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Here we discuss the eigenstate for the system formed of two particles ( 1 and 2) with 

spin 1/2. The eigenstates are expressed by the superposition of the four states 
( 

21
zz , 

21
zz , 

21
zz , and 

21
zz . The 

three eigenstate with the total spin 1 is the symmetric state under the exchange of the 
particles ( 21 ), forming the triplet state. On the other hand, one eigenstate with the 
total spin 0 is the antisymmetric under the exchange of the particles ( 21 ), forming the 
singlet state. This antisymmetric state is one of the four Bell’s state. It plays a significant 
role in the quantum entanglement. The Bells’ states are as follows. 
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The nature of the symmetry in the state vector for the two particle system under the 
exchange particles, is closely related to the character of the system whether the system is 
boson (symmetric) or fermion (antisymmetric).  

In order to solve the eigenvalue problem of the two spin system, we introduce the 
Dirac spin exchange operator, which is equivalent to the swap gate (operator) in the 
quantum computing.  
 
1. Definition 
((Hyperfine splitting in hydrogen)) 

The hydrogen atom consists of an electron sitting in the neighborhood of the proton. 
There are four states for the ground state of the hydrogen atom. 
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 : electron up, proton up 

 

Proton

Electron

 
 

 : electron up, proton down 

 

Proton

Electron

 
 

 : electron down, proton up 

 

Proton

Electron

 
 

 : electron down, proton down1 
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Proton

Electron

 
 
For any state, the state can be described by the linear combination of these four states. 
We note that these notations are equivalent, 
 

pepe
 , 

 
where   denotes the tensor product (or Kronecker product, or direct product). We use 
the following formula to set up the eigenkets of two spins with spin S =  /2. 
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We now consider the two spin operators: 1σ̂  and 2σ̂  for the particle 1 and particle 2. 
There are four states: 
 

 ,  ,  ,  , 



4 
 

 
The spin operator 1σ̂  and 2σ̂ work on the first spin state and the second spin state, 
respectively. 
 

 iy1̂ , 

 
 iy1̂ , 

 
 iy1̂ , 

 
 iy1̂ , 

 
and 
 

x2̂ , 

 
x2̂ , 

 
x2̂ , 

 
x2̂ . 

 
In the most general case we could have more complex things. 
 

 xzxzx 12121 ˆ)ˆ(ˆˆˆ  , 

 
 xzxzx 12121 ˆ)ˆ(ˆˆˆ  , 

 
 xzxzx 12121 ˆ)ˆ(ˆˆˆ  , 

 
 xzxzx 12121 ˆ)ˆ(ˆˆˆ  . 

 
2. Dirac spin exchange operator (I) 
We introduce the Dirac spin exchange operator as follows. 
 

zzyyxxA 21212121 ˆˆˆˆˆˆˆˆˆ   σσ . 

 
________________________________________________________________ 
(a) 
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 xx 21 ˆˆ  , 

 
 yy 21 ˆˆ  , 

 
 zz 21 ˆˆ  . 

 
Then 
 

 2Â . 

 
_________________________________________________________________ 
(b) 
 

 xx 21 ˆˆ  , 

 
 yy 21 ˆˆ  , 

 
 zz 21 ˆˆ  . 

 
Then 
 

 2Â . 

 
________________________________________________________________ 
(c) 
 

 xx 21 ˆˆ  , 

 
 yy 21 ˆˆ  , 

 
 zz 21 ˆˆ  . 

 
Then 
 

 2Â . 

 
________________________________________________________________ 
(d) 
 

 xx 21 ˆˆ  , 
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 yy 21 ˆˆ  , 

 
 zz 21 ˆˆ  . 

 
Then 
 

 2Â . 

 

Now we introduce a new operator 12P̂ , which has the following properties. 12P̂  is called 

the Dirac spin exchange operator. When 12P̂  operates on the state 
21

  , we have 

 

2112211212
ˆˆ   PP . 

 
From the definition, we get 
 

12P̂ , 

 

12P̂ , 

 

12P̂ , 

 

12P̂ . 

 

The matrix of 12P̂  under the basis of {  ,  ,  ,  } is given by 

 





















1000

0010

0100

0001

1̂2P . 

 

We find that 12P̂ is related to ˆ A  as, 
 

ˆ A  2 ˆ P 12  ˆ 1 , 
 
or 
 

)ˆˆ1̂(
2

1
)ˆ1̂(

2

1ˆ
2112 σσ  AP . 
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From the relations, 
 

12P̂ , 12P̂ , 

 

  is the eigenstate of 12P̂  with the eigenvalue +1. 

 
From the relations, 
 

12P̂ , 

 

12P̂ . 

 
we can easily show that 
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22
1̂2P , 

 
and 
 








 








 
22

1̂2P , 

 
which means that 
 

2


 is the eigenstate of 12P̂  with the eigenvalue +1. 

 

2


 is the eigenstate of 12P̂  with the eigenvalue +1. 

 
((Note)) Quantum computing 

The Dirac spin exchange operator is equivalent to the swap (exchange operator) in 
quantum computing.  

We consider two qubits (quantum bit), 0  and 1 , instead of  z  and 

 z . 
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x

y

y

x
 

 
Fig. SWAP gate which is one of the quantum gates. 
 
In this gate; 
 

0000  , 

1001  , 

0110  , 

1111  . 

 
Using the unitary operator for the swapping, these can be rewritten as 
 

1111ˆ

0110ˆ

1001ˆ

0000ˆ









SW

SW

SW

SW

U

U

U

U

, 

 
with 
 





















1000

0010

0100

0001

ˆ
SWU . 

 
3. Eigenvalue problem for the Dirac exchange operator 
We solve the eigenvalue problem of the Dirac’s spin exchange operator. The results are 
as follows. 
 

1112
ˆ  P , (eigenvalue; 1) 
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2212
ˆ  P , (eigenvalue; 1) 

 

3312
ˆ  P , (eigenvalue; 1) 

 

4412
ˆ  P , (eigenvalue; -1) 

 
where 
 

1 , 

 

][
2

1
2  , 

 
3 , 

 

][
2

1
4  . 

 
((Mathematica)) 
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Clear "Global` " ; P1

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

;

eq1 Eigensystem P1

1, 1, 1, 1 , 0, 1, 1, 0 ,

0, 0, 0, 1 , 0, 1, 1, 0 , 1, 0, 0, 0

1 eq1 2, 4 ; 2 eq1 2, 3 ; 3 eq1 2, 2 ;

4 eq1 2, 1 ;

eq2 Orthogonalize 1, 2, 3, 4 ; 1 eq2 1 ;

2 eq2 2 ; 3 eq2 3 ;

4 eq2 4 ;

1

1, 0, 0, 0

2

0,
1

2
,

1

2
, 0
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3

0, 0, 0, 1

4

0,
1

2
,

1

2
, 0

P1. 1 1

0, 0, 0, 0

P1. 2 2

0, 0, 0, 0

P1. 3 3

0, 0, 0, 0

P1. 4 4

0, 0, 0, 0  
 
4. Dirac spin exchange operator (II) 

It is noted that 
 

1,)1)((,ˆ  mjmjmjmjJ  , 

 

1,)1)((,ˆ  mjmjmjmjJ  . 

 
Using these relations, we get 
 

zz  2̂ , zz  2̂ . 

 
Since 
 

zzzzyyxx 21212121212121 ˆˆ)ˆˆˆˆ(
2

1
ˆˆˆˆˆˆˆˆ   σσ , 

 
we calculate  
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

 
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









2

)ˆˆˆˆ
2

1
(

]ˆˆ)ˆˆˆˆ(
2

1
[ˆˆ

2121

21212121
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

σσ

, 

 











2

)ˆˆˆˆ
2

1
(

]ˆˆ)ˆˆˆˆ(
2

1
[ˆˆ

2121

21212121

zz

zz



σσ

. 

 
Then we have 
 




)
2

1̂ˆˆ
( 21 σσ

, 

 




)
2

1̂ˆˆ
( 21 σσ

, 

 




)
2

1̂ˆˆ
( 21 σσ

, 

 




)
2

1̂ˆˆ
( 21 σσ

. 

 
Thus the Dirac exchange operator can be defined as 
 

)ˆˆ1̂(
2

1ˆ
2112 σσ P . 

 
5. Total spin angular momentum 
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Suppose that 1Ŝ  and 2Ŝ  are commute. We define the total spin angular momentum as 
 

)ˆˆ(
2

ˆ
21 σσS 


, 

 
and  


ˆ S z 



2
( ˆ 1z  ˆ 2z ) , 

 
Then we get 
 

)ˆˆ1̂3(
2

)ˆˆ2ˆˆ(
4

)ˆˆ()ˆˆ(
4

ˆ

21

2

21
2

2
2

1

2

2121

2
2

σσ

σσσσ

σσσσS













. 

 
Note that 
 

)ˆˆ1̂(
2

1ˆ
2112 σσ P . 

 
Then we have 
 

)ˆ1̂()ˆˆ1̂1̂2(
2

)ˆˆ1̂3(
2

ˆ
12

2
21

2

21

2
2 P 


σσσσS . 

 
We also see that 
 

0̂]ˆ,ˆ[ 2 zSS . 
 
((Proof)) 
 

kijkji i  ˆ2]ˆ,ˆ[  , 
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]ˆˆ,ˆˆˆˆˆˆ[
4
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4

]ˆ,ˆ[
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221221211211
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212121
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
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

xyyxyxxy

zyyxzxyzyxxz

zzyyxx

zzzzyyxx
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iiii

S








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








σσS

 

 

This means that there are simultaneous eigenkets of 2Ŝ  and zŜ . Here we use the basis of  
 

,4

,3

,2

,1









 

 

 2
12

22 2)ˆ1̂(ˆ  PS , 

 

 


)ˆˆ(
2

ˆ
21 zzzS  . 

 
which corresponds to the state 1,1  mj  

 

 2
12

22 2)ˆ1̂(ˆ  PS , 

 

 


)ˆˆ(
2

ˆ
21 zzzS  . 

 
which corresponds to the state 1,1  mj  

 

)()ˆ1̂(ˆ 2
12

22   PS , 

 

0)ˆˆ(
2

ˆ
21  zzzS 

, 
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)()ˆ1̂(ˆ 2
12

22   PS , 

 

0)ˆˆ(
2

ˆ
21  zzzS 

. 

 

We now consider the matrix elements of 2Ŝ  under the subspace of   and  . 

 











11

11ˆ 22 S . 

 
((Mathematica)) 
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Clear"Global`"; A   1 1
1 1

;

eq1  EigensystemA
2, 0, 1, 1, 1, 1

2  Normalizeeq12, 1
 1

2
,

1

2


0  Normalizeeq12, 2
 1

2
, 

1

2


UT  2, 0
 1

2
,

1

2
,  1

2
, 

1

2


U  TransposeUT
 1

2
,

1

2
,  1

2
, 

1

2


UH  UT

 1

2
,

1

2
,  1

2
, 

1

2


UH.A.U

2, 0, 0, 0  
 
__________________________________________________________ 
 

SSS  22 2ˆ  , 

 

0ˆ2 AS  , 

 
where 
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)(
2

1
S , 

 

)(
2

1
A . 

 
Note that 
 

0ˆ SzS  , 0ˆ AzS  . 

 
Thus  
 

S  is the eigenket of 2Ŝ  with 22  and of zŜ  with  . 

 

A  is the eigenket of 2Ŝ  with 0 and of zŜ  with 0. 

 
The above results are summarized as follows. 
 
((Triplet)) 
 

   (j=1, m = 1), 

 

)(
2

1
s  (j = 1, m = 0), 

 
   (j = 1, m = -1). 

 
((Singlet)) 
 

)(
2

1
A  (j = 0, m = 0). 

 
((Note)) 
 

D1/2xD1/2 = D1+D0. 
 
Clebsch-Gordan coefficient 
 
(i) j = 1 
 

m = m1+ m2 
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2

1
,

2

1

2

1
,

2

1
,     (m = 1) 

 

2

2

1
,

2

1

2

1
,

2

1

2

1
,

2

1

2

1
,

2

1


,  (m = 0) 

 

2

1
,

2

1

2

1
,

2

1
 .    (m = -1) 

 
__________________________________________________________________  
(ii) j = 0 (m  0) 
 

2

2

1
,

2

1

2

1
,

2

1

2

1
,

2

1

2

1
,

2

1


.  (m = 0) 

 
((Mathematica)) 
 
ü  j1=1/2 and j2=1/2, J = 1.

Clear"Global`"; CCGGj1_, m1_, j2_, m2_, j_, m_ :

Modules1,

s1  IfAbsm1 b j1 && Absm2 b j2 && Absm b j,

ClebschGordanj1, m1, j2, m2, j, m, 0
CGj2_, m2_, j1_, L_ : SumCCGGj1, m1, L, m2  m1,

j2, m2 aj1 , m1 bL, m2  m1, m1, j1, j1
CG1, 1, 12, 12
a1

2
,

1

2
 b1

2
,

1

2

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CG1, 0, 12, 12
a 1

2
, 1

2
 b 1

2
,  1

2


2


a 1
2

,  1
2
 b 1

2
, 1

2


2

CG1, 1, 12, 12
a1

2
, 

1

2
 b1

2
, 

1

2


CG0, 0, 12, 12
a 1

2
, 1

2
 b 1

2
,  1

2


2


a 1
2

,  1
2
 b 1

2
, 1

2


2  
 
6. Exchange interaction 
 

pp 

(p < 0)
ee 

(e < 0)
 

 
We now consider the spin Hamiltonian 
 

)1̂ˆ2(ˆˆ1̂ 120210  PJEJEH σσ


, 

 
(for convenience we assume E0 = 0). 
 
 

 JĤ . 

 
  is the eigenstate of ˆ H  with the eigenvalue J. 

 

 JĤ . 

 
  is the eigenstate of ˆ H  with the eigenvalue J. 

 

)2(ˆ  JH , 
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)2(ˆ  JH , 

 
or 
 

ˆ H 
J 2J

2J J









 J

1 2

2 1









. 

 
Eigensystem[ ˆ H ] in the subspace of {   and  }. 

(a) Eigenvalue problem-I 
 

xJJJJH ̂21̂
01

10
2

12

21ˆ 
















  

 

xJxJJxH x  )ˆ21̂(ˆ   

 
and 
 

xJxJJxH x  3)ˆ21̂(ˆ   

 
where 
 

][
2

1

1

1

2

1









 x , 

 

][
2

1

1

1

2

1











 x . 

 
Thus 

x  is the eigenket of Ĥ  with the energy (J).  

x  is the eigenket of Ĥ  with the energy (-3J).  

 
(b) Eigenvalue problem II (Alternative method) 
 
We solve the eigenvalue problem using a conventional method. 
 
For E = -3J 
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












































2

1
2

1

0

1ˆ
21

11

2221

1211

U

U

UU

UU
US  

 
For E = J 
 
















































2

1
2

1

1

0ˆ
22

12

2221

1211

U

U

UU

UU
UA  

 
The Unitary operator is given by 
 






















2

1

2

1
2

1

2

1

Û . 

 
Therefore we have the triplet state and singlet state. 
 
Eigenket Energy eigenvalue 
 
((Triplet)) 
 

   J 

 

)(
2

1
S  J 

 
   J 

 
((Singlet)) 
 

)(
2

1
A  -3J 
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A + E0

-3A + E0

 E0

4A

 
 
7. Zeeman splitting 
The Hamiltonian is given by 
 

BσBσσσ  221121 ˆˆˆˆˆ JH . 
 

The magnetic moment of electron: 111
1 ˆˆ2

σS 



 (1<0). 

The magnetic moment of proton: 222
2 ˆˆ2

σS 



  (2>0). 

 
When the magnetic field B is applied along the z axis,  

 
ˆ H  ˆ H 0  ˆ H 1 , 

 
with 
 

)1ˆ2(ˆˆˆ
12210  PJJH σσ , 

 
ˆ H 1  (1

ˆ 1z  2
ˆ 2 z )B, 

 

 BBH zz )()ˆˆ(ˆ
2122111  , 

 

 BBH zz )()ˆˆ(ˆ
2122111  , 

 

 BBH zz )()ˆˆ(ˆ
2122111  , 

 

 BBH zz )()ˆˆ(ˆ
2122111  , 

 

 JH 0
ˆ , 

 

 JH 0
ˆ , 
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)2(ˆ
0  JH , 

 

)2(ˆ
0  JH . 

 
Thus 
 

 ])([ˆ
21 BJH , 

 
  is the eigenket of ˆ H  with the energy eigenvalue [J  (1  2 )B] 

 

 ])([ˆ
21 BJH , 

 
  is the eigenket of ˆ H  with the energy eigenvalue [J  (1  2 )B]. 

We now consider a matrix of the subspace of   and  ; 

 

 BJH )()2(ˆ
21 , 

 

 BJH )()2(ˆ
21 , 

 
or 
 

xz JBJ

BJJ

JBJ
H

 ˆ2ˆ)(1̂

)(2

2)(ˆ

21

21

21
















 

 
The eigenvalue problem can be solved as follows. 
 

nσ 









ˆ)(41̂

]ˆ
)(4

2

ˆ
)(4

)(
[)(41̂ˆ

22
21

2

22
21

2

22
21

2

2122
21

2

BJJ

BJ

J

BJ

B
BJJH

x

z





 

 
where 
 

  cos,0,sinn  
 



24 
 

with 
 

22
21

2

21

)(4

)(
cos

BJ

B




 , 

22
21

2 )(4

2
sin

BJ

J


 ,  

 
Eigenvalue problem: 
 

n

nnσn





])(4[

]ˆ)(41̂[ˆ

22
21

2

22
21

2

BJJ

BJJH
 

 

n  is the eigenket of Ĥ  with the eigenvalue E1; 

 



















2
sin

2
cos





n , 22
21

2
1 )(4 BJJE   

 

n  is the eigenket of Ĥ  with the eigenvalue E2; 

 




















2
cos

2
sin





n , 22
21

2
2 )(4 BJJE   

 
((Mathematica)) 
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Clear"Global`"; H   J  1  2 B 2 J
2 J J  1  2 B

;

eq1  EigensystemH  Simplify

J  4 J2  B2 1  22 , J  4 J2  B2 1  22 ,

 4 J2  B2 1  22  B 1  2
2 J

, 1,

 4 J2  B2 1  22  B 1  2
2 J

, 1

E1  eq11, 1; E2  eq11, 2; E3  J  B 1  2; E4  J  B 1  2;

rule1  2  1000 1, J  1, B  104 B1, 1  107;

E11  E1 . rule1  Simplify; E22  E2 . rule1  Simplify;

E33  E3 . rule1  Simplify; E44  E4 . rule1  Simplify;

tab1  E11, E22, E33, E44;  
PlotEvaluatetab1, B1, 0, 5,

PlotStyle  TableHue0.08 i, Thick, i, 0, 4,

AxesLabel  "BT", "E"

1 2 3 4 5
BT

-6

-4

-2

2

4

6

E

 
 

Fig. Zeeman splitting of the ground state of hydrogen. 0B :the levels are denoted as 
EI, EIII, EII, and EIV from the top to the bottom. B = 0: there are two levels. One 
level is EIV, and another level is degenerate (EI, EIII, EII). 

 
_______________________________________________________________________ 
8. Positronium in the presence of a magnetic field 
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Positronium (Ps) is a system consisting of an electron and its anti-particle, a positron, 
bound together into an "exotic atom". The system is unstable: the two particles annihilate 
each other to produce two gamma ray photons after an average lifetime of 125 
picoseconds or three gamma ray photons after 142 nanoseconds in vacuum, depending on 
the relative spin states of the positron and electron. The orbit of the two particles and the 
set of energy levels is similar to that of the hydrogen atom (electron and proton).  
_______________________________________________________________________ 
 

Consider the positronium consisting of positron and electron. In the presence of a 
uniform and static magnetic field B along the z-axis, the Hamiltonian is given by 
 

)ˆˆ(ˆˆˆ
2121 zz SS

mc

eB
AH  SS . 

 

Obtain the energy eigenvalues and eigenkets of the Hamiltonian Ĥ . 
 
((Solution)) 
 

)ˆˆ(ˆˆ2ˆ
210212 zz SS

A
H  SS


, 
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where 
 

11 ˆ
2

ˆ σS


 , 22 ˆ
2

ˆ σS


 . 

 
The Hamiltonian can be rewritten as 
 

)ˆˆ(
2

ˆˆ
2

ˆ
21

0
11 zz

A
H 




σσ . 

 
Here note that 
 

1ˆ2ˆˆ 1221  Pσσ , 
 

where 12P̂  is the spin exchange operatpr. Then the Hamiltonian Ĥ  can be rewritten as 
 

)ˆˆ(
2

1
)1̂

2

1ˆ(ˆ
21012 zzPAH    . 

 
There are four kinds of two-spin states;  
 

 ,   ,   ,    

 
So we get 
 


2

ˆ A
H  

 





A
A

A
AH

)
2

(

2
ˆ

0

0









 

 





A
A

A
AH

)
2

(

2
ˆ

0

0









 

 


2

ˆ A
H  
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Then   is the eigenket of Ĥ  with eigenvalue A/2.   is the eigenket of Ĥ  with 

eigenvalue A/2. We now consider the eigenvalue problems (subgroup) using the basis of 
{  ,  }. 

 






































)
2

(

)
2

(

ˆˆ

ˆˆ
ˆ

0

0









A
A

A
A

HH

HH
H sub

 

 
This Hamiltonian can be described by using the Pauli matrices as 
 

xz

sub

A
A

A
A

A
A

HH

HH
H







ˆˆ1̂
2

)
2

(

)
2

(

ˆˆ

ˆˆ
ˆ

0

0

0













































 

 
This can be rewritten as 
 

 
   

 

  nσ 









ˆ1̂
2

)ˆsinˆ(cos1̂
2

]ˆˆ[1̂
2

ˆ

2
0

2

2
0

2

2
0

22
0

2

02
0

2






















A
A

A
A

A

A

A
A

A
H

xz

xzsub

 

 
where σ̂  is the matrix under the basis of { 1 , 2 } and 

 
)cos,0,(sin n , 

 
in the z-x plane, and q is the angle from the z axis. Note that 
 

 20
2

0cos










A
, 

 20
2

sin






A

A
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The eigenket of nσ ˆ  is defined as 
 

nnnσ ˆ , nnnσ ˆ  

 



















2
sin

2
cos


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






2
cos

2
sin





n . 

 
under the basis of {  ,  }. Note that 

 

  nn  )
2

(ˆ 2
0

2 A
A

Hsub  

 
Then there are foue energy states 
 

Eigenvalue   Eigenket 
 

2/A       

 
2/A       

 

  )
2

( 2
0

2  A
A

  n  

 

  )
2

( 2
0

2  A
A

  n  

 
_____________________________________________________________________ 
10. Spin wave 

Spin waves are propagating disturbances in the ordering of magnetic materials. These 
low-lying collective excitations occur in magnetic lattices with continuous symmetry. 
From the equivalent quasiparticle point of view, spin waves are known as magnons, 
which are boson modes of the spin lattice that correspond roughly to the phonon 
excitations of the nuclear lattice. As temperature is increased, the thermal excitation of 
spin waves reduces a ferromagnet's spontaneous magnetization. 
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We consider the spin exchange interaction between two adjacent such that 
 

 
n

nn

J
H 1ˆˆ

2
ˆ σσ . 

 
With this Hamiltonian we have a complete description of the ferromagnet. 
 

0 1 2 3 4 5 6 7 8 9 10

x5

b

 
 

1ˆ2ˆˆ 1,1   nnnn Pσσ , 

 
where 1ˆˆ  nn σσ  interchanges the spins of the n-th and (n+1)-th electrons. 

For the ground state all spins are up (  , so if you exchange a particular pair of 

spins, one can get back the original state. The ground state is a stationary state: -J/2 for 
each pair of spins. That is, the energy of the system in the ground state is -J/2 per spin. 

It is convenient to measure the energies with respect to the ground state. Our new 
Hamiltonian is 
 
Using the relation 
 

  
n

nnPJH )1̂ˆ(ˆ
1, , 

 

0 1 2 3 40 1 2 3 4 5 6 7 8 9 10

x5

b

 
 
With this Hamiltonian, the energy of the ground state is zero. Here we define the state 

nx.  where all the spins except for the one on the spin at xn.  
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)2(

)1̂ˆ()1̂ˆ(

)1̂ˆ(ˆ

456

55,456,5

51,5

xxxJ

xPJxPJ

xPJxH
n

nn





  

 

 

where 4545
ˆ xxP  , 6556

ˆ xxP  , 5578
ˆ xxP  , and . 5534

ˆ xxP  . 

 
Similary, 
 

11 2(ˆ
  nnnn xxxJxH , 

 

nnnn xxxJxH   121 2(ˆ . 

 
Here we consider 
 


n

nn xC . 

 
Eigenvalue problem 
 

 EH ˆ , 

 
or 
 

 
n

nn
n

nn xCExHC ˆ , 

 
or 
 

 
n

nn
n

nn xCExHC ˆ , 

 
or 
 

  
n

nn
n

nnnnnn xCExCxCxCJ 11 2)(( , 

 
or 
 

  
n

nn
n

nnnn xCExCCCJ )2)(( 11 , 

 
or 
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nnnn ECCCCJ   )2)(( 11 . 

 
Let us take as a trial function 
 

nikx
n eC   

 
nnnn ikxbxikikxbxik EeeeeJ   )2)(( )()(  

 
)]cos(1[2 kbJE    (energy dispersion) 

 
The difference energy solutions corresponds to “waves” of down spin-called “spin 
waves.” 
 
For kb<<1, E is approximated by 
 

22
22

2
2 bAk

bk
AE  . 

 
11. Matrix representation of rotation operator for j =1. 

We are constructing the eigenkets for j = 1. To this end, we start with the basis for j = 
1/2. 
 

zbzazU  ˆn , 

 

zdzczU  ˆn , 
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
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U  

 
We can write the state 
 

zzbzzzzabzza

zbzazbza





,),,(
2

1
2,

))((,

22

nn

 

 
Similarly 
 

zzdzzzzcdzzc

zdzczdzc





,),,(
2

1
2,

))((,
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nn
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)(,2),,(

2

1
nnnn

 

 

Unitary operator R̂ , 
 

zRzzR ;1,1ˆ,ˆ;1,1,  nnn  

 

zRzzR ;1,1ˆ,ˆ;1,1,  nnn  
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APPENDIX 
A1. Eigenvalues and eigenkets for the two spins with S = 1/2: The use of 

KroneckerProduct for the calculation 
 

)ˆˆ1̂3(
2

)ˆˆ2ˆˆ(
4

)ˆˆ(
4

ˆ

21

2

21
2

2
2

1

2

2
21

2
2

σσ

σσσσ

σσS













 

 

)ˆˆ(
2

ˆ
21 zzzS  


 

 
These operators can be rewritten as 
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)ˆˆˆˆˆˆ1̂1̂3(
2

ˆ
2

2
zzyyxx  


S  

 

)ˆ1̂1̂ˆ(
2

ˆ
zzzS  


 

 

The matrix of 2Ŝ  is obtained with the use of the Mathematica, as 
 

2 0 0 0
0 1 1 0
0 1 1 0
0 0 0 2  

 

The matrix of zŜ  is obtained as 

 
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1  

 
Eigenvalue problem: 
 
Eigenvalues, eigenkets 
 
2, 2, 2, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 0, 0, 0, 0, 1, 1, 0 
 

Eigenvalue of 2Ŝ , Eigenvalue of zŜ  mj,  Eigenket  

22  ħ 1,1  



















0

0

0

1

, 

 

22  0ħ 0,1  



















0

1

1

0

2

1
, 
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22  -ħ 1,1   



















1

0

0

0

, 

 

20  0ħ 0,0  




















0

1

1

0

2

1
, 

 
((Mathematica)) 
 
Clear"Global`";

exp_  : exp . Complexre_, im_  Complexre, im; 1   1
0
;

1   1
0
; 1   1

0
; 2   0

1
; x   0 1

1 0
; y   0  

 0
; z   1 0

0 1
;

I2  IdentityMatrix2;

I8  IdentityMatrix8;

1  KroneckerProduct1, 1; 2  KroneckerProduct1, 2;

3  KroneckerProduct2, 1;

4  KroneckerProduct2, 2;

ST1 
1

2
KroneckerProductx, x  KroneckerProducty, y

 KroneckerProductz, z  3

2
KroneckerProductI2, I2;

ST1  MatrixForm  
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2 0 0 0
0 1 1 0
0 1 1 0
0 0 0 2

eq1  EigensystemST1  Simplify

2, 2, 2, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 0, 0, 0, 0, 1, 1, 0

1  eq12, 3; 2  eq12, 2; 3  eq12, 1;

4  eq12, 4;

eq2  Orthogonalize1, 2, 3, 4
1, 0, 0, 0, 0,

1

2
,

1

2
, 0, 0, 0, 0, 1, 0, 

1

2
,

1

2
, 0

1  eq21; 2  eq22; 3  Normalizeeq23;

4  eq24;  

Sz 
1

2
KroneckerProductz, I2  KroneckerProductI2, z;

Sz  MatrixForm

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

Sz.1  1

0, 0, 0, 0

Sz.2

0, 0, 0, 0

Sz.3  3

0, 0, 0, 0

Sz.4

0, 0, 0, 0  
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A2. Eigenvalues and eigenkets for the Dirac spi n exchange operator: The use of 
KroneckerProduct for the calculation 

 
The Dirac spin exchange operator is defined by 
 

)ˆˆ1̂(
2

1ˆ
2112 σσ P . 

 
This operator can be rewritten as 
 

)ˆˆˆˆˆˆ1̂1̂(
2

1
1̂2 zzyyxxP   , 

 

where 









10

01
1̂ . 

 

The matrix of 12P̂  is obtained with the use of the Mathematica, as 

 

 
 
Eigenvalue problem: 
 
Eigenvalues, eigenkets 
 
1, 1, 1, 1, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 0, 0, 0 
 

Eigenvalues of 12P̂ , Eigenkets  

1 



















0

0

0

1
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1 



















0

1

1

0

2

1
 

 

1 



















1

0

0

0

 

 

-1 




















0

1

1

0

2

1
 

 
((Mathematica)) 

Clear"Global`";

exp_  : exp . Complexre_, im_  Complexre, im; 1   1
0
;

1   1
0
; 1   1

0
; 2   0

1
; x   0 1

1 0
; y   0  

 0
; z   1 0

0 1
;

I2  IdentityMatrix2;

1  KroneckerProduct1, 1; 2  KroneckerProduct1, 2;

3  KroneckerProduct2, 1;

4  KroneckerProduct2, 2;

P12 
1

2
KroneckerProductx, x  KroneckerProducty, y

 KroneckerProductz, z  KroneckerProductI2, I2;

P12  MatrixForm

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1  
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eq1  EigensystemP12  Simplify

1, 1, 1, 1, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 0, 0, 0

1  eq12, 4; 2  eq12, 3; 3  eq12, 2;

4  eq12, 1;

eq2  Orthogonalize1, 2, 3, 4
1, 0, 0, 0, 0,

1

2
,

1

2
, 0, 0, 0, 0, 1, 0, 

1

2
,

1

2
, 0

1  eq21; 2  eq22; 3  Normalizeeq24;

4  eq23;

P12.1  1

0, 0, 0, 0

P12.2  3

0, 0, 0, 0  
P12.3  2

0, 0, 0, 0

P12.4  4

0, 0, 0, 0

1  MatrixForm

1
0
0
0

2  MatrixForm

0
1
2

1
2

0  
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3  MatrixForm

0
1
2

 1
2

0

4  MatrixForm

0
0
0
1  

 
A.3 Example for the use of KroneckerProduct  
We consider the Hamiltonian given by the form of tensor product 
 

)ˆ1̂()1̂ˆ()ˆˆˆˆˆˆ(ˆ
21 zzzzyyxx BBJH    

 

Using the Mathematica, we have the matrix of Ĥ  as 
 



























BBJ

BBJJ

JBBJ

BBJ

H

21

21

21

21

000

020

020

000

ˆ







 

 
We use the Mathematica program “Eigensystem in order to get the eigenvalues and 
eigenkets. 

(1) The eigen value: BJ )( 21    

 

The eigenket;  



















0

0

0

1

 

 
When B = 0, the energy is J. 

 

(2) The eigenvalue:  BJ )( 21    
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The eigenket;  



















1

0

0

0

 

 
When B = 0, the energy is J. 

 

(3) Eigenvalue: 22
21

2 )(4 BJJ    

 

The eigenket:  






















0

1
2

)(4)(
0

22
21

2
21

J

BJB 
 

 
When B = 0, the energy is -3J. 

 

(4) Eigenvalue: 22
21

2 )(4 BJJ    

 

The eigenket  






















0

1
2

)(4)(
0

22
21

2
21

J

BJB 
 

 
When B = 0, the energy is J. 

 
A4. Eigenvalue problem for the exchange interaction (general case) 

We consider the Hamiltonian given by the form of tensor product 
 

zzzyyyxxx hhhH  ˆˆˆˆˆˆˆ   

 

Using the Mathematica, we have the matrix of Ĥ  as 
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



























zyx

zyx

yxz

yxz

hhh

hhh

hhh

hhh

H

00

00

00

00

ˆ  

 

(1) Eigenvalue: zyx hhh  , Eigenket: ][
2

1
 . 

(2) Eigenvalue: zyx hhh  , Eigenket: ][
2

1
 . 

(3) Eigenvalue: zyx hhh  , Eigenket: ][
2

1
 . 

(4) Eigenvalue: zyx hhh  , Eigenket: ][
2

1
 . 

 
We note that these eigenkets correspond to the four Bell's ststes. 


