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Eugene Paul "E. P." Wigner (November 17, 1902 — January 1, 1995), was a Hungarian American
theoretical physicist and mathematician. He received a share of the Nobel Prize in Physics in 1963 "for
his contributions to the theory of the atomic nucleus and the elementary particles, particularly through the
discovery and application of fundamental symmetry principles"; the other half of the award was shared
between Maria Goeppert-Mayer and J. Hans D. Jensen. Wigner is notable for having laid the foundation
for the theory of symmetries in quantum mechanics as well as for his research into the structure of the
atomic nucleus. Wigner is also important for his work in pure mathematics, having authored a number of
theorems. In particular, Wigner's theorem is a cornerstone in the mathematical formulation of quantum
mechanics.

http://en.wikipedia.org/wiki/Eugene_Wigner

1. Representation of rotations
Let the polar and the azimuthal angles that characterize n be fand ¢, respectively. We first rotate
about the y axis by angle €. We subsequently rotate by ¢ about the z axis.



The rotation operator is defined as
R=R(AR (O)=exp(— &, )exp(- 4, )
The matrix clement is given by
(J-m[R|j,m) = (j.m'[R, ()R, (0) j.m)

= (J,m'R, ()| j, m)(im'¢)
=d( (@)™ = D) (6,9)

These matrix elements are sometimes called Wigner functions after E.P. Wigner, who made pioneering
contributions to the group-theoretical properties of rotations in quantum mechanics.
The problem of finding the representative matrices of the full rotation group has been reduced to that

of finding d{)) (6) .

2. Rotation operator with j = 1/2
The rotation operator with j = 1/2 is given by
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The eigenkets |—i—>n and |—>n are obtained as
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where n is the unit vector given by

n=(n,,n,,n,)=(sinfcosg,sinOsing,cos )
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3. Rotation operator with j=1
The rotation operator with J = 1 is given by
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The eigenkets |l>n, |0>n, and |— l>n are obtained as
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For ¢ =0, the rotation operator is given by
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Matrices j = 1

Clear["Global %" ;

IX[7/ ,n ,m]z:==v(/-m) (#/+m+1) KroneckerDelta[n, m+1] +

NI P

1
5\/ (#+m) (/-m+1) KroneckerDelta[n, m-1]

1
Jy[7 ,n_,m] := -5 iV (/-m) (/+m+1) KroneckerDelta[n, m+1] +

1
Ei\/(/+m) (/- m+1) KroneckerDelta[n, m-1]

Jz[7 , n_, m_] :=mKroneckerDelta[n, m]

Jx = Table[Jx[1, n, m], {n, 1, -1, -1}, {m, 1, -1, -1}];
Jy = Table[Jy[1, n, m], {n, 1, -1, -1}, {m, 1, -1, -1}];
Jz = Table[Jz[1, n, m], {n, 1, -1, -1}, {m, 1, -1, -1}];

Ry[e ] := MatrixExp[-i Jy ¢] // Simplify

Rz[# ] :

MatrixExp[-1 Jz #] // Simplify
Rz[¢]- Ry[e] // MatrixForm

eﬂwCos[g]z e 1?sin[o; e’jd’Sin[g]z

V2
Sin[e] Cos o _Sinfe]
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i¢azm[ 612 el ¢ Sinfe] i ¢ 612
(e]l Slnl:z:l T @]l COS{E}

ul =Rz[¢]-Ry[e].{1, 0, O} // Simplify
{e’j“’Cos[?]z, Sin(o] , eMSin{g]z}

2 NP 2
u2 =Rz[¢]-Ry[e].{0, 1, O} // Simplify

{7e*i¢5in[91 Cos (6] eMSin[e]}

V2 V2

u3 = Rz[¢]-Ry[e]-{0, 0, 1} // Simplify
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4. Mathematica for the rotation operator with J=3/2



The rotation operator with J = 3/2 is given by

R=D""7(0.¢)
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Matrices with j = 3/2

Clear["Global " %"];

IX[7/ ,n ,m]1:==v(/-m) (#+m+1) KroneckerDelta[n, m+1] +

NI R

1
5\/ (#+m) (#-m+1) KroneckerDelta[n, m-1]

1
Jy[/ ,n ,m]:= -3 i vV (/-m) (/#+m+1) KroneckerDelta[n, m+1] +

1
5:‘1‘\/(/’+m) (/- m+1) KroneckerDelta[n, m-1]

Jz[/ , n_, m_] :=mKroneckerDelta[n, m]

Jx = Table[Jx[3/2, n, m], {n, 3/2, -3/2, -1}, {m, 3/2, -3/2, -1}];
Jy = Table[Jdy[3/2, n, m], {n, 3/2, -3/2, -1}, {m, 3/2, -3/2, -1}]1;
Jz = Table[Jz[3/2, n, m], {n, 3/2, -3/2, -1}, {m, 3/2, -3/2, -1}];

Ry[&_ ] := MatrixExp[-i Jy @] // Simplify;

Rz[# ] :

MatrixExp[-1 Jz g] // Simplify;

ul =Rz[¢]-Ry[e]-{1, 0, 0O, 0} // Simplify

31 i i 3i
{67_2@ Cos[9]3, }\/Eef_Z@ Csc[?] sin[e]?, E@eTKb Sin[g} sin[o], e 2¢S|n[9]3}
2 4 2 2 2 2
u2 = Rz[¢]-Ry[e].{0, 1, 0, 0} // Simplify
3i 1
{—} \@ef% Csc[g] Sin[e]?, }e,_z@ (Cos[g} +3Cos[3—e])
4 2 4 2 2
1 i, _ o _ 36 1 3ie o,
-G €2 (SII’]{E]—BSIH[7”, E\/?e 2 SIH[E] sin[e]}

u3 = Rz[¢]-Ry[e].{0, 0, 1, 0} // Simplify

1 3i¢ o, . 1 _i¢ e 30
[3V3 e 2 sin[]sinfe], e 2 (Sln[é]—SSm[?])
i 3i
leTKb (COS[§]+3COS[3—9”, 1\/3@ 2¢Csc[§] Sln[e}z}
4 2 2 4 2

u4 = Rz[¢]- Ry[e].{0, 0, 0, 1} // Simplify
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5. Mathematica for the rotation operator with J=2
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Matrices j = 2

Clear["Global " %"];

IX[7 ,n ,m]:i==~(/-m) (#/+m+1) KroneckerDelta[n, m+1] +

NI P

1
Z v (#+m) (#/-m+1) KroneckerDelta[n, m-1]
2

1
Jy[7 ,n_, m] := _E iV (7 -m) (/+m+1) KroneckerDelta[n, m+ 1] +

1
> iV (#+m) (#-m+1) KroneckerDelta[n, m-1]

Jz[7 , n_, m_] :=mKroneckerDelta[n, m]

Jx = Table[Jx[2, n, m], {n, 2, -2, -1}, {(m, 2, -2, -1}];
Jy = Table[Jy[2, n, m], {n, 2, -2, -1}, {m, 2, -2, -1}];
Jz = Table[Jz[2, n, m], {n, 2, -2, -1}, {(m, 2, -2, -1}];

Ry[&_ ] := MatrixExp[-1Jy ¢] // Simplify

Rz[# 1 :

MatrixExp[-iJz ¢] // Simplify
ul = Rz[¢]-Ry[e]-{1, 0, O, O, O} // Simplify

{e’2”005[2]4, % e'? (1+Cos[e]) Sin[e],

1 /3 . 2 ideinf912 a3 2i¢ i[04
543 sin[e]?, e Sln[z} sin[e], e Sln[z] }

u2 = Rz[¢]-Ry[e]-{0, 1, 0, O, O} // Simplify

{—Ze’ZMCos[g}SSin[g} s % e1? (Cos[e] +Cos[26]),
/g Cos[6] Sin[e], % e'? (Cos[e] -Cos[26]), cezj“”Sin[g}2 sin(e] }

u3 =Rz[¢]-Ry[e]-{0, 0, 1, 0, 0} // Simplify

{ lg e2i%sin[e)?, - /g et?®cos[e] Sin[e],
(1+3Cos[26]), /g et ?Cos[o] Sin[e], /g e?1?sin[o1?}

u4 = Rz[¢]-Ry[e].{0, 0O, 0, 1, O} // Simplify
{% e?t%® (_1:Cos[e]) Sin[e], % et? (Cos[o] -Cos[20]),
- lg Cos[©] Sin[o],

u5 = Rz[¢]-Ry[e]-.{0, 0, 0, 0, 1} // Simplify
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e'?® (Cos[o] +Cos[26]), % e?? (1+Cos[6]) Sin[e]]}

{e’“d’Sin[g]A', %e’“’ (-1+Cos[e]) Sin[e],
1 /3 Sine12. 26l €13 ginl€1 Q210 614
543 Sin[e]°, -2e Cos[z} Sln[z},e Cos[z} }
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6. Spherical Harmonics as rotator matrices
Using the relation

[%r)=RIr).
we have
[n) =[%e,) = Rle,) = R, (AR, (O)fe;)
= ; R,(#)R, (&) (m){Im'|e, )
Then

(Im|n) = %“<Im|F§Z (PR, (@) Im’)Im'|e, ).
Here note that
(n[lm) =Y,"(n) =Y,"(6,9),
or
(Im[n)=[Y,"(6,4)] .
We also note that
(Imle,)=[Y,"(6.9)] .
which is evaluated at 6= 0 with ¢ undetermined. At =0, Y,"(6,¢) is known to vanish for m#0;

(Imle,)=[Y,"(6 =0, 5,

20+1
‘/ pp P,(cos@ = 1)5m’0

2€+15m0
4
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[Y,"(0.8)] = (ImR,(H)R,(0)[Im)(Im'[e, )

m'

_ 251:Z(lm|§Z(¢)éy(9)|lm'>5m_o

2041, s
“V s (ImR, ()R, (O)[10)

A a 4 . .
(Im[R, (AR, @)10) = |- [Y"(@.9)]

or

Since

R,(4) =exp[—%iz¢],

(Im|R, (#)R, (0)[10) = <|m|exp[—%j SIR,(0)]10)

=e"™(Im|R,(9)|10)

or

e"™(Im|R, (0)|10) = \/%[YZ‘ 0,91,

35 _ A-iMmg 4r m *
(Im|R,(6)[10) =e —2“1[\([ 6,07 .

7. Calculation for the rotation operator for j=1

R=R,(#)R,(9).

(a) Calculate the rotation operator Iiy @)
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. i
Ry (#) = eXp(—% J,0)
A T IRU I SRORAD RS RPN TP IR I I
=1+E(—%9)Jy+—(——a)23y +—(——49)3Jy +—(——6?)4Jy +—(——6?)5Jy o

N P 1 1
=1+—(-—6)J ———9J 9hJ ——9 n’d} 9hJ+ .....
HCy 5 7+ (=20) ( )' t530)
7 72

[(|49)+(|6?)+(|49)+] [(|¢9)+(|¢9)+(|6?)+]

i+
/] hz

T2

:1——[(|0)+l(i¢9)3+l(i0)5+ ]+J—y[i(i«9)2+l(i¢9)4+l(i6’)6+ 1+
h 3! 5! ot 4! 4

where
. 0 -1 O 52 1 0 -1
J,=2 1t 0 -1, 3i=%]o 2 o]
NG 2
0 1 0 -1 0 1
" 0 -1 O
T3 2| 29 34 333 282
Jy =h —2 1 0 -1(=% Jy, Jy =Jy Jyzh Jy
0 1 0
3 =343, =n23=n"J,
Note that

_ Lo ity Lioy
cosO—1=_ (i) +.(i0)" + (i0) +....

- . _ - 1 - 3 1 - 5
|s1n9—(|(9)+§(ll9) +§(|6?) Fo
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T2

. ~ 1. J
Ry(¢)=1—%3y(i sin(9)+h—y2(cos0—l)

1+cosé sind 1-cos@
2 2 2
sin & sin @
= T cosf — A
l-cos@® sin@ 1+cosd
2 V2 2
(b) Calculate the rotation operator Iiy(é’)
_ e’ 0 0
R(A)=exp(——dpH=| 0 1 0
£ 0 0 e

(c) Calculation of the rotation operator R= ﬁz ) Fiy (@)

The matrix of R is given by

e 0 0
R=R,($R, @)= 0 1 0
0 0 e
or
1+ cos@
e
( 5 )
A in@
R=D"(0.4)= sin
0,9) 72
. 1—cos@
'
( 5 )

1+cos@ _sin9 1—-cosé
2 J2 2
sin & cosd B sin &
NG 2
l-cos@® sin@ 1+cosd
2 V2 2
e sin@ e,i¢(1—0059)
J2 2
cos@ - sing
. g
o siné ei¢(1+c059)
V2 2
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