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We discuss the properties of vector and tensor operators under rotations in quantum
mechanics. We use the analogy from the classical physics, where vector and tensor of a
quantity with three components that transforms by definition like

Vi'= Zm@/V_/ Ty'= ;ﬂ%ikiﬁﬂ]}kl :
] )

under rotation. First | will present a brief review in the case of classical physics. After
that the properties of vector and tensor operators under rotation in quantum mechanics.
The irreducible spherical tensor operators are introduced based on the rotation operators.
The Cartesian tensors are decomposed into irreducible spherical tensors. The Wigner —
Eckart theorem will be discussed elsewhere.

1. Definition of vector in classical physics
0] 2D rotation

Suppose that the vector r is rotated through & (counter-clock wise) around the z axis.
The position vector r is changed into r' in the same orthogonal basis {e1, e;}.

» X

In this Fig, we have

e -e'=Cos¢g e,-e'=sing
e -e,'=—sing’ e,-e,'=Cos¢g’
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We define r and r' as

r'=x'e +x,'e, =x6€+x,e,' 1
and

r=2x6€ +x,8,
Using the relation

€ - r'= € - (xl'e1 + xz'ez) =€ - (x1e1'+x2e2')
e, r'=e,-(x'e, +x,'e,) =€, - (x8,+x,8,")

we have

x'=¢€ - (xe'+x,6,") = x,C0S¢ — x,Sin ¢
x,'=¢€, (xe'+x,e,") = x;Sing + x, COS P

N W ) gl )
X, X, R, Ry \x, sing cos¢ )\ x,

or

where

(i) 3D rotation
Next we discuss the three-dimensional (3D) case,

Note that

€= Z(ei €;')e; = Z%eﬂ
j

J
e'=2 (ee))e, =D (e;-e)e, = > Re,,
j j J
where
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Then we get

3 3 3
r=>x'e, =) xe'=>x>Re=>RNxe,
i1 = =

i i,j

or
xf'=29%xw
J
or
X, Ry Ry Rp)x
=1 x,'" |=R.(@)r=|R,, R, Ryu|lx,|
Xy Ry Ry Ry \xg
where
cosg —sing 0
R_(p)=|sing cosg O0].
0 0 1

Using the relation r'=R_(#)r, we can write down

PR =R A xe )= Y xR (e, =D we,

where
R, (¢)e.i =e,', ¢ N, (¢)e_]. =¢€-e'=N,.
We note that

ZER,.jiRik = Z(ei -e')e e )=¢"e'=5,,,

since
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e'=> (e e (formula)

Now we consider more general case in order to get the definition of vector.

X3

A

X2

X1

Suppose that
a'):Z‘,yiei’ szzyileizzyieil’
@ZZziei’ @:Zzilei :Zzieil'
Then we have

A:P—Q,:O—Q>_O_P':Z(Zi_yi)ei’

A'=P'Q'=0Q'-OP
:Z(Zi'_yil)ei
= Z(Zi -,)e’

Since
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e'=> (e,-e,)e =Y Re
j

the expression of A can be rewritten as

Z(Zil_yil)ei = Z(Zj _yj)ej' = Z(Zi _yi)mijei .

i j ij

Therefore we get

Z,=y'= ZER;‘/(Z./ -;).

j

Since the component of A is given by

A=z-y, and A'=z'-y".
in the old and new co-ordinate systems, we can write

A'=Y RA,.

J

We note that

2A'e =3 4e;".

In summary, under the rotation of the co-ordinate system, the components of the vector
are transformed through

Al.'=ZiRijAj,
J

where the vector is a tensor of rank 1. Similarly, the components of the tensor are
transformed through

T,,'= ZERikiRﬂTk, , for the tensor of rank 2
J

and

7= RR,R,T,, . for the tensor of rank 3
j
((Note)) The scalar (tensor of rank 0) is invariant under the rotation.
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A'B'= ZAZ.BJ. (e'e,") = ZAiij‘i’j = ZAI.BI. =A-B.
i,j i,] 1

2. Vector operators in quantum mechanics
The operators corresponding to various physical quantities will be characterized by
their behavior under rotation as scalars, vectors, and tensors.

V,— ZmiiV.i ’
J

Note that ‘R is the rotation matrix. For the rotation by the angle #around the z axis

cosd -singd 0 cosd sing O
R_(O)=|sind cosd 0], a (@)=R_(-0)=|-singd cosd O0].
0 0 1 0 0o 1

We assume that the state vector changes from the old state |y/) to the new state |y").

A

v)=R

v),
w]=(wIR".

A vector operator V for the system is defined as an operator whose expectation is a
vector that rotates together with the physical system.

WPlv) =28,V |w),
J

or

RIR-S 07,

J

or

f Ry, PR

J

((Note))
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We show that

ROR =Y

i

N0
=

From the relation

or

R =1+1&in,
h
(i+%gj-n)1}[(i—égj-n) =RV,
J

M

rﬁ—%[ﬁi,j.n]:anﬁ
J

where
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Forn=-¢e,

1 -¢ 0
ERZ(E)z & 1 O I

0O 0 1
- lg A A ~ - A -
V]._%[I/l"]z] RV ARV, + RV, =V, -5,

h z
~ lg A ~ A A ~
I/3_;[Vy*]z]—9{311/1"'9{321/2"'9%33 3= V3
or
[V, J.]=—ihV,, [V,,J.1=ihV,, [V,,J.]1=0.
For n = ey,
1 0 O
SRX(S): O 1 =& l
0 ¢ 1
~ e n " “ A~ A
Vl_E[Vvl'Jx] SRllVl"'%lez"'mls 3= V1
I}z_%[Vz’jx] ER211/1"'9{221}2"'9{23[}3—I}z 5173,
A lg - ~ ~ ~ A A
I/S_%[I/:%’Jx] R+ RV, + RV, =V, + 7
or
[.J1=0, [V,,J]=-iV,,  [Vs,J ]=ihV,.

For For n = ey,
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or

- 0 1
I/l_;[Vl“]y]: RV + RV, + RV =V + €05,
~ l(c; ~ ~ A ~ ~
v, _;[I/Z’Jy] RV + R,V + RV =7V,

S Qe s - s S
Vs _%[V;'Jyx] =R+ RV, + Ryl ==&V + 775,

A N

V. J 1=V, [/,,J,1=0, Vs, J, 1=~V

y

Using the Levi-Civita symbol, we have

We can use this expression as the defining property of a vector operator.

V., J 1=ihe,V, .

y

Levi-Civita symbol: gk

123=&31=&12=1,
a13=13=801=-1,

all other gijk. =0.

((Example))

When\fzj,
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When A= p,and A=,

[131"]4,‘] = ihg{jkﬁk :
((Mathematica))
Signature[i,j,k], which is equal to the Levi-Civita ¢, .

((Note)) Speherical component
We define the spherical components as

Pa= il ) == .
2 :%@_W;):%ﬁ, V=7,

We note that
V.J.1=0, W, J1==inv.,  [W.J]=inv,,
V.. J 1=inv., [v,.J,1=0, V..J, 1=~V
V., J.1=-inV,, v, J.1=inv,, [V.,J.]1=0.

We introduce the operators as

A~ A

V, =V, £iV,, J.=J %il,.
Using the above relation, we get

V. J 1= +iV,J =iV, J ]=hV.,

V. J1=0.-iV,,J1=-ilV,,J ]1=-hV.,

V.. J 1= +ivV,,J 1=V, J 1=ihV.,

V., J 1=V, -iV,,J 1=1V..J 1=V,

[V+’jz] = [I}x +iVAy7JAz] = [ﬁx’JAz]-i_i[VAy’JAz] = _hVAJr )
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V.J.1=W, -V, J. 1=, J.]-ilV, J.]=hV_.

These relations in turn can be shown to lead to

V. J1=-nv.,  [W.,J1=hv,
V.,J.1=0, V.,J 1=0,
V..J 1=2nV., [V ,J, 1=-2hV..

Using the above relations, we get

.V, 1=V, V.=V,  [J

A

[J..V.]=0, [J V.]=0,
[V V. 1=2uv,, [J..V,]=+2nv,.

These satisfy the following relations
[J..V,1=hqV,,

[J..V,]=1f2—q(q £V,

3. Example for the spin 1/2 system
We discuss the validity of the above formula for the spin 1/2 system.

The angular momentum operator
- 01 a 0 —i A 1 0
L O L M . .
210 Y2li 0 20 -1
The rotation operator

% .. 0
R i cosE —zsmE
R (0) =exp(-—J 0) = 0 0 |
7 -
—isin—  cos—
2 2
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5 () —own(_l T o) — 2 2
R (0) = exp( thﬁ) 0 0|

. i A e—i9/2 0
R.(0)=exp(-J.0) { . ] ,

The rotation matrix:

cosd -singd O
R_(0)=|sind cos6d O],
0 0 1

4. Example for the spin 1 system
The angular momentum operator
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The rotation operator

1+cosé@ _isin6’ —1+cosé
2 J2 2
A i~ isin@ isin@
R (O)=exp(——J 0)=| — cosd -
. (0) =exp( - .0) 72 72
—-1+cosé@ _isin@ 1+cosd
2 N 2
1+cosd@ _sin6’ 1-cos@
2 2 2
A i~ sin@ sin@
R (@) =exp(——J O)=| —— 0s@ e
,(0) =exp( - ,0) 72 72
1-cos@d sin@d 1+cosé
2 J2 2
' e 0 0
R.(0) exp(—%jze) 0o 1 0|,
0 0 ¢
" 0 % 0
RYO)JR(O)=——|e 0 €],
. (0)J,R.(0) N °
0 e 0
., 0 —ie? 0
Iéj(ﬁ)jyﬁz(ﬁ):—z ie™? 0 —ie?|,
0 je 0

100
R (6)J.R.(6)=h0 0 0

The rotation matrix:

cosd -—sind 0
R_(#)=|sind cosd 0],
0 0 1
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4

13;(9)@1%2(9)=sn11jx+m12jv+ml3jz=i e 0 7,
: V2
0 e 0
; 0 —ie” 0
RO ,R(0) =Ry +Rypd  +Rypd =—|ie™” 0 —ie” |,
2 . o
0 ie 0
10 0
R (0)J.R(0)=RyJ +RppJ , +RypJ =10 0 0 |.
00 -1

Scalar (tensor of rank zero)

The scalar is invariant under the rotation. In quantum mechanics, we may write

(v'|Aly)-B'=(w|Alw).B.

where B denotes an arbitrary vector and also rotates with the system into the vector B'.
This can be rewritten as

or

(R*AR)-B'=A-B,

A

A-B'=RAR" -B.

Then we have

> 4B'=> (RA,R")B,.
i J

Using the relation

we get

B[':ZSR&Bj,
J

> AR,)B, = Z(éﬁjé+)3j ,
J i J
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or

RAR =Y AR, .

5. Cartesian tensor operators

The standard definition of a Cartesian tensor is that each of its suffix transforms under
the rotation as do the components of an ordinary 3D vector. The Cartesian tensor operator
is defined by

('l |w') = 2R v Tly),

under the rotation specified by the 3x3 orthogonal matrix R .

];j = RZSRikileTklR+ .
kil

The simplest example of a Cartesian tensor of rank 2 is a dyadic formed out of two
vectors U and V .

N

T; =0,

>

J?

where (7[ and 17 are the components of ordinary 3D vector operators. There are nine

components: 1+3+5 = 9. This Cartesian tensor is reducible. It can be decomposed into the
three parts.

~. GN . UV.-Uy, Uy,
UIVJZUV5+ L ./1+( o

The first term on the right-hand side, U-V isascalar product invariant under the rotation
(corresponding to j = 0)

The second is an anti-symmetric tensor which can be written as
e (UxV),,

There are 3 independent components (corresponding to j = 1)

0 A12 A13
- AlZ 0 Azs '
- Als - A23 0
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where

The third term is a 3x3 symmetric traceless tensor with 5 independent components (=6-
1), where 1 comes from the traceless condition (corresponding to j = 2).

Sll S12 S13
S12 S22 S23 !
S13 S23

%]

33

with S, +S,, + S5, =0, where

)

S :UZ.VJ.+U]. ~_U-V5
i i
2 3

In conclusion, the Cartesian tensor 7, =UJ}, can be decomposed into irreducible

spherical tensors of rank 0, 1, and 2. The Cartesian tensors are not very suitable for
studying transformations under rotations, because they are reducible whenever their rank
exceeds 1. It is therefore interesting to consider irreducible spherical tensors.

7. Irreducible spherical tensor
Notice the numbers of elements of these irreducible subgroups: 1, 3, and 5. These are
exactly the numbers of elements of angular momentum representations for j =0, 1, and 2.

The first term is trivial: the scalar by definition is not affected by rotation, and neither is
anj = 0 state.

To deal with the second and third terms, we introduce tensor operators having three
and five components, such that under rotation these sets of components transform among
themselves just as do the sets of eigenkets of angular momentum in the j = 1 and j = 2
representation, respectively.

Suppose we take a spherical harmonics Y," (6,¢) =Y,"(n), where the orientation of

the unit vector n is characterized by #and ¢. We now replace n by some vector V . Then
we have a spherical tensor of rank 4 (in place of /) with magnetic quantum number (in
place of m).

T® =y (),

q
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The quantity
B, (x,»z2)=r'Y"(0,¢),

is a homogeneous polynomial of order /.

The quantity 7 (x,y,z) = 4?7[1”1/1" (0,¢) is a first order homogeneous polynomial in x, y,

and z.
()
P(eyiz) = |2t (o, 4) = - X2
11\ )y 3\ \/E’
V +iV
T(l):_ x y
' V2
(i)
472' 0
Bo(x,,2) = ?rYl 0,9)=2z,
To(l)=l}.
(iii)
P onz) =y (0, 4) = *
1,-1 ’yi 3 1 1 \/E ]
(1):V;_Wy_
-1 \/E

The above example is the simplest nontrivial example to illustrate the reduction of a
Cartesian tensor into irreducible spherical tensors.

T =y ),
)= Rln) =[9in),

(] ={n|&" = (3in].
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1%*|l,m>=Z|I,m'><l,m'|]§+|l,m>,

m'

(n|1,m)=(n|R*|1,m) =" (n|1,m')1,m'|R*|1,m),

m

or
Y (n') = ;W‘mxz, m|R|l,m)",
DY (R) = (1, m|f2|l, m').

If there is an operator that acts like Y,” (V), it is then reasonable to expect
RY"(V)R = 2 V) {Lm|R|1,m) = 2 V)DL, (R).

We define a spherical tensor operator of rank k as a set of 2k+1, YA;(’", q=k k-1,..., -k
such that under rotation they transform like a set of angular momentum eigenkets,

R'TMR = Zk:pg?*(ﬁ)fqﬁk) , (1)
q=—k
where
O =YV, [q=k k-1, ....., -k+1, -k; (2+1) components)
D;’;,) (1%) = <k,q|1§|k,q'> ,
or
D;;‘.)*(]%) = <k,q|]%|k,q'>* = <k,q' R k,q> ,

with g =k, k-1,..., -k. This can be rewritten as

k
RTWR = &) (RHYT®)
R'THR=" DW(RT" .

q'=—k

The switching of R—> R* leads to another expression
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k
pr(k) p+ _ (k) ( py 7 (k)
RTVR* = > DI(R)T® . (2)

q'=—k

Considering the infinitesimal form of the expression (1), we have

(1+"9‘]h 7o - ’th N Zk@€k><k,q'|i+l‘93 "(k.q),
or

fq(k)+%[j-n,f“q(")]:f”q“‘)+%9qiqu(."’<k,q'|j-n|k,q>,
or

[3-n101= 379k, ¢l -nlkq).

q'=—k

In general, we have

~ k ~ ~
[3.791= > T (k,q'|I|k.q) .
q'=k
Forn=e,, ey, &

. 701 = Y79 (kg

q'=—k

.q)=hqT™®, ?)

.11 L1

q'=—k

),

A~ k ~ -~
[Jy’Tq(k)] = Z];('k)<k’ql|‘]y|k’q>’

q'=—k

7. T0]= S 70 (k7 kg = nf(k F )k g + 79 @)

q'=—k

where

Tk q) = (kT @)k £ g +1)|k, g £1),
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These two commutation relations can also be taken as a definition of a spherical tensor of
rank k.

We now consider

k
RT R+ — ) ( YT %)
RTOR* = > DI(R)T®.

q'=—k

This equation is rewritten as

k
pT(k) _ k) ( PAT(8) P
RISV = Y D) (RITVR.

q'=—k

Then have

RIS j.m)= 3 DERTS oty i R )

q'=—k

= 3 S DR RO )

q'=—k m'

@) Spherical tensor operator of rank 1
The spherical tensor operator of rank 1 is related to the vector operator by the
relation,

fl(l):_Vx”Vy’ TO_p T(l)_V_’V

o U

The vector operator V satisfies the commutation relation.

. V o+ 17 1 a1
J T ==V, +iV,J th —hv hT(l)
[J..I;"]=[ \/— \/— 1= ﬁ( )=
. ZA} .

; o~V J ]:—iz(—zm/ +hV)=-hT®,

[J..70]1=[J..V.]1=0.
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where
V.. J 1=iheV, =—itV,, [V, J.]1=ihezV, =ihV,.

((Note))
Using

the vector operator V van be expressed as

—pu

~ ~ ~ ~ ~ ~ l ~
V=Ve +Ve +Ve ==V u+Vu-Vu,=> (-1)"V u
pu=-1

where

The orthonormality relation of these new unit vectors is
u,=o, ,(=D*.
Thus the ordinary scalar product of two vectors has the form
VW= (-1)““V_ W .(u,-u,)
'

=> (). W,
H,

(b)  Spherical tensor operator of rank 2

Spherical tensor of rank 2
(i)
Pz,o(x’ya z)= V2Y20(9a¢)
_ |5
167
ot () (e,

_ B 2 2
8 \/E
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(i)

Ti P S22 A WA
- 15 77T ,7 +21,7 +T,7°T;

Fo_ |15 |
° 8x \/g
+ 15 x=i
Paan ) =r 00 = o (e
(iii)
- 15 (~
7., = | =2 (7.OF,
* \/167r(l J
15 —v)+ —7
Pyy(x,3,2) =1, (0.4) = gz(x yﬁé i)z
(iv)
* 87 N
V)
. 15 z(x+iy)+(x+i
Ba(n3n2) = (0.0) =~ : %ﬁ Ve,
7O _ Efb(l)ﬁ(l)'*'fla)]%m |
' 871 J2
8 Product of tensors
((Theorem))

Let X% and Z!**) be irreducible spherical tensors of rank k; and k, respectively. Then

10 = 3 (ks 1o ook o g) X220

q1:92

is a spherical (irreducible) tensor of rank &, where

<k1'k2;Q1:‘I2 |k1’k2;k"]> .
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is the Clebsch-Gordan (CG) coefficient.

((Proof))

ﬁfq(k)@ _ Z(kl,kz;ql,qz|k1,kZ;k,q>(1§)2q<f1>1§+)(1§2gz)1§+)
q91:92
2 (ko 0o ook . ) DY (RO X DR ZLY
91492:41" 92"
- Z<k1’k2;q1’q2|k1’k2;k’q><k1'k2;%"QZ'|k1'k2;k"’q'><k11k2;%:42 kl,kz;k",q">D§Z?(}§))2§f1)ZA§f?)

ql'vq%qux‘h'
k"\q"q

= 20w,k kyiqr' |k ki k", q') DY (R)X (P Z

9,9z

k"q"q'
= Z<kl,k2;ql',q2'|kl,k2;k,q'>X;lk,l)Z;f?)D;{;)(R)
q9'¢'\q2"
= >0l (Ryr
"
where
D A(kl) D+ — (k1) D\ v (k)
RXWR" = ZDM, (R) X,
q1
D A(kz) D+ —_ (k2) D A(kz)
RZ‘]z R = ZDQZ‘IZ'(R)Z‘IZ' !
q2
D;fél)(R)D;f;z(R) = z<k1’kz;%':(I2'|k1'k2;k"!q'><k1’k2;%v% kl,kz;k",q'>D;,k;.?(R) ,
k"g"q’
Dy XDy =Dy o, + Dy 4+t D‘kl_kz‘ :
9 Tensor of rank 2

In the case of
D xD, =D, +D, +D,,
we consider the case k= 2 for k&1=1 (q1 = 1,0, -1),and k2 =1 (¢2 =1, 0, -1):

D,xD, > D,.
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0z
F

i-1,13 01} (1,13

1.0 0.0 1'D:II-=

We use the values of CG.

TP = X9z =y, :E(Ux +iU )V, +iV)

b 7z N

ro _ XPZ0 + X020 U0+ U, _(Uﬁ +UJ. ] ) { U+ ﬁﬁ}
2 2

A A

When U, =V, = &, (in a special case), we have
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~ 1 . A n 1 . n ~~n
TZ(Z) = E(x +iy)(x+iy) = E()c2 - yz) + ixy

T, =-xz-iyz
7’.‘,(2):_ £2+_)’;’2—222
0 \/E

T® = 32— ipz
f(z)—l(“ avin aay L an Aoy s
o =5 X+ly)(x+ly)—5x —y°) —ixy

Therefore we have the following relations.

-9 =T?+TY

T _T7®
Xy =t
2i
I
Yz = ;
—2i
T _T1®
xz=-1 ~
-2

((Note)) we use the commutation relations;
[x,7]1=0, [»z]=0, and [zX]=0.

10 Tensor of rank 1
We consider the case k=1 for k&1=1(¢1=1,0,-1),and k&2, =1 (¢2 =1, 0, -1):

D,xD, - D,.
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0z
F

i-1,13 013

1.0 0.0 “'Djh

0-13 1,-1)

=1 =0

_ Xl(l)Zo(l) — Xcgl)zl(l) — UlVO — Uon

Tl(l) —
N2 N3
ro - X028 - X972 Uy, -Uy,
° V2 72
TO - XPzQ -x9z8 Uy, -U W,

V2 V2

11 Tensor of rank 0
We consider the case k=0 for £1=1 (¢1=1,0,-1),and k&, =1 (¢. =1, 0, -1):

D, xD, = D,.

Hz
SR |

LY

{1-1

X028 X070+ X020 UV, -UJ,+U T,

V3 V3

7;)(0) —
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APPENDIX
We consider the rotation operator for the angular momentum J = 7.

A

R (0)-exp(-1].0).

We calculate IAF.}I.]AQ fori=1(x), 2 (), and 3(z), and compare these with ZERU.jj
J

cosd -—singd 0
R.=|sind cosd O0].
0 0 1

Here we present the calculation for J = 3/2 using the Mathematica program.

((Mathematica))
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Matrices j= 3/2

Clear["Global " +"]; J=3/2;
exp_*:=exp /. {Complex[re , im_] :» Complex[re, -im]};

h
Ix[j_,n_,m]:= > vV (j-m) (j +m+1) KroneckerDelta[n, m+ 1] +

h
E 4/ (J+m) (J -m+1) KroneckerDelta[n, m-1];

h
Jy[j _,n ,m]:= -5 iV (-m) (j +m+1) KroneckerDelta[n, m+1] +

h
E iV (J +m) (J -m+1) KroneckerDelta[n, m-1];

Jz[j_, n_, m_] :=amKroneckerDelta[n, m];

Jx = Table[JIx[J, n, m], {n, §, -3, -1}, {m, §, -§, -1}1;
Jy =Table[Jy[J, n, m], {n, §, -3, -1}, {m, §, -3, -1}1;
Jz = Table[Jz[j, n, m], {n, §, -J, -1}, {m, §, -§, -1}1;

Jx // MatrixForm

0 @ 0o o0

Wzﬁ o n 0
0 x o Y3n

2

o o ¥Bn g

N
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Jy // MatrixForm

0 -1ivan 0 0
Livan 0 ~in 0

0 in 0 -1iV3n

0 0 Livan 0

Jz // MatrixForm

5—21‘70 0 O
ogo 0
oofg 0
oo o0 -%

Rotation around the z axis

Alz = (MatrixExp[% Jz e]] LIx. (MatrixExp[—% Jz e]] /7 Simplify;

Alz // MatrixForm

0 %ﬁewh 0 0

% 3elin 0 ein 0
0 ei°n 0 LV3 eion
0 0 %@e*ﬂ@h 0
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A2z = MatrixExp[% Jz e] -Jy-MatrixExp[—% Jz e] // Simplify;

A2z // MatrixForm

0 -2 ivV3el®n 0 0
2iV3elin 0 —iet®n 0

0 iei®n 0 -1iV3 eion

0 0 133 eifn 0

2

A3z = MatrixExp[;2 Jz e] -Jz-MatrixExp[—% Jz e] // Simplify;

A3z // MatrixForm

w

3n

3.0 0 O
2
o 2 0o o
2
h
0 0-2 o0
3n
o oo -3¢

Mz = RotationMatrix[e, {0, 0, 1}]
{{Cos[o], -Sin[e], O}, {Sin[&], Cos[6], O}, {0, O, 1}}

Mz // MatrixForm

Cos[e] -Sin[e] O
Sin[e] Cos[©] O
0 0 1
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Blz = Mz[[1, 111 X + Mz[[1, 2]]1Jy + Mz[[1, 3]1]1Jz // FullSimplify;
B2z = Mz[[2, 1]] Ix + Mz[[2, 2]]1Jdy + Mz[[2, 3]1]Jz // FullSimplify;
B3z =Mz[[3, 1]] Ix + Mz[[3, 2]]Jy + Mz[[3, 3]]1Jz // FullSimplify;
Alz - Blz // Simplify

{{0, 0,0, 0}, {0, 0,0, 0}, {0,0, 0,0}, {O,0,0,0}}

A2z - B2z // FullSimplify
{{09 01 O! 0}1 {O, O, O, 0}1 {01 O’ 09 0}9 {01 O! O, o}}

A3z - B3z // FullSimplify
{{o’ 01 O! O}! {O! o, 01 0}1 {O! 01 o’ O}’ {01 01 O! o}}

Rotation around the y axis

Aly = (MatrixExp[% Jy 9]) -JIx. (MatrixExp[—% Jye]) // Simplify;

Aly // MatrixForm

3nsinfe]  1+/3 nCos[e] 0 0
%\/ghCos[e] %hSin[e} nCos[O] 0
0 nCos[o] -1 nsinfe] 1+/3 nCos[e]
0 0 LV ncos(e] -2nsinfe]
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A2y = MatrixExp[% Jy e] -Jy-MatrixExp[—% Jy e] // Simplify;

A2y // MatrixForm

0 -1iV3n 0 0
Livan 0 “in 0

0 ih 0 -1iv3n

0 0 Liv3 n 0

A3y = MatrixExp[% Jy e] -Jz-MatrixExp[—% Jy e] // Simplify;

A3y // MatrixForm

%hCos[e]

0

0]

—%\/ghSin[

o]

-1+/3 nsin(e]
1
EﬁCos[@]
-hSIn[O]

0

0
-h SiIn[o]
—% hCos[O]
-1+/3 nsinge]

0
0
-1 /3 nsin(e]

—g nCos[0]

My = RotationMatrix[e, {0, 1, 0}]; My // MatrixForm
Cos[©] O Sin[9]

0 1

0

-Sin[©] 0 Cos[9]

Spherical Harmonics as rotator matrices

32

12/28/2014



Bly = My[[1, 111 Jx + M[y[1, 2]1]1Jy + My[[1, 3]1]Jz // FullSimplify;
B2y = My[[2, 111 JdX + My[[2, 2]1]1Jy + My[[2, 3]1]1Jdz // FullSimplify;

B3y = My[[3, 111 Ix + My[[3, 211 Jy + My[[3, 3113z // FullSimplify;

Aly - Bly // Simplify

[{o. i3 nmiy(1, 217, 0,0}, {-3iV8 nMiy[1, 211, 0, inMiy(1, 217, 0],

{o, ~iaM[y[1, 2]], O, %jﬁhwy[l, 2]]}, {o, 0, —%i\/?hwy[l, 217, o}}

A2y - B2y // FullSimplify
{{o, o, o0, o}, {0, 0, 0, 0O}, {0, 0, 0,0}, {0, 0,0, 0}}

A3y - B3y // FullSimplify
{{o0, o, o, o}, {0, 0, 0, O}, {0, 0, 0,0}, {O,0,0,0}}

Rotation around the x axis

AlX = (MatrixExp[% JIxX 6]] JX. (MatrixExp[—:—l JIX 6]] // Simplify;

Alx // MatrixForm

0 @1 o o
ﬁzh 0 an o0

o n o B

o o ¥Br 9

N
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A2X = MatrixExp[% ax ] -Jy.MatrixExp[—% ax o] 7/ Simplify;

A2x // MatrixForm

-3 nsinfe]  -1i+V3 ncosio] 0 0
1 1/3 nCose] -1 nsin(e] —i hCos[6] 0
0 1 hCos[O] >hsin(e] —%]'l\/gflCOS[Q]
0 0 1 i+/3 ncose] 3 nsin(e]

A3x = MatrixExp[% JX e] -Jz.MatrixExp[-% Jx 6] // Simplify;

A3x // MatrixForm

2 1 Cos (6] -1i+/3 nsin(e] 0 0
1 i3 nsin(e] 1 hCos|e] ~iASin[e] 0
0 inSin[e] -lncosie) -1ivV3 nsinfe]
0 0 L i3 nsin(e] -3 ncos|o]

Mx = RotationMatrix[e, {1, 0, 0}]; Mx // MatrixForm

1 0 0

0 Cos[©] -Sin[o]

0 Sin[o] Cos[9]
Bix = Mx[[1, 111 JIX + MX[[1, 2]]Jy + Mx[[1, 31]1Jz // FullSimplify;
B2x = MX[[2, 1]]1 JX + MX[[2, 2]1]Jy + Mx[[2, 3]]1Jdz // FullSimplify;
B3x = MX[[3, 11] IX + MX[[3, 2]]1Jdy + Mx[[3, 3]]1Jz // FullSimplify;
Alx - B1x // Simplify
{{o, o, o, o}, {0, 0, O, O}, {0, 0,0, 0}, {O,0,0,0}}

A2x - B2x // FullSimplify
{{O’ O’ 0, O}’ {O’ O’ O’ 0}’ {O’ 0’ O’ O}’ {O’ O’ 0, O}}

A3x - B3x // FullSimplify
{{o, o, o, o}, {0, O, O, O}, {0, 0, 0, O}, {0, 0,0, 0}}
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