é:) >

(2”n!\/;)‘

H, (&) = (2" niz | e 20, &)

H,(S)
H,(S)
H,(S)
H,(S)
H, ()
H(S)
H,(S)
H,(S)
Hy(S)
H,(S)

=7

1/4,,8%/2
eé

Now we consider the wave function given by
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0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1/64 0 0
0 1/128 0

7/32 0 1/256

0 9/64 0 1/512

9y (&)
V20,(8)
2420, (&)
430, (&)
869, (&)
16 \/Ews (5)
96 ’\/§¢6 (%)
96 W% (&)
384 /70 9 (&)
2304 \/350, (&)

S O O O O o o o

0

1/

Hy(S)
H, (&)
H, ()
H($)
H,($)
H(S)
Hq(5)
H. ()
H8(5)
H,(S)




1

(ly) = Heln) +([2n

1 e_§2/2 1

APPENDIX-B

@+ay =(ap+aa +aa+(ayf,
@+a’y=@y+@yra +aaa+a( )Z+a F+4%4a" +( )Za+( )3

+(aya a+(a )2()2+aa (4) +aataa’

(@+a")' = () +aya
ar +é( )3+a yar+aaata+a a(a)Z

( @y +(ajaa +( fa+( )

(@+4a")’n)=yn(n—1)|n-2)+(2n+1)n)
+y/(n+1)(n+2)[n+2)

@+4a"y|n)=n(n-1(n-2)|n-3)+3nJn|n-1)+3J/n+1(n+Dn+1)

+/(n+D(N+2)(n+3)|n+3)

APPENDIX-C
Commutation relations

1. [4,a*]=1,

2. [é,(é+)2]:2é+,

3. [A@)]=3@"),

4. [48)"]=n@")"", 4, f@)=nf'(a’),

3. [a",(8)°’]1=-24,
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7. [@L,@"=-n@)", [4*, f(&)]=-nf'(a),
8. [(A)%,(4%)*]=2(a"a+4a") =2(2a*4a+1),

9. [(A")%,(8)°]=-2(a'a+4a")=2(2a*a+1),

10.  [a%,@)]=2(a"fa+2a(a" ) +2a7aa"

APPENDIX-D
Problems and solutions of simple harmonics

J.J. Sakurai and J. Napolitano, Modern Quantum Mechanics, second edition
(Addison-Wesley, New York, 2011).

Problem Sakurai ((2-6))
Consider a particle in one dimension whose Hamiltonian is given by

By calculating [[I—] , )?l )?] , prove

hZ
av>‘2 (Ea' - Ea") = % >

X

e

whose |a'> is an energy eigenket with eigenvalue E,..

((Solution))
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Then

" 491 ¢ " __h_zA
(a"[[H,%],%]a") = m1. (D)

On the other hand

(a"[[H,%],%]a") = (a"[H,&]]a") - (a"|R[H, K]

= ; {(a" [H,%]a)a
SlE e

)
@) ~(a"lga)(a[H.a")]
a')a'la") - (E, — E,.Xa"|%a’)(a’

A

% [H,%]

%|a')(a'[% %la')(a'[z[a")}

=2 (E, -E,.)(a"% a‘)‘2
a 2)
Combining Egs. (1) and (2), we obtain
> |(agla) (€, ~ E,.)= . 3)
= 2m

Problem Sakurai ((2-7))
Consider a particle in one dimension whose Hamiltonian is given by

)

H=2"
2m

+V(X).

By calculating [f- p,H] , obtain
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A2

%@. p>=<p—>—<f-VV(f)>.

m

In order for us to identify the preceding relation with the quantum-mechanical analogue
of the virial theorem, it is essential that the left-hand side vanish. Under what condition
would this happen?

((Solution))

oL V)
_|hZ£m P> —x% o J
Then
Sy @Ay ) =~ (O A AT ).

When A:f’-b

Since T = L[f)z (kinetic energy),
2m
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2<f > —(F-VV(P)=0, (virial theorem)

We now consider the following case.

which is independent of t. Therefore %(f’ . f)> =0.

Problem Sakurai 2-11

Using the one-dimensional simple harmonic oscillator as an example, illustrate the
difference between the Heisenberg picture and the Schrodinger picture. Discuss in
particular how (a) the dynamic variables X and p and (b) the most general state vector
evolves with time in each of the two pictures.

((Solution))

A2
H =p—+lma)2f(2.
2m 2
a. variables X and p

Schrédinger picture => no change

Heisenberg picture

d)?H(t)_l . 1oL

2D =[x, 0.1 ] —pu o
de(t)_i A o 29

it _ih[pH(t),H] mae” X, (t)

Xy (1) = Xcosat + (Ljsina)t
M
P, (1) =—MmaXsinat + Pcosat

b. state vector
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Heisenberg picture => no change

Schrédinger picture

(1)) = exp M, w(t=0)),
h

with
lw(t=0)=>c,[n), ¢, =(n[w(t=0),
p)=Yc.e )
. 1
=Sc.e "' |n)
n —Ila)
c,e ?
EM
=|ce ?
with

Problem Sakurai ((2-12))
Consider a particle subject to a one-dimensional simple harmonic oscillator potential.
Suppose that at t = 0 the state vector is given by

exp(— I%a) 0> ,

where f is the momentum operator and a is some number with dimension of length.

Using the Heisenberg picture, evaluate the expectation value <X> fort>0.

((Solution))
In the Heisenberg picture
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Xy (t) = Xcosat + P sinat .
Mo

Using

Note
2 expl P2 1| = ipa)_,.(1a pa)_ 1pa
[X,e p( ﬂ Ih@” exp( h) Ih(h)exp( j aexp( ),
ipa), oo f(iBa)_ . (ipa
exp( 7 ]X Xexp( 7 j aexp( P ],
<XH (t)> = <0|exp(|;aj)?H (t)exp(— I;aJ| 0>
=cos a)t<0| exp[i%’ijf( exp(— Iﬁ%) 0>
R ipa),  (_ipa
+ mwsma)t<0|exp( 7 jpexp( P j|0>
0 A2 I . A
=CoSs cot<0|(x + a1)|0> + %sm a)t<0| p|0>
=acosat
where
(0[%/0)=0,  (0[p|0)=0.

At t =0, the wave function is given by

(Xl )= (e - o).

Problem Sakurai ((2-13))
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a. Write down the wave function (in coordinate space) for the state specified in Problem
2.12 att=0. You may use

11 2

“au2 1 X / h
X0V X 2exp[——| — | ], with X, = .
< |> 0 pl 2[)(()]] 0 ,

b. Obtain a simple expression for the probability that the state is found in the ground
state at t = 0. Does this probability change for t>0?

a.
Texof - 1P Yoy = (s (1) 6
(clexp( - 22 Jo) = (xI3 1 -2 0
= 1 . n .
=S5l oo
= 1( ia)(n) o"
=Sl 7 (5] et
pH] }
20 X,
1A — 'Eizﬁ 'i
(<X p—<x i ox' i<x|8x' )
b.

h
11 2 11 2
o I{x RS 1{ x-a
=7 *x 2|dx'exp| ——| — | |7 *X,2exp| ——
! J- 1{ z[xoj] " 1{ 2( Xo )}
:ﬁ_%x’l exp _a J‘dx'exp[—( 2y
0 4%}

XO
a2
=exp| ——
p( 4X§j

Therefore the probability is given by

2 . o
=X —_ .
P 2X;
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P(t=0)= <0|exp£— %} 0)




Pt)= <O|exp[— i%t}exp[— izfj(a ]|0>

2
0

_ exp(_ i%tj<0|exp(— %}l 0)
0

2

—P(t=0)

Invariant

Problem Sakurai ((2-13))
Consider a one-dimensional simple harmonic oscillator.
a. Using

ao (Mo, 0 g Mo WD
2h Mo 2h Mo

é|n>:\/ﬁ|n—1>, a*|n)=+n+1|n+1),

evaluate (m|%n), (m|p|n), (m|{%, p}{n), (M|**|n), and (m|p|n).
b. Check that the virial theorem holds for the expectation values of the kinetic and the
potential energy taken with respect to an energy eigenstate.

a.
=m0 )
h A+
([} = |5 (mialn) + (mfa’ )
- ﬁ(\/ﬁé‘m,n_l ++/Nn+ 15m’n+1)
(m] Bl = =iy "5 (i)~ (mla )
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—-Dlaraa-a)
—-arafa-a)ela-afarar)

_—%h(aZ —da +4'a-a” vad+aa —a+a—a+2)
——ih(é2 a*z)

ar

(%, ) =in{(mla[n) - (m[a ")

= —|h{ n(n - 1)5m,n—2 - (n + 1)(” + 2)5m,n+2}>

(m

(mpfn) ==L (mja® + 48" +a"a+4a""

2Mmw

)

= %m 4> +a'’ +(a‘a+1n)
- ﬁ{ NN+ 13, 5 +/(N+D)(N+2)5, ., + (2N + 15, .}
(m|p*|n) = —$<m 4>-aa’ —a'a+a’|n)
=—@{ N+ 13, +/(N+1D)(N+2)5, ., —(2n+ 13, ,}
b.
(n 2 |n>:ha)(n+—j.
Then
(n (:j_\; n)=(n R%Gma)zﬁzj n) =ma’(n|%*|n) = ha)(n +—),
.
(&) = (nf& S ),

showing that the virial theorem holds.
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Note

A2
<p_> = <lma)2)22>.
2m 2 B

The kinetic energy is equal to the potential energy

Problem Sakurai ((2-14))
a. Using

exp( Iphx ), (one dimension)

(x| =

prove
(PR =in 2 ().

b. Consider a one-dimensional harmonic oscillator. Starting with the Schrédinger
equation for the state vector, derive the Schrodinger equation for the momentum-space
wave function. (Make sure to distinguish the operator p from the eigenvalue p’.) Can

you guess the energy eigenfunctions in momentum space?

((Solution))

(Pla) = [ dx(prxx)(x]e)
= jdx’x'{p’| X)X a)

0 1 —ipx'
— d l'h '
Xi por \/Z_exp . B(x|a>
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- TRPRE
in—lv®)=Hly®),

0 , _ , 1 A2 l 202
ma<p lw®)=(p |—2m ptomaX )
1 G
=5 P <p|t//(t)>+ ma’ (i)’ o ,z< w(®)

Therefore

0’

Oy _L o
|hat<p|y/(t)> 2ma)h e

2 ply )+ 07 (0w ).
Suppose that

pm)=e " lpa=0)=e""n).

we have

. 1 0’ | B
Ea{pIn) = =g men® — (P + 2 PP

Here note that the Schrédinger equation in the position space is

' hz 82 ' 1 1 '
E,(x |n>:—%ax'2 (x |n>+5ma)2x2<x n).

The eigenfunction in momentum space is

i 1 % 1.,
(p[m)=(2"m) [mwhﬂj exp(—;: an(o,

with

p' .
maoh

£ =

Problem Sakurai ((2-15))
Consider a function, known as the correlation function, defined by
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C(t) = (% (DX, (0)),

where X, (t) is the position operator in the Heisenberg picture. Evaluate the correlation
function explicitly for the ground state of a one-dimensional simple harmonic oscillator.

((Solution))
For the 1D harmonic oscillator (Heisenberg picture)

5 . .
X, (1) = Xcos ot + —— Psinw,t .
mao,

C(t)=(0

%4 (D3, (0)[0)

=(0[%* cos ayt +

PXsin a)ot|0>

0

sinat /| ..
0)+ — (0| p%|0)

o sinegt ( ihj
= cos w,t + -—

;22

=cos a)0t<0

2mew, Mo, 2
— h e—iwnt
2Ma,
where we use
pr=—"la 4’ —araraar),
in
0|pX|0) = ——,
(0]p50) =2
(0[%*0) = h
2Mma,

Problem Sakurai ((2-16))
Consider again a one-dimensional simple harmonic oscillator. Do the following
algebraically, that is, without using wave functions.

a. Construct a linear combination of |0> and |1> such that <X> is as large as possible.

b. Suppose the oscillator is in the state constructed in (a) at t = 0. What is the state
vector for >0 in the Schrodinger picture? Evaluate the expectation value <X> as a

function of time t for t>0 using (i) the Schrédinger picture and (i1) the Heisenberg
picture.
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c. Evaluate <(AX)2> as a function of time using either picture.

((Solution))
a.
In Schrodinger picture

) =¢,|0)+c,

a)

1),

0)+ |cl|2<1|>2|1> +¢,C,(0[R]1) + c,c, (1]%/0)

B h
_‘/Zm (C,C, +C,C;)

c, =re'”, c =re,

or using the matrix,

a}——l (c* ¢ 0 1y —J—h (C/C, +C,C))
\/Eﬂo 110C1 M 0T o)

A

(alk

ey +le|” =1, = o+’ =1.
(r;, @: real numbers) o =cos ¢, ) =sin ¢,

/ Ul [e'(g' b 4 e - ‘90)]
= / 2r,r, cos(6, —6,)
2me
=, i sin(2¢)cos(6, — 6,)
2mw ¢

The maximum of <X> is given when

sin(2¢) =1, cos(6, —6,) =1,
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(%) =(a®)[f|a(t))

= %(e“‘"(O R1) +e" (1%

)

/)
= cos wt
2Me

In the Heisenberg picture

(%)

(a(0)[%,|a(0))

Note:

C.

<a |()2 cosawt +

1
T<| -

= cos wt
V2mw

(=]
<>

—
P

(=]
><>

[
pas

~~—
I
(e}

o~~~

(=}
~~—
I

A

P sin a)t)|a>
@

1|)(X cos ot +

In Schrodinger picture, we calculate

A

Y

sm ot)(—=
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|0>

:L(a +4a" +24 a+1)

1

NG

2Mow

i

A+ A



fi fi )
=—— cos” at
me 2Mo
:L—L(l sin” wt)
Mme 2Mo

= L(l +sin” ot)
2Mme

G2

(a(t)[% )R (e 20 +e 2 1))

(1) +e' (1]

() = (@ {0+
— (foleloy+ a1+ e
——-((o[30) + (15|

1 fi

= (1+3)=—
22ma)( ) Mmae

o2

R 2

)

Problem Sakurai ((2-17))

17. Show for the one-dimensional simple harmonic oscillator

<O|exp(ik)?)|0> exp[—k* <

*10)/2],

where X is the position operator.

(0[e™]0) = [dx (o[ x)(x'e"*[0)
= J.dx'e‘kx' <x'|0>‘2

_ 1A IKX!
_dee paIEm

exp(—x—2>

- Joe—i— exp[—xl (x5 Koy

K
= exp(—ij)
k*(0[%* 0))
2

= exp(—
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where

TP _ X%
(0}%*j0) = 2mo 2
1 X"
<X'|0>: 7[1/4)((1)/2 exp(_ng)

APPENDIX-E
Problems and solutions of simple harmonics

Claude Cohen-Tannoudji, Bernard Diu, and Franck Lalog Quantum
Mechanics, volume I and volume Il (John Wiley & Sons, New York, 1977).

Problem 5-8 ((Cohen-Tannoudji))

The evolution operator Lj(t,O) of a one-dimensional harmonic oscillator is
written :

Ut,0) = exp(—%,

with
n P
H =hw(a a+51).
(@) Consider the operators
a,(ty=U"(au), a,"t=Urmau),

By calculating their action on the eigenkets |n> of H, find the expression

for &, (t) and &, (t) interms of & and &".

(b)  Calculate the operator X, (t) and P, (t) obtained from X and P by the
unitary transformation:

%, (1) =U"(t,00%U (1,0) by (1) =U"(1,0)pU (1,0).

How can the relations so obtained be interpreted?
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(©)

(d)

(€)

(f)

Show that O*(Zi,O)| X> is an eigenvector of P and specify its
@

eigenvalue. Similarly, establish that U*(Zi,O)| p> is an eigenvector of
1)
X.

At t = 0, the wave function of the oscillator is y(X,0). How can one
obtain from w(x,0) the wave function of the oscillator at all subsequent

qr

times t, = 2% (where q is a positive integer).

Choose for w(x,0) the wave function <X|n> associated with a stationary

state. From the preceding question derive the relation which must exist
between <x|n> and its Fourier transform <p|n> .

Describe qualitatively the evolution of the wave function in the following
cases:

Q) w(x,0)=e™, where k, real is given.
(11) w(X,0)=e, where pis real and positive.

(i) w(x0=1"Va (=7
=0 (everywhere,else)

2,2

(iv)  w(x,00=e” , where pis real.

((Solution))

U(t) = exp(—% Ht), U*(t) = exp(% Ht),

H = ho(A +%i) .

Heisenberg picture:

<‘/’H |é-H|';VH > = <‘//s(t)|é-|‘//s(t)> s

where the relation between the Heisenberg picture and Schrodinger picture is
given by

. ©)=U®lyy).

Then we have
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W law Olya) = {wu U OV Oy ),

or
a,(ty=U"aud),
(a)
a, (t[n)=U"®ad (t)n)
= exp(—%gnt)U "(t)an)
- exp(—%gnt)\/ﬁu “®n-1)
= exp[—;l—(gn — &, tWn|n-1)
=e nln-1)
where
U|n) = exp(—%gnt)| n).
Noting that
afn)=nln-1).
we get
4, (O|n)=e *Vn|n-1)=e""4n).
Similarly

4, (Mn)=U"(mauwn)
= exp(—%gnt)lj “(tya‘|n)
= exp(—%gnt)\/mu “On+1)
= exp[—%(an — g, VN +1n+1)
=eJn+1n+1)
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where
U(tn) = exp(—%gnt)| n).
Noting that
a‘[n) :M|n+l>,
we get
8, @n)=e"vVn+1|n+1)=ea’|n).

(b)  Noting that

a, () => a,®|n)n|=e"*> an)n|=e""a,
a, (=>4, ®[n)}n|=€e"> a%|n)(n|=e""a",
we have
. oL -
Xy (1) = '\/m[aH ®+ay (1]
: %ﬁ[ém )+4," (1)
= L(e‘”tél+ +e7'4)
V2p
where
_ |Mo
p= ol

Similarly, we get

Mo . .

B (1) =%ﬂT[aH (-4, (V)]

. MO | it a Zigt A
=i (elalta+ —e Ia)ta)

V28
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—iot

4y =t
apH(t)_ \/E,B

mao’(e"'a" +e78) = —mw’x, (1),

which is the equation of motion for the simple harmonics.

pH (t) =1 \/—mTa; (eia}té\.Jr — efi’”té.) =1 ,mza)(eiméJr _ efiwté) .

When t = . , we have
20

A e mhw i” P N 111 T PN
P, (t _—2 ) =i - (e2a” —e 24) - (4" +4)=—maX,
2, (t=")= —(e 28" +e 2a) 1/ (| |a)——

Y NEY: P

From these relations

(©)

z N T an T
p,(t=—)=U"(—)pU(—)=-maX,
P ( 2a)) (Za))p (Za)) @

T AT AT 1
X, (t=—)=U"(—)RU(—)=—9p,
n 20)) (2a)) (20)) mao P

we get

AT N T n Ty ne, T
pU " (=—)=mal " (=—)RU (—)U " (—
PU ) VI ()

=ma)Lj+(%)>2
U (—)——$u (U ()
-G (Dyp
Mo

Therefore
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pU*(%)| X) = X x>:ma)xlj*(%)| X).
U +(2L)| X> is the eigenket of p with the eigenvalue max
0]

and

1

%) p) - plp)=-—P-0" ) p).

Mo

U +(l)| p> is the eigenket of X with the eigenvalue — L.
2w mao

(d)  Att=0, the wave function of the oscillator is |1//(0>

|w(©)=U®]w(0).
Then the wave function is given by

(X|w(®) = (x IU(t)It//(O)>
= [{(x[d ®]x)dx'(x'|w(0))
= [(x|d®]x)dx'y(x',0)

We now calculate
A qﬂ'
U(t=—")x").
(xa=5)x)

When t = q_;z’ we have
20

( )pU<—)—' mz")(qué* e 24

Mhw i q2 N
=i |—2 S e t[a'=(-1a)
) w/ '5 A" +(-1)'4].
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(1) Forq=1

(q”) U< ,/ (4" +48)=-maR,
(q”) U( _M/ (@ -a) _P
Mo

Thus we have
A 947 A+ Q7
U (=) X)=maxU " (—)[X).
00 () = man - ()
which means that U +(g_7r)| X> is the eigenket of p with the eigenvalue max .
10}

U3z

2a))|x>:|p=ma)x>.

(11) Forq=2

U 35)p0¢5) - - M( a)=—p,

Ay A7 oh A7 h At | A o
U'CRU () =— | —(@" +8)=-X.
(2(0) (2a) Zma)( )

Thus
o1+ 97 A 97
XU T (=) X)==xU " (=)|X).
G X G X
which means that U+(g—ﬁ)| X> is the eigenket of X with the eigenvalue (-x).
o
+/ 97
U'(—)x)=|—X).
&) =] -x)
(i) Forq=3
PO 0 F/ ANPSo /4 Mmhw
U'(—pU(=)= a"+48)=maX,
(2a))lO (2a) 5 ——(@ +a)=
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14 O3 97 B e p

U (—u—)=-1,/—@" -a)=——,
(2a)) (Za)) Zma)( ) Mo

o /4 ~y Qr
U'(—)X)=—maxU ™ (—)|X).

U (L)) = -max* (5 )x)

which means that U +(g_7r)| X> is the eigenket of p with the eigenvalue —max .
10}

U (35 x)=|p=-max).

20

(iv) Forq=4
A QT ah Q. . Mho . . 4
U'—pu—)=i,|—(@" -a)=9p,
(2w)p (260) 5 ( )=P

e AT o3 AT

U'(—xu(—)=,——(@ +4)==x.

(2a)) (20)) 2ma)( )
Thus

o1+ 97 A 97
KU (—)x)=xU"(—)|x),
(2a))| > (260)| >
which means that U +(2—77)| X> is the eigenket of X with the eigenvalue Xx.
@

U*(g—z))|x>:|x>.

Here we note that

At A 2Mw .

a +a=,—xk,
h

A A 2

a —-a=-i,]—p.
mhiw

From the above discusion, we have a repeated pattern for g = 4n+k (n; interger, q
=0,1,2,3).
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(1)

(i)

(iii)

(iv)

(€)

(1)

For g=4n+1

1 q_ﬂ- _ 1 q_” 1 ' '
(XU Dlw) = [ (U Ix ) (x'0)
= I( p =max|X')}(X'|y(0))dx’
= (p=max|y(0))

For g=4n+2

(XUl O)=[(xIET)|x)dey(x.0)

= [{=x[x) x|y (0))dx
= [ SO (x |w (0))dx
= {=x|p(0))

For q=4n+3

597 — [(xI0 (3 x VX w(x
<x|U(2a))|w(0)> | <x|U(2a))|x VX' (x',0)
- j( p =-max|X'){X'|y(0))dx'
=(p =-max|y(0))

For g=4n+4

(XOE DI ()=[(x |U( "))y (x.0)

= j )X (0))dx’
= [8(x=x)(x|y(0))dx'
= (x}y )

w(x,0)=(x|n).

For g=4n+1
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(i1) For q=4n+2

£

(ii1)) For g=4n+3

(x

(iv)  For g=4n+4

(x

y/(tzg—z)>:<p:ma)x|n>.

W(tzg_”>:<_x|n>.

(]

w(t:g—z)>=<p=—ma)x|n>.

z//(t:g—;[)>:<x|n>.

(f)
(1)
(X|w(0))=€",
(plw(0) = [(p[x)dx(x|y(0))
1 ’%px ikx
:%jdxe e
1 p — 1k 1
= - — 1k
%5( - ) %M(p k)
(i1)

<X|l//(0)> =e ™™ for x>0, and 0 otherwise

(plw (@) = [ (p|x)dx{x]y(0))

1
dxe "" e

S

V2
1

N

1

p_

lp
h
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(iii)

(iv)

()= -

al/2

a
only for |X| < 5

(plw©@)="[(p|x)ax{x|u ()

—a/2
1
27ha

a/2

px
2 —)ed
! cos( 5 )edx

~ .[dxe he
o
1 e 4h2p2 ) ) p
= 1—iErfi(—
24/2h [ (th)]
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