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The commutation relations between the components of an angular momentum are
actually the expression of the geometrical properties of rotation in ordinary three

dimensional space. Here we discuss the relation between rotations and angular
momentum operators. We consider a physical system whose quantum mechanical state is

characterized by the ket |z//> of the state space. We perform a rotation R on this system.
In this new position, the state of the system is described by a ket |z//> Given the
geometrical transformation %, the problem is to determine the new state |y*) from |y/).

With every geometrical rotation R can be associated a linear operator R acting such that
[v)=Rlw),

where R is related to the corresponding angular momentum J . We will show that
I§| ry=|Rr), I§+|r> = ‘ER‘lr>

where Rr is the geometrical rotation in the three dimensional space.

1. Rotation operator in Quantum mechanics
After the geometrical rotation;

r — Rr =r' (geometrical rotation)

we assume that the state vector changes from the old state |y} to the new state [y/).

v)=Rlw).

or
=R,

where R is a rotation operator in the quantum mechanics. It is natural to assume that
WPy =y [Plv) = (w[%fly),

or



(w|R*PRly) = (w[Rf|y),
or
R*fR =Rf. (1)

The rotation operator is a unitary operator.

W) =wlv),
or

R'R=RR' =1 (Unitary operator)
From Eqg. (1),

A A
A A

rR=RNRr.

Here we calculate
ﬂi| r> = ﬁﬂ%?| r> = ﬁﬂ%r| r> = erF§| r>.

I§| r) is the eigenket of ' with the eigenvalue Rr. So that we can write

R|r)=|%r).
When

Rr=r,,
or

r=%R",

R 9%’1r0>:|r0>,
or



For any r, we have

‘iR‘lr> =R'|r),

RR*|r) = FAQ‘SR‘lr> = ‘SRSR‘lr> =|r).
In summary, we have

1. RR=RR =1.

2. Rr) =|%r).

3. (r R* = (Rr|.

4, R*|r) = ‘i)%‘lr>.
5. (rlR= <i)%‘1r‘.

2. Group properties of the rotation operator
Here we show that the operator R has the same group properties as ‘R :

€)) Identity
|R-1r) =|Rr),

or

or
R-1=R.
(b) Closure
[RR,r) =|R,r),
or

R|%,r) = Ry|%,r),



or

Then for any |r), we have

(©) Inverse

‘iRiR*lr> =|r),
or

R iR‘lr> =r},
or

R - ).
or

Similarly,

(d  Associative
[RU(RR)) =|(RR,)R,r) =|RR,R,r),
or
L (R,R,)[1) = (RR,)Ry|r) = RR,R,|),
or



3.

Theorem-I

O/




R, (de) : infinitesimal rotation around the u axis.

OM' =R, (2)OM =OM +da(uxOM).

|uxOM |=OMsin@=0'M .

MM'=0'Mda =OMsind« .

The direction of MM’ coincides with that of uxOM . @is the angle between u and oM



4. Theorem 11

Every finite rotation can be decomposed into an infinite number of infinitesimal

rotations.
R, (e+da)=R, ()R, (da) =R, (dx)R,(«) .

Note the following relation which will be useful.
R, (-da" )R, (da)R, (da" )R, (-da) =R, (dada’) .
R(da)=R_,(da).

The proof of Egs. (1) and (2) can be given using Mathematica.

5. Proof of theorems by Mathematica

How can we define the rotation operator in the Mathematica?

(1) We need a package called "Calculus VectorAnalysis ™™
Needs["Calculus™VectorAnalysis "]

(2) We use the Cartesian coordinate.
SetCoordinates[Cartesian[x,y,z]]

(3) Definition of the vectors, ey, ey, e, and r
(4) Definition of the geometrical rotation operator R, ()
R[u_,a ]: =# + a CrossProduct[u, #]&
(the most important formula in Mathematica).
(5) Rotation:

R[u, «][r]

1)

(2)

©)

((Mathematica-1))



Geometrical rotation
Clear["Global %"];

ex={1,0,0};ey={0,1,0};ez=1{0,0, 1};
r={X,VY, Z};

Definition of geometrical rotation
R[u , 6] :=#+6Cross[u, #] &;

R[ez, da] [r]
{(X-day, dax+y, z}

Theorem 1
R[ez,dal]R[ez,da2]=R[ez,da2]R[ez,dal]=R[ez,dal+da?2]
where

R is a geometrical rotation

dal and da2 are infinitesimal rotation angles



R[ez, dal] [R[ez, da2][r]] // Simplify
(X -dodl do2 X - (dadl +do2)y, da2x+y +dal (x -da2y), z}

eqll =R[ez, da2][R[ez, dal][r]] // Simplify
(X -dod do2 x - (dol +da2) y, do2x +y +dal (X -da2y), z}

eql2 =R[ez, dal +da2]1[r] // Simplify
{(X- (dal +do2) y, (dol +do2) X +y, z}

eqll - eql2 // Simplify
{-dol do2 x, -dal do2 y, 0}

Theorem 2
R[ey,-da2]R[ex,dal]R[ey,da2]R[eX,-dal]=R[ez,da1*da2]

rl=R[ex, -dal][r]; r2=R[ey, da2][r1] // Simplify;
r3=R[eXx, dal][r2] // Simplify;

eq2l =R[ey, -da2][r3] // Simplify
[(1+do2?) x - dod da2 (y +dalz),
dol do2 X +y + dal?y, —dal da22y+z+da122+da222}

eq22 =R[ez, dal da2]1[r] // Simplify

{X-dol do2 y, dod do2 X +y, z}

eq2l - eq22 // Simplify

[do2 (do2 x - dod?z), dal®y, -dol da2®y + dod® z + do2® z}

Theorem 3
R[-ez,da]R[ez,da]=1

r6 =R[-ez, da][r]; eq3 =R[ez, da] [r6] // Simplify
{(1+ docz) X, (1 +doc2> Yy, z}



Theorem 2
R[ey,-da2]R [ex,dal]R[ey,da2]R[ex,-dal]=R[ez,dalda2]

rl=R[ex, -dal][r]

(X, y+dalz, -doaly + 2z}

r2 = R[ey, da2][rl] // Simplify
{(X+da2 (-doly+2z), y+dalz, -do2x-daly+z}

r3 =R[ex, dal][r2] // Simplify

{x+do2 (-daly+2), doldo2 x +y +dal?y, ~do2 x + z + dal? z}

r4 = R[ey, -da2][r3] // Simplify

[(1+da2?) x - dal do2 (y+dolz),
dol da2 x +y + dal?y, —dal da2?y + z + dal? z + da2? z}

r5 =R[ez, dalda2][r] // Simplify
{(X-daldo2y, dalda2x+y, z}

r5-r4 // Simplify

{do2 (-da2 x + da1? z), ~da1?y, dol do2?y - dal? z - da2? z}

Theorem 3
R[-ez, da] R[ez, da] = 1

ré = R[-ez, da] [r]
{(X+day, -dax+y, z}

r7 =R[ez, da] [r6] // Simplify
{(1+da2) X, (1+da2) Y, z}

6. Summary for the geometrical rotation
The above calculations are summarized as follows.

(@) Theorem-1

10



R, (dey)R, (de)r = R, (da,) R, (dey)r =R, (dey +da,)r
=(x—-yde, —yda,,y+ xda, + xde,, 2)

2. Theorem-2

R, (-da,)R, (day)R, (day)R, (—day)r

=(x+x(da,)* - ydayda,, y + (day)’ y + xdayda,, 2+ 2(d,)* + y(d,)?)
~ (x—-ydeda,,y+xdada,,7)

R,(deda,)r
=(x-ydda,,y+xda,da,, 7)

3. Theorem-3

R, (da)R,(da)r
= (x+x(da),y+x(da)’,2)
~(xY.2)

where the angle de is infinitesimally small.

7. Expression of rotation operator
R:Ada)r =R_,(da)r =r +da(-e,xr)=r—da(e, xr).
Using

e, e,
1/=(-v,x,0)),
Z

<
<

< O

R:(da)r =(x+yda,y-xda,z).

((Mathematica))
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Clear["Global " +"];ex= {1, 0, 0}; ey={0, 1, 0}; ez={0, 0, 1};
r={x,Vv, z}; R[u_, ] := #+ 6 CrossProduct[u, #] &;

AM = R[-ez, da] [r]

{(x+day, -dax+y, z}

AP = R[ez, da] [r]

(Xx-day, dax+y, z}
R[-ez, da] [AP] // Simplify
{(1+da2) X, (1+da2) Yy, z}
R[ez, da] [AM] // Simplify
{(1+da2) X, (1+da2) Y, z}

Rley, da] [r]

{(X+doz,y, -dax+2z}

Rlex, da] [r]
{X,y-daz, day+ z}

((Note)) Another simple way to get the above result is as follows.
(x+iy')=e " (x+iy) = L-ia)(x+iy) = x+ay +i(y —ax),
or

X'= X+ yda
y'=y—xda

Therefore we have
(rly)=(r[R. @e)y) = (%, (der)r|w)
=y(X+yda,y — xda,z)

oy oy
y+daly— ay)

0 0
= l//(X, y! Z) - dO((Xa—— y_)l//(x! y! Z)
y OX
= <I’|1—%d0!|:z|l//>
where

12



A

|7 = 2I’jy _yﬁx’
or

R, (da) :i—%dal:z
((Note))

an oaa ~ h, O 0

(r|(%p, = 9p,)w) = (r|L,|w) =505 y2 Nrlv)-
We have the relation

R, (da)fR (da) = RF,

R,(da)r =r+da(e,xr)=(x-yda,y+xda,z),
and

R,(da)f = (X-yda, ¥+ Xde, 2) .
Then we have

R *(da)fR,(da) =R, (dar)F,

or
R, (da)SR,(dex) = X — Yder,
R, (da)JR (da) = § + %da ,
R, (da)iR, (da)=1.

8. Finite rotation

13



0 a

Aa

Fig. a=NAc«.

R,(@) = lIm[R, (Ae)]" = lim (1 hAaLz) =lim( hNLZ)
i~
=exp(——alL
p( - 2)

((Note))

. N
. ~ I a A~ R ~ /’l —
limQl——=L)" = lim[Q+5)“]* =e*,
N%( TN .) N%[( N) 1
where
L,
p=——dl,.

In general,
~ i~
R,(a) = e><|0(—%06L -u).

In the case of an arbitrary quantum mechanical system, using the general angular
momentum J instead of L :

R,(a) = exp(—%aj ).

9. Commutation relations of the components of the angular momentum
The following discussion on this topics is seen in the book [C. Cohen-Tannoudji
et al., Quantum Mechanics (John Wiley & Sons, New York, 1977].

We start from the relation for the geometrical operators

14



R, (-da )R, ([da)R, (da')R, (-da) =R, (dada’) . (1)
Note
|9, (R,r)) =R |R,r) = RR,|r).
Similarly
|RK,R,r) = RRM,1) = RR,[R,r) = RR,R|T).
Thus from the relation
R, (~da )R, (da)R, (da')R, (-da)r) =|R, (dada')r)
we get
R, (-da)R, (de)R, (de')R, (~da)|r) = R, (dader')|r) .
Correspondingly, we have
R, (-da")R,(da)R, (dar')R, (-de) = R, (dader’) . )

Using the expression of the infinitesimal rotation operators, the commutation relation

[J,,Jd,]1=ind,.
can be derived as follows,

s 0 s (da)f s e 0, 2 (da)f s,
1+—da'd, — JI1-—dad, - J
[( Sda'd, =3 |l Fdad - ]

i da') 5 0y p i (da) =
1-—da'd, — J. 11+—dad J
[ h Yo 2t o oY 2K ]
-1 (deda')],
h
dada', 5 = A

The left-hand side :i—h—z(jX y—jy .)+.... Expanding the left-hand side and

setting the coefficients of dad e’ equal, we find

[3,,3,1=in3,.

15



In general

Q) j, is the generator of rotation about the i-th axis.
(i) Rotations about different axes fail to commute.

R*(da)R(de) =1 (unitary operator)
R N P
1+=dad)1-—dad,) =1,
(+h 2 ) p al;)

or

=1, (Hermitian)

10.  Commutation relations of the components of the angular momentum
The following discussion on this topics is seen in the book [M. Tinkham, Group
Theory and Quantum Mechanics (McGraw-Hill Company, New York, 1964)].

When the angles 6 and 4, are very small, it is found that
R,(0,)%,(0,) =R, (6,0,)R,(0,)R,(0,) -
(the proof is given later using the Mathematica). We note that
R, (O)R,(0,)r =(x+20,,y-20,+%6,0,,2+ Y0, —X0,),
and
R, (0,0)R,(0,)R,(0)r =(x+20,,y-20,+x0,0,,2+Yy0, —Xx0,),
where r =(X,Y,z) inthe 3D real space. Then we have
R (BIR,(6,)r) =|R,(60,0,)R,(6,)R,(6,)r),
or
R(8)R,(6,)r) = R.(6,6,)R,(6,)R,(6,)]r),
leading to the relation for the rotation operators,

16



R.(6IR,(6,) =R, (6,6,)R,(6,)R(6,).
The infinitesimal rotation operators are defined by

A T A
R, (6,) =exp(-—6J,)=1--6J,,
X( X) p( h X X) h X

X

y!

- T
Ry(gy) = eXp(—%Hny) ~ 1_%(9y‘]

R,(6,0,) = exp(~ 0¢9J )zi—éexeyjz.

The substitution of these operators into the above relation, we get the relation
A BN A BTSN
(1—%<9XJX)(1—— y) (1 0 7 JZ)(l—geny)(l—%Hxe).

We expand this relation up to the term proportional to 6,6, .

N N . . . 2
: N R I T DA RSP s -
Lefthand side= 1-—6.J.)1-—6.J )=1-—6J +1—-—60.J +|—| 6.6.1J +...
(-to3)i-tai)=i-1a], h[hj

XTy T XTy

A

Right hand side:=i—%@jx+l heJ +(;J 0033 -Yo03 +..

xYyYyvYx ) yYz
Then we have
3,.3,]=ind,.
Similarly we get
[5,.3,]=in3,, [5,.3,]=n3, .
11. Derivation of the geometrical operators (Tinkham)

We show that

R, ()R, (0,)r =(x+20,,y-20,+%6,0,,2+ Y0, —X0,),

X7y?

17



and

R, (0,0)R,(0,)R,(0)r =(x+20,,y-20,+x0,0,,2+ Y0, —x0,),

by using the Mathematica.
((Mathematica)) Proof of the theorems 1, 2, and 3

Clear["'Global "] ;

Geometrical rotation

ex={1,0,0};ey={0,1,0};ez=1{0, 0, 1};
r={x, Y, Z}

{X, Y, Z}
Definition of geometrical rotation
R[u_, 6 ] :=#+Cross[u, #] &;
R[ez, da] [r]
{(X-day, dax+y, z}

Theorem 1

R[ez,dal] R[ez,da?2] = R[ez,da?2] R[ez,dal] = R[ez,dal+da?2]
where

R is a geometrical rotation

dal and da2 are infinitesimal rotation angles

R[ez, dal] [R[ez, da2][r]1] // Simplify

{(X-dalda2x - (dal+ da2) vy,
do2x+y+dal (X-do2y), z}

18



R[ez, da2] [R[ez, dal][r]] // Simplify

{(Xx-dalda2x - (dol + da2) vy,
do2x +y +dal (x -da2y), z}

R[ez, dal + da2] [r] // Simplify
{X- (dal + do2) y, (dal +do2) x+vy, z}

Theorem 2
Rley,-da2 JR[ex,dal JR[ey,da?2 |R[ex,-dal] = R[ez,dal da?]

rl =R[ex, -dal][r]

{X,y+dalz, -daly+ z}

r2 =R[ey, da2][rl] // Simplify

{(X+do2 (-daly+2z),y+dalz, -doa2x-daly+ z}
r3=R[ex, dal][r2] // Simplify

{X+ do2 (-daly+ z),
daldo2x +y +dol®y, -do2 x + z + dal® z}

19



r4 =R[ey, -da2] [r3] // Simplify

[(1+da2%) x - dalda2 (y +dol z)
dalda2x +y +dal?y, ~doldo2’y + z + dal? z + da2? z}

r5=R[ez, dalda2][r] // Simplify
{Xx-daldo2y, doaldoa2x+y, z}
r5-r4 // Simplify

{do2 (-da2 x + do1? z),
~dal®y, dalda2’y - dal® z - do2® z}

Theorem 3

R[-ez, da] R[ez, da] =1
ré =R[-ez, da] [r]
{(X+day, -dax+y, z}
r7=R[ez, da] [r6] // Simplify
{(1+doc2) X, (1+ doc2> A z}

12. Derivation of the commutation relation [Sakurai, Townsend]

We start from the geometrical relation
R, (e)R, (6) - R, (£)R,(e) =R, ()~ 1,

where ¢ is the infinitesimally small angle. The rotation analogue for the rotation operators
in the quantum mechanics, would read as

R, (€)R,(¢)~R, (£)R,(¢) = R, (%) -1,

without proof. Then we get

20



P T - T TP LA T RN Y
1-—&) ——JY\-—-&), ———J)-(1-—&), -~ I V-—&), ———]
( Ao 2K ) oY 2m? )= ) 6 A 2K <)

—1——5J -
( h

or
(1—%£J)+(1—%8J )(- eJ) d- aJ) d- —gJ )(— gJ)
)
or
-~ i - | o i 2 23 % ~ | o i - i 2 22 %
1-—&, ——&a, +(—)eJJ, -1+—&a +—&, —(—)eJ,J
hxhy(h) xyhyhx(h) yJx
LS
h
or

i ~ oz [ ~ o i
(E)Zngny —~ (E)ZgZJyJX =——g’) .
This leads to the commutation relation
[J.3,1=3,3,-3,J,=1Ad,. (commutation relation)
Similarly we get

3,,3,]=ind,, 3,.3,]=in3,. (cyclic)

((Mathematica)) Proof for the expression, R, ()R, (&) - R, (e)R, (&) =R, ()1
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Clear["Global *"];ex={1, 0, 0}; ey={0, 1, 0};
ez={0, 0, 1}; 12 = ldentityMatrix[2];
r={x,V¥, z};R[u ,d]:=#+5Cross[u, #] &;

ry =R[ey, €] [r]

{(X+ze,y, Z-Xe}

rx = R[ex, €][r]

{X,y-z€,z2+ye}

R1=R[ex, €][ry] // Simplify
{(X+ze,y+€e (-2z+Xe), 2+ (-X+VY) €}
R2 =R[ey, €][rx] // Simplify

{(X+e (z+ye),y-2e,zZ+ (-X+YVY) €}
R3=R[ez, €?][r] // Simplify

{x—yez, Y+ Xe?, z}

R1-R2 // Simplify
{—yez, xe?, 0}
R1-R2-R3// Simplify

{-X, -y, -z}

13. Invariance of I:I under the ro'gation
Suppose that the Hamiltonian H is invariant under the rotation (spherically
symmetric).
(WHly)=(w[Hlw),

22



with

or
=R
Then we have

(w R HR|y) = (w|Hp),

or
RAR=H,
or
[H,R]=0
Since
R= exp[—%j nd],
or
R =i—%j.n§9, (infinitesimal rotation).
or
[I:l,j.n] =0,
or
[H,J,]1=0, [H,J,]1=0, [H,J,]=0.

Using these relations, we also have the commutation relation
(.32 4+324371=0.

23



((Proof))

[H,J2]=HJJ, -JJH=HIJ —JHI =[HJ]J, =0.
Thus we have the two commutation relations.

[H,J,]=0, [H,J%]=0.
Simultaneous eigenket

Hn, j,m)=E,|n, j,m),

jz|n, j,m)=nm|n, j,m),

JZn, j,m)=r2j(j+1)n, j,m).
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APPENDIX
The 2D rotation (infinitesimal angle)
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In this figure we get the relation for the infinitesimal rotation

r'=r+(rdg)(e, xe,)

=r+dg(e, xr)
where
e, e, ¢,
e,xr=[0 0 1|=(-y,x0).
X Yy z

Then we have
X'=Xx-ydg, y'=y+xdg, '=12.

Note that this relation can be also derived as follows.

X' X 1 —-d¢g 0)x X—ydg
y'[=R,(dg) y|=ldg 1 Ofy|=y+xdg]|,
z' Z 0 0 1)\z yA

using the expression of R,(d¢) , where d¢ is infinitesimally small.
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