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Here we discuss the property of the mirror-reflection operator, M ,» Which is defined by the

product of rotation operator Y (with rotation angle @ = ) and the parity operator, 7,

M, =Y7.
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where Y :exp(—%m]y). To this end, we will evaluate a operator M, 1AMy, where A is an

operator such as the position vector, momentum, and angular momentum, using the Baker-
Hausdorff lemma. We are interested in the case of positive integer of the angular momentum

1. Baker-Hausdorff lemma
To calculate these operators, we use the Baker-Hausdorff lemma,
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where G is a Hermitian operator and A is a real parameter. Using the commutation relations
[3,,3,1=ind,, [3,.3,1=ind,, [3,,3,]1=ind,

we obtain
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The results of the calculations which are obtained in a similar way, are summarized as follows.
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where R, (a), R, (a),and R, («) are the rotation matrices.

2. Evaluation of M y‘lf\l\ﬁ ,
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Here we consider the orbital angular momentum I:X, |:y ,and L, (j =1, a positive integer).
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The following commutation relations are obtained.
[%,L1=0, [&L]=inz, [&L]=-iAg,

[9,0,0=-inz, [9,L,]1=0, [§,L,]1=inR,

[h,.L1=0, [p,.L,]=ip,, [p,.L,]1=-inp,,
[B,.L,1=-inp,,  [P,.[,1=0, [p,.L,]=inp,,
[p,.L]=inp,, [p..L,1=-inp,, [P, L,]=0,
These commutation relations can be expressed as
[L, Al=-inA,,  [L,A]=inA,
or
[A.L]=inA,, [A,.L]=-inA,,

where A=, and A= p. Using these comuutation relations and the Baker-Hausdorff lemma,
we have
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The results of the calculation are summarized as follows.
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When « = 7, we assume that
. i -
Y = exp(—EaLy).

Then we get
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Using the above relations we have
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3. Properties of mirror-reflection operator
Here we consider only the orbital angular momentum. The mirror-reflection operator M , IS

defined as
r 7 7 5 1 _(aYt o~y 71
M, =Y7=aY, M=z =2V 1=a",

for the mirror reflection at y = 0 plane (the z-x plane). 7 is the parity operator, where

Using the properties of Y and 7, we get
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For the orbital angular momentum,

y —x Ty X X!
MM, =L,
MM, =L
4. Selection rule for the matrix element

We define the matrix
A, ={(plAla).
We also assume that
Myfe)=mla).  M,|B)=n,h),
and

A=M,AM, ~=n,A.

When 7, =1, A is even and when ny=-1, A is odd. We now calculate the matrix element

A = (BlAa)
= <ﬂ|M y_lM yAM y_lM y|a>
= <ﬂ|l\7| y+M yAI\?I y_ll\7I y|a>

When n,n,n, =1, A,, #0. When n,n,n7, =-1, we have A, =0. Thus it is required that

MMM =1.

4. The condition for 7,7,



<ﬂ|0{> = <ﬁ|M y_1|\7| VM y_1|\7| y|a>
= 1,11, B|a)

If 7,m,=-1, (B|la)=0.  (orthogonal to each other)
If 7,m, =1, (Ba)=0. (not orthogonal to each other).

APPENDIX-I Baker-Hausdorff lemma
This is a very useful tool to disentangle exponentials of certain operators often appear in
quantum mechanics. Suppose that A and B are two operators such that

C =[A B],

where C commutes with both A and E§;

Then the Baker-Hausdorff lemm holds:
A . . . af A
exp(aA+ pB) = exp(SB) exp(aA) eXp(TC)

((Proof))
We consider

F(a) =exp(cA+ /B)

which is a function of « only. The derivative of lf(a) with respect to o can be calculated using

the definition of If(a) in terms of its Taylor series expansion;
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Integrating this equation over a from 0 to ¢, we find that

F(e)=F(a= O)exp(aA+“—2ﬂé) ,

{%(ﬂé)” — exp(/B)

where C commutes with A. Then we obtain

F (@) = exp(B) exp(ah) exp(22 C)
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The Baker-Hausdorff lemma for arbitrary Aand B,

exp(A)exp(B) = exp(A + B +%[A, B] +é([A,[A, 87 [B.[A.B1)+..)

If C =[A, I§] commutes with both A and B,

exp(A) exp(B) = exp(A+ B +%[A, 8]).

or



exp(A+ B) = exp(A) exp(é)exp(—%[A, B])
In order to prove this formula, we first can show that
[é,exp(xA)] = exp(xA)[é, A]x .
Next we define
é(x) = exp(xA) exp(xé)

And we can show that

=(A+B+[ABJX)G

dG(X)
dx
Integrate this to obtain
G(x) = exp(xA) exp(xB) = exp{(A+ B)x + %[A, B]x*}G(x = 0)

with
G(x=0)=1

Then we have forx =1,

G(x=1) = exp(A)exp(B) = exp{(A+ B) + %[A, B}
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