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The commutation relations between the components of an angular momentum are 
actually the expression of the geometrical properties of rotation in ordinary three 
dimensional space. Here we discuss the relation between rotations and angular 
momentum operators. We consider a physical system whose quantum mechanical state is 
characterized by the ket   of the state space. We perform a rotation   on this system. 

In this new position, the state of the system is described by a ket ' . Given the 

geometrical transformation  , the problem is to determine the new state '  from  . 

With every geometrical rotation   can be associated a linear operator R̂ acting such that 
 

 R̂'  , 

 

where R̂  is related to the corresponding angular momentum Ĵ . We will show that 
 

rr R̂ ,  rr 1ˆ  R  

 
where r  is the geometrical rotation in the three dimensional space. 
 
 
1. Rotation operator in Quantum mechanics 

After the geometrical rotation; 
 

'rrr   (geometrical rotation) 
 
we assume that the state vector changes from the old state   to the new state ' . 

 

 R̂'  , 

 
or 
 

 R̂'  , 

 
where ˆ R  is a rotation operator in the quantum mechanics. It is natural to assume that 
 

 rrr ˆ'ˆ'ˆ'  , 

 
or 
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 rr ˆˆˆˆ  RR , 

 
or 
 

rr ˆˆˆˆ  RR . (1) 
 
The rotation operator is a unitary operator. 
 

 '' , 

 
or 
 

ˆ R  ˆ R  ˆ R ˆ R   ˆ 1  (Unitary operator) 
 
From Eq. (1), 
 

rr ˆˆˆˆ  RR . 
 
Here we calculate 
 

rrrrrrrr RRRR ˆˆˆˆˆˆ  . 

 

rR̂  is the eigenket of r̂  with the eigenvalue r . So that we can write 

 

rr R̂ . 

 
When 
 

0rr  , 

 
or 
 

0
1rr  , 

 

00
1ˆ rr R , 

 
or 
 

00
1 ˆ rr   R . 
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For any r , we have 
 

rr   R̂1 , 

 

rrrr   11ˆˆˆ RRR . 

 
In summary, we have 
 

1. ˆ R  ˆ R  ˆ R ˆ R   ˆ 1 . 
 

2. rr R̂ . 

 

3. rr R̂ . 

 

4. rr 1ˆ  R . 

 

5. rr 1ˆ R . 

 
2. Group properties of the rotation operator 
Here we show that the operator R̂  has the same group properties as  : 
 
(a) Identity 
 

rr  1 , 

 
or 
 

rr RR ˆ1̂ˆ  , 

 
or 
 

RR ˆ1̂ˆ  . 
 
(b) Closure 
 

rr 321  , 

 
or 
 

rr 3321
ˆˆ  RR , 
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or 
 

rr 321
ˆˆˆ RRR  , 

 
Then for any r , we have 

 

321
ˆˆˆ RRR  . 

 
(c) Inverse 
 

rr 1 , 

 
or 
 

rr 1R̂ , 

 
or 
 

rr 1ˆˆRR , 

 
or 
 

1̂ˆˆ 1 RR . 
 
Similarly, 
 

1̂ˆˆ 1  RR . 
 
(d) Associative 
 

rrr 321321321 )()(  , 

 
or 
 

rrr 321321321
ˆˆˆˆ)ˆˆ()ˆˆ(ˆ RRRRRRRRR  , 

 
or 
 

321321321
ˆˆˆˆ)ˆˆ()ˆˆ(ˆ RRRRRRRRR  . 
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3. Theorem-I 
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)( du : infinitesimal rotation around the u axis. 

 

)()(' OMdOMOMOM u  u . 

 

MOOMOM 'sin||  u . 
 

 dOMdMOMM sin''  . 
 

The direction of 'MM coincides with that of OMu .  is the angle between u and OM  
 

)('')( OMdOMMMOMOMOMd  uu  . 
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4. Theorem II 
 
Every finite rotation can be decomposed into an infinite number of infinitesimal 
rotations. 
 

)()()()()(  uuuuu  ddd . (1) 

 
Note the following relation which will be useful. 
 

)'()()'()()'(  dddddd zxyxy  . (2) 

 
)()(1  dd uu 

  . (3) 

 
The proof of Eqs. (1) and (2) can be given using Mathematica. 
 
5. Proof of theorems by Mathematica 

How can we define the rotation operator in the Mathematica? 
(1) We need a package called "Calculus`VectorAnalysis`" 
 

Needs["Calculus`VectorAnalysis`"] 
 
(2) We use the Cartesian coordinate. 
 

SetCoordinates[Cartesian[x,y,z]] 
 
(3) Definition of the vectors, ex, ey, ez, and r 
 
(4) Definition of the geometrical rotation operator )(uR  

 
R[u_,_]: = # +  CrossProduct[u, #]&  

 
(the most important formula in Mathematica). 

 
(5) Rotation: 
 

R[u, ][r] 
 
__________________________________________________________________ 
((Mathematica-I)) 
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Geometrical rotation

Clear"Global`";

ex  1, 0, 0; ey  0, 1, 0; ez  0, 0, 1;

r  x, y, z;

Definition of geometrical rotation

Ru_, _ :    Crossu,  &;

Rez, dr
x  d y, d x  y, z

Theorem 1
R[ez,da1]R[ez,da2]=R[ez,da2]R[ez,da1]=R[ez,da1+da2]
where 
R is a geometrical rotation
da1 and da2 are infinitesimal rotation angles
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Rez, d1Rez, d2r  Simplify

x  d1 d2 x  d1  d2 y, d2 x  y  d1 x  d2 y, z

eq11  Rez, d2Rez, d1r  Simplify

x  d1 d2 x  d1  d2 y, d2 x  y  d1 x  d2 y, z

eq12  Rez, d1  d2r  Simplify

x  d1  d2 y, d1  d2 x  y, z

eq11  eq12  Simplify

d1 d2 x, d1 d2 y, 0
Theorem 2
R[ey,-da2]R[ex,da1]R[ey,da2]R[ex,-da1]=R[ez,da1*da2]

r1  Rex, d1r; r2  Rey, d2r1  Simplify;

r3  Rex, d1r2  Simplify;

eq21  Rey, d2r3  Simplify

1  d22 x  d1 d2 y  d1 z,

d1 d2 x  y  d12 y, d1 d22 y  z  d12 z  d22 z

eq22  Rez, d1 d2r  Simplify

x  d1 d2 y, d1 d2 x  y, z

eq21  eq22  Simplify

d2 d2 x  d12 z, d12 y, d1 d22 y  d12 z  d22 z

Theorem 3
R[-ez,da]R[ez,da]=1

r6  Rez, dr; eq3  Rez, dr6  Simplify

1  d2 x, 1  d2 y, z  
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Theorem 2
R[ey,-da2]R[ex,da1]R[ey,da2]R[ex,-da1]=R[ez,da1da2]

r1  Rex, d1r
x, y  d1 z, d1 y  z

r2  Rey, d2r1  Simplify

x  d2 d1 y  z, y  d1 z, d2 x  d1 y  z

r3  Rex, d1r2  Simplify

x  d2 d1 y  z, d1 d2 x  y  d12 y, d2 x  z  d12 z

r4  Rey, d2r3  Simplify

1  d22 x  d1 d2 y  d1 z,

d1 d2 x  y  d12 y, d1 d22 y  z  d12 z  d22 z

r5  Rez, d1 d2r  Simplify

x  d1 d2 y, d1 d2 x  y, z

r5  r4  Simplify

d2 d2 x  d12 z, d12 y, d1 d22 y  d12 z  d22 z

Theorem 3
 R[-ez, da] R[ez, da] = 1

r6  Rez, dr
x  d y, d x  y, z

r7  Rez, dr6  Simplify

1  d2 x, 1  d2 y, z  
 
6. Summary for the geometrical rotation 

The above calculations are summarized as follows. 
 
(a) Theorem-1 
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),,(

)()()()()(

2121

111221

zxdxdyydydx

dddddd zzzzz





 rrr

 

 
2. Theorem-2 
 

),,(

))()(,)(,)((

)()()()(

2121

2
2

2
121

2
121

2
2

1212

zdxdydydx

dydzzdxdydydyddxx

dddd xyxy









 r

 

 

),,(

)(

2121

21

zdxdydydx

ddz





 r

 

 
3. Theorem-3 
 

   
),,(

),,(

)()(
22

zyx

zdxydxx

dd zz








 r

 

 
where the angle d  is infinitesimally small. 
 
_______________________________________________________________ 
7. Expression of rotation operator 
 

)()()()(1 rerrerrr  


zzzz dddd  . 
 
Using 
 

)0,,(100 xy

zyx

zyx

z 
eee

re , 

 
),,()(1 zxdyydxdz   r . 

 
((Mathematica)) 
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Clear "Global` " ; ex 1, 0, 0 ; ey 0, 1, 0 ; ez 0, 0, 1 ;

r x, y, z ; R u , : CrossProduct u, &;

AM R ez, d r

x d y, d x y, z

AP R ez, d r

x d y, d x y, z

R ez, d AP Simplify

1 d 2 x, 1 d 2 y, z

R ez, d AM Simplify

1 d 2 x, 1 d 2 y, z

R ey, d r

x d z, y, d x z

R ex, d r

x, y d z, d y z  
______________________________________________________________________ 
 
((Note)) Another simple way to get the above result is as follows. 
 

)())(1()()''( xyiyxiyxiiyxeiyx i    , 
 
or 
 




xdyy

ydxx




'

'
 

 
________________________________________________________________________ 
Therefore we have 
 

 rrr )()(ˆ' 1 ddR zz
  

  (x  yd ,y  xd ,z)  

)(
y

x
x

yd




   

),,()(),,( zyx
x

y
y

xdzyx 







  

 zLd
i ˆ1


 r  

where 
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ˆ L z  ˆ x ̂  p y  ˆ y ̂  p x , 

 
or 
 

zz Ld
i

dR ˆ1̂)(ˆ 


  

 
((Note)) 
 

 rr )(ˆ)ˆˆˆˆ(
x

y
y

x
i

Lrpypx zxy 









. 

 
We have the relation 
 

rr ˆ)(ˆˆ)(ˆ   dRdR zz , 
 

),,()()( zxdyydxdd zz   rerr , 
 
and 
 

)ˆ,ˆˆ,ˆˆ(ˆ)( zdxydyxdz   r . 
 
Then we have 
 

rr ˆ)()(ˆˆ)(ˆ  ddRdR zzz  , 
 
or 
 

 dyxdRxdR zz ˆˆ)(ˆˆ)(ˆ  , 
 

 dxydRydR zz ˆˆ)(ˆˆ)(ˆ  , 
 

zdRzdR zz ˆ)(ˆˆ)(ˆ   . 
 
___________________________________________________________________ 
8. Finite rotation 
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q
0 aDa  

 
Fig.   N . 
 

ˆ R z (  0)  ˆ 1 , 
 

)ˆexp(

)ˆ1̂(lim)ˆ1̂(lim)](ˆ[lim)(ˆ

z

N
z

N

N
z

N

N
z

N
z

L
i

L
N

i
L

i
RR














 

 
((Note)) 
 


e

N
L

N

i
N

N

N
z

N



])1̂[(lim)ˆ1̂(lim


, 

 
where 
 

zL
i ˆ


 . 

 
In general, 
 


ˆ R u ()  exp(

i


 ˆ L u). 

 
In the case of an arbitrary quantum mechanical system, using the general angular 

momentum Ĵ  instead of L̂ : 
 

)ˆexp()(ˆ uJ  


i
Ru . 

 
9. Commutation relations of the components of the angular momentum 

The following discussion on this topics is seen in the book [C. Cohen-Tannoudji 
et al., Quantum Mechanics (John Wiley & Sons, New York, 1977]. 

 
We start from the relation for the geometrical operators 
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)'()()'()()'(  dddddd zxyxy  . (1) 

 
Note 
 

  rrr 212121
ˆˆˆ RRR  . 

 
Similarly 
 

rrrr 321321321321
ˆˆˆˆˆˆ RRRRRR  . 

 
Thus from the relation 
 

rr )'()()'()()'(  dddddd zxyxy   

 
we get 
 

rr )'(ˆ)(ˆ)'(ˆ)(ˆ)'(ˆ  ddRdRdRdRdR zxyxy  . 

 
Correspondingly, we have 
 

)'(ˆ)(ˆ)'(ˆ)(ˆ)'(ˆ  ddRdRdRdRdR zxyxy  . (2) 

 
Using the expression of the infinitesimal rotation operators, the commutation relation 
 

zyx JiJJ ˆ]ˆ,ˆ[  . 

 
can be derived as follows, 

   

   

  z

xxyy

xxyy

Jdd
i

J
d

Jd
i

J
d

Jd
i

J
d

Jd
i

J
d

Jd
i

ˆ'1̂

]ˆ
2

ˆ1̂](ˆ
2

'ˆ'1̂[

]ˆ
2

ˆ1̂][ˆ
2

'ˆ'1̂[(

2

2

2
2

2

2

2

2

2
2

2

2



















 

 

The left-hand side = ...)ˆˆˆˆ(
'

1̂
2

 xyyx JJJJ
dd




. Expanding the left-hand side and 

setting the coefficients of dd’ equal, we find 
 

zyx JiJJ ˆ]ˆ,ˆ[  . 
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In general 
 

kijkji JiJJ ˆ]ˆ,ˆ[  . 

 
(i) ˆ J i  is the generator of rotation about the i-th axis.  
 
(ii) Rotations about different axes fail to commute. 
 

ˆ R (d ) ˆ R (d )  ˆ 1  (unitary operator) 
 


(ˆ 1 

i


d ˆ J z

)(ˆ 1 
i


d ˆ J z )  ˆ 1 , 

 
or 
 

ˆ J z
  ˆ J z .  (Hermitian) 

 
10. Commutation relations of the components of the angular momentum 

The following discussion on this topics is seen in the book [M. Tinkham, Group 
Theory and Quantum Mechanics (McGraw-Hill Company, New York, 1964)]. 

 
When the angles x and y are very small, it is found that 
 

)()()()()( xxyyyxzyyxx   . 

 
(the proof is given later using the Mathematica). We note that 
 

),,()()( yxyxxyyyxx xyzxzyzx   r , 

 
and 
 

),,()()()( yxyxxyxxyyyxz xyzxzyzx   r , 

 
where ),,( zyxr  in the 3D real space. Then we have 
 

rr )()()()()( xxyyyxzyyxx   , 

 
or 
 

rr )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ
xxyyyxzyyxx RRRRR   , 

 
leading to the relation for the rotation operators, 
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)(ˆ)(ˆ)(ˆ)(ˆ)(ˆ
xxyyyxzyyxx RRRRR   . 

 
The infinitesimal rotation operators are defined by 
 

xxxxxx J
i

J
i

R ˆ1̂)ˆexp()(ˆ 


 , 

 

yyyyyy J
i

J
i

R ˆ1̂)ˆexp()(ˆ 


 , 

 

zyxzyxyxz J
i

J
i

R ˆ1̂)ˆexp()(ˆ 


 . 

 
The substitution of these operators into the above relation, we get the relation 
 

)ˆ1̂)(ˆ1̂)(ˆ1̂()ˆ1̂)(ˆ1̂( xxyyzyxyyxx J
i

J
i

J
i

J
i

J
i 


 . 

 
We expand this relation up to the term proportional to yx . 

 

Left hand side = ...ˆˆˆ1̂ˆ1̂)ˆ1̂)(ˆ1̂(
2







 yxyxyyxxyyxx JJ

i
J

i
J

i
J

i
J

i 


 

 

Right hand side= .....ˆˆˆˆ1̂ˆ1̂
2







 zyxxyyxyyxx J

i
JJ

i
J

i
J

i 


 

 
Then we have 
 

  zyx JiJJ ˆˆ,ˆ  . 

 
Similarly we get 
 

  xzy JiJJ ˆˆ,ˆ  ,   yxz JiJJ ˆˆ,ˆ  . 

 
11. Derivation of the geometrical operators (Tinkham) 
 
We show that 
 

),,()()( yxyxxyyyxx xyzxzyzx   r , 
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and 
 

),,()()()( yxyxxyxxyyyxz xyzxzyzx   r , 

 
by using the Mathematica. 
 
((Mathematica)) Proof of the theorems 1, 2, and 3 
 

Clear "Global` " ;

Geometrical rotation

ex 1, 0, 0 ; ey 0, 1, 0 ; ez 0, 0, 1 ;

r x, y, z

x, y, z

Definition of geometrical rotation

R u , : Cross u, &;

R ez, d r

x d y, d x y, z

Theorem 1
[ez,d 1] [ez,d 2] = [ez,d 2] [ez,d 1] = [ez,d 1+d 2]

where 
 is a geometrical rotation

d 1 and d 2 are infinitesimal rotation angles

R ez, d 1 R ez, d 2 r Simplify

x d 1 d 2 x d 1 d 2 y,

d 2 x y d 1 x d 2 y , z  
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R ez, d 2 R ez, d 1 r Simplify

x d 1 d 2 x d 1 d 2 y,

d 2 x y d 1 x d 2 y , z

R ez, d 1 d 2 r Simplify

x d 1 d 2 y, d 1 d 2 x y, z

Theorem 2
[ey,-d 2 ] [ex,d 1 ] [ey,d 2 ] [ex,-d 1] = [ez,d 1 d 2]

r1 R ex, d 1 r

x, y d 1 z, d 1 y z

r2 R ey, d 2 r1 Simplify

x d 2 d 1 y z , y d 1 z, d 2 x d 1 y z

r3 R ex, d 1 r2 Simplify

x d 2 d 1 y z ,

d 1 d 2 x y d 12 y, d 2 x z d 12 z
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r4 R ey, d 2 r3 Simplify

1 d 22 x d 1 d 2 y d 1 z ,

d 1 d 2 x y d 12 y, d 1 d 22 y z d 12 z d 22 z

r5 R ez, d 1 d 2 r Simplify

x d 1 d 2 y, d 1 d 2 x y, z

r5 r4 Simplify

d 2 d 2 x d 12 z ,

d 12 y, d 1 d 22 y d 12 z d 22 z

Theorem 3
 [-ez, d ]  [ez, d ] = 1

r6 R ez, d r

x d y, d x y, z

r7 R ez, d r6 Simplify

1 d 2 x, 1 d 2 y, z
 

 
12. Derivation of the commutation relation [Sakurai, Townsend] 
 
We start from the geometrical relation 
 

Izxyyx  )()()()()( 2 , 

 
where  is the infinitesimally small angle. The rotation analogue for the rotation operators 
in the quantum mechanics, would read as 
 

1̂)(ˆ)(ˆ)(ˆ)(ˆ)(ˆ 2   zxyyx RRRRR , 

 
without proof. Then we get 
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1̂)ˆ
2

ˆ1̂(

)ˆ
2

ˆ1̂)(ˆ
2

ˆ1̂()ˆ
2

ˆ1̂)(ˆ
2

ˆ1̂(

2

2

4
2

2

2

2
2

2

2
2

2

2
2

2

2





xz

xxyyyyxx

JJ
i

JJ
i

JJ
i

JJ
i

JJ
i









 
 
or 
 

z

xyyyxx

J
i

J
i

J
i

J
i

J
i

J
i

J
i

ˆ

)ˆ)(ˆ1̂()ˆ1̂()ˆ)(ˆ1̂()ˆ1̂(

2










- 

 
or 
 

z

xyxyyxyx

J
i

JJ
i

J
i

J
i

JJ
i

J
i

J
i

ˆ

ˆˆ)(ˆˆ1̂ˆˆ)(ˆˆ1̂

2

2222












 

 
or 
 

zxyyx J
i

JJ
i

JJ
i ˆˆˆ)(ˆˆ)( 22222 


 . 

 
This leads to the commutation relation 
 

zxyyxyx JiJJJJJJ ˆˆˆˆˆ]ˆ,ˆ[  .  (commutation relation) 

 
Similarly we get 
 

  xzy JiJJ ˆˆ,ˆ  ,   yxz JiJJ ˆˆ,ˆ  . (cyclic) 

 
 
((Mathematica)) Proof for the expression, Izxyyx  )()()()()( 2  

 



22 
 

Clear "Global` " ; ex 1, 0, 0 ; ey 0, 1, 0 ;

ez 0, 0, 1 ; I2 IdentityMatrix 2 ;

r x, y, z ; R u , : Cross u, &;

ry R ey, r

x z , y, z x

rx R ex, r

x, y z , z y

R1 R ex, ry Simplify

x z , y z x , z x y

R2 R ey, rx Simplify

x z y , y z , z x y

R3 R ez, 2 r Simplify

x y 2, y x 2, z

R1 R2 Simplify

y 2, x 2, 0

R1 R2 R3 Simplify

x, y, z  
 
13. Invariance of ˆ H  under the rotation 

Suppose that the Hamiltonian ˆ H  is invariant under the rotation (spherically 
symmetric). 
 

 HH ˆ'ˆ'  , 
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with 
 

 R̂'  , 

 
or 
 

 R̂'  . 

 
Then we have 
 

 HRHR ˆˆˆˆ  , 

 
or 
 

HRHR ˆˆˆˆ  , 
 
or 
 

0̂]ˆ,ˆ[ RH . 
 
Since 
 

].ˆexp[ˆ nJ
i

R


 , 

 
or 
 

n.ˆ1̂ˆ J
i

R


 ,  (infinitesimal rotation). 

 
or 
 

0̂].ˆ,ˆ[ nJH , 
 
or 
 

[ ˆ H , ˆ J x ]  ˆ 0 , [ ˆ H , ˆ J y]  ˆ 0 , [ ˆ H , ˆ J z ]  ˆ 0 . 

 
Using these relations, we also have the commutation relation 
 

[ ˆ H , ˆ J x
2  ˆ J y

2  ˆ J z
2 ]  ˆ 0 . 
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((Proof)) 
 

[ ˆ H , ˆ J x
2 ]  ˆ H ̂  J x

ˆ J x  ˆ J x
ˆ J x

ˆ H  ˆ H ̂  J x
ˆ J x  ˆ J x

ˆ H ̂  J x  [ ˆ H , ˆ J x]
ˆ J x  ˆ 0 . 

 
Thus we have the two commutation relations. 
 

[ ˆ H , ˆ J z ]  ˆ 0 , [ ˆ H , ˆ J 2 ] ˆ 0 . 
 
Simultaneous eigenket 
 

mjnEmjnH n ,,,,ˆ  , 

 

mjnmmjnJ z ,,,,ˆ  , 

 

mjnjjmjnJ ,,)1(,,ˆ 22   . 
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APPENDIX 
The 2D rotation (infinitesimal angle) 
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r

r'

ez

er

ezâer

df

 
 
In this figure we get the relation for the infinitesimal rotation 
 

)(

))(('

rer

eerr




z

rz

d

rd




 

 
where 
 

)0,,(100 xy

zyx

ezyx

z 
ee

re . 

 
Then we have 
 

ydxx ' ,  xdyy ' ,  zz ' . 
 
Note that this relation can be also derived as follows. 
 


















































 



































z

xdy

ydx

z

y

x

d

d

z

y

x

d

z

y

x

z 






100

01

01

)(

'

'

'

, 

 
using the expression of )( dz , where d  is infinitesimally small. 
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