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Here we show how to derive the eigenvalues and eigenkets of S?, the spin states of the three and
four electrons with spin 1/2, where S is the total spin angular momentum defined by

~

S S, +$‘2 +S‘3, for the three particles

N

S S, +$‘2 +$‘3 + 3‘4. for the four particles

There are two methods. One is the conventional method to use the Clebsch-Gordan coefficients
for the addition of spin angular momentum. Using the program of ClebschGordan (Mathematica),

we can derive the expression for the eigenket and eigenvalues for S? for the many spin particles.
The second method is to use the KroneckerProduct of the Mathematica for both the three and

four spins. We calculate the expression of the matrix for S?; 8x8 matrix for the three spin
particles and 16x16 matrix for the four spin particles. Using the Mathematica we solve the
eigenvalue problems to get the eigenvalues and eigenkets for each case. We can also solve the
eigenvalue problem even for the five spin particles, the 32x32 martix by using the Mathematica.

Note that for the n particle systems, we need to solve the eigenvalue problem for 2"x2"
martix (n=2,3,4,5,6, ...).

1. States of three particles with spin 1/2 (I)
We can regard three electrons as 2+1 electrons, in the sense that we can combine an electron
(s = 1/2) with the triplet two-electron state (s = 1) and with the singlet two-electron state (s = 0).

Dy, XDy, =D, + Dy
((Case-1))

D., XDy, XDy, =(Dyy, X Dyyp) x Dy
= (D, +Dy) x Dy,
=D, xDy), + Dy x Dy
=Dy, + Dy, + Dy

In the case of (D,,, + D,,,), the results on the addition of the angular momenta shows that we
should get two groups of three-electron spin states corresponding to S = 3/2 and S = 1/2. In the
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second case we get a single group that corresponds to S = 1/2. We thus expect one quartet group
of spin states (S = 3/2) and two distinct doublet groups of spin states (S = 1/2), or a total of
4+2+2 = 8 individual three-electron spin states.

L  j=32

3 3

E’_§> =p0L2)LA),

31 > _a®p2)BB) +AMa(2)fB) + 1) S(2)a(3)
2" 2 J3

31 > _ BOa(2)a@)+al)p(2)a(3) +a@)a(2) 4(3)
2'2 J3

§§>:a(1)a(2>a(s)

(i) j=1/2

1 1> _a®)B(2)pB) +pMa(2)f3) - 281) f(2)a(3)
2" 2 J6

11 > _—BQa(2a(3) +2a@)a(2) f(3) —a) f(2)a(3)
2'2 J6

(i)  j=1/2

1 1> _a)BR)BE) - BNa(2)A(3)
2" 2 2

2'2

1 £> _a)p(2)a(3) - pDa(2)a(3)
NG

Note that « and £ denote the upper spin state and the lower spin state, respectively;



=g} A-la(g)

The numbers 1, 2, and 3 are the sites of spins. These results are the same as those derived by
Tomonaga, except for the sign.

((Mathematica-1))
Clear["Global " %"]; CCGG[{j1 , ml }, {J2 , m2 3}, {J_, m }] ==
Module[{sl},
sl = IF[Abs[m1l] < J1&& Abs[m2] < j2 && Abs[m] <
ClebschGordan[{j1, m1}, {j2, m2}, {j, m}], O]],

CG2[j1 ,j§2 ,j§ ,al ,a2 ] :=
Table[Sum[CCGG[{j1, k1}, {i2, k2}, {i, kl+k2}] al[jl, k1] a2[j2, k2]
KroneckerDelta[kl + k2, m], {k1, -j1, j1}, {k2, -j2, §2}1, {m, -j, §}]

j1=1/2, j2=1/2 j=1,0

cc211/2,1/2, 1, bl, b2] // TableForm

bl[—l 7%] bz[%, 7—;]
b1]3.3102[3.-3]  bi[3.-3 0255
V2 V2
o}, le2ld ]

CG2[1/2, 1/2, 0, bl, b2] // TableForm
b1[3.5]02[5.-3] b1[3.-5]b2|
V2 \/?
jl=1, j2=1/2 i=32

22}

J1=1;§2=1/2;j=3/2;
Table[Sum[CCGG[{jl, K1}, {i2, k2}, {j, k1 +k2}] CG2[1/2, 1/2, j1, bl, b2][[Kl+jl+1]]
b3[j2, k2] KroneckerDelta[kl+k2, m], {k1, -j1, j1}, {k2, -§2, §2}1, {m, -3, §}1 7/

Simplify

(b5, -3 1p2(5. 51 03[5. 3]

bi[. 1] b2[l, -1)ba[d, 1] .ba[t, 1] (p2[1. 1]ba[L, 1] .b2[1, -1]b3[l. L))
V3

b1[L, -1]b2[1, 1]b3[1, 1] 4b1[d, 1] (b2[L, L]ba[L, -1].b2[1, -1]ba[l, 1]
A3

b1[2, 2] p2[2, 2]b3[3. 3]



jl=1, j2=12 j=1/2

Jl1=1;3J2=1/2;3=1/2;
Table[Sum[CCGG[{j1, k1}, {J2, K2}, {J, k1l +k2}]1CG2[1/2, 1/2, j1, bl, b2][[k1+jl+1]]
b3[J2, k2] KroneckerDelta[kl + k2, m], {k1, -j1, j1}, {k2, -3J2, §J2}1, {m, -3, §J}¥17//

Simplify
otlg- gle2d. 3lel3. -] -mnlg. 4] (o2l3. 3] 3l3. §) 20203, f) w3l F))
V6
4)1[% —%]bz[—;,%}b3[%,—;]+bl[%,—;] (2b2[%,%}b3[%, l}sz[% —1]b3[%,—;})}
V6
j1=0, j2=112 j=12

J1=0;32=1/2;3=1/2;

Table[Sum[CCGG[{j1, k1}, {j2, k2}, {J, k1 +k2}]1CG2[1/2,1/2, jl, bl, b2][[kl+j1l+1]]
b3[J2, k2] KroneckerDelta[kl + k2, m], {k1, -j1, j1}, {k2, -32, §J2}1, {m, -3, §J}¥1//

Simplify

pa[3. 2]b2(2. 2] ba[2. 2]b2[3. 2] b3[2. 2]

{ Vz

pa2, 1]b2(2, 4] ba(l, 2]eald, 2])b3[L, ]
\/? }

2. States of three particles with spin 1/2 (I1)

We consider the second case. The results on the spin states are the same as those described in
the textbook of Schiff.

Dy, XDy, x Dy, =Dy, x(Dyy, x Dyjy)
=Dy, x(D, + Dy)
=Dy, xD; + Dy, x D,
=Dy, + Dy, + Dy,

1)  j=3/

3 3

E’_§> =pMBR)AA),

3.1 > _a®pR)BB) +Ma(2) @) + 1) S(2)a(3)
2 2

: 7 ,

31 > _ BQa(2)a3)+a)a(2) 5(3) + a(1) B(2)a(3)
2'2 V3 ’



33

|E’E> =a)a(2)a(3).

(i) j=1/2.
1 1> _—2a(1)B(2) ) + pNa(2) (3) + (1) B(2)(3)
2" 2 J6 '
1 1> _2pMa(?)a3) -a)a(2)(3) - a) f(2)a(3)
2'2 J6 '
(i) j=1/2

1_ 1> _ ADa(2)3) - BQ)AR)a(3)
2" 2 2 ’

1 1> _a@®a(2)fR)-a@)B(2) ()
2'2 J2 '

((Mathematica-2))



Clear["Global "+"]; CCGG[{j1_, m1 }, {J2 , m2 }, {J_, m }] :=
Module[{s1},
sl = IFf[Abs[m1l] < J1&& Abs[m2] < j2&& Abs[m] <],
ClebschGordan[{j1, m1}, {j2, m2}, {j, m}1, O171;

CG2[j1 ,j2 , ) ,al ,a2 ] :=
Table[Sum[CCGG[{j1, k1}, {i2, k2}, {J, kLl +k2}1 al[jl, k1] a2[j2, k2]
KroneckerDelta[kl + k2, m], {k1, -1, j1}, {k2, =12, 3J2}1, {m, -3, J}]

j1=1/2, j2=1/2 j=1,0
CG2[1/2, 1/2, 1, bl, b2] // TableForm

1 1 1 1

1[4, 3] b2(1, 4]

27 27 2
+
V2 V2

cG2[1/2,1/2, 0, bl, b2] // TableForm

bi[2.3]p2[2,- 2] b1[3,-3]b2[1.]

V2 V2
jl=1, j2=1/2 j=312

j1=1;jJ2=1/2;j=3/2;

Table[Sum[bl[j2, k2] CCGG[{j1, k1}, {J2, k2}, {J., K1 +Kk2}]
CG2[1/2,1/2, j1, b2, b3][[k1+j1+1]] KroneckerDelta[kl +k2, m],
{k1, -31, 31}, {k2, -52, j2}1, {m, -3, §}1 // Simplify

(p1[5. -5 )b2[5. 5] b3[5. 3.
b1[1, 1]b2[1, 1] b3[l, 1] ba[L, 1] (b2[, 1] b3[4, -1].b2[1, -1]b3[L, ]
A3
b1[1, -1]b2[L, 1]b3[l, 1] wb1[l, 1] (b2[1, 1] b3[1, 1] -b2[1, -1]b3[L, 1])
\3
b1[2. J]b2[3. 2]b3(5. S]]
j1=1, j2=1/2 j=1/2

jl=1;jJ2=1/2;j=1/2;

Table[Sum[bl[j2, k2] CCGG[{j1, K1}, {§2, K2}, {§, K1 +k2}]
CG2[1/2,1/2, j1, b2, b3][[k1+j1+1]] KroneckerDelta[kl +k2, m],
{k1, -31, 31}, {k2, -52, j2}1, {m, -3, §}1 // Simplify



-2b1['—;,—;]b2[—; —l}b3[-$ -§]+b1[—;,-—$} (b2[%,%}b3[%,-$]+b2[% —l}b3[-$ i})
Ve
2011, -1 b2(3. 3)b3[3. 3] -ba[d. 4] (b2(3. 4]ba[d. 3] +b2[3. 4] bs[1. 1))
NG }
j1=0, j2=1/2 j=12

J1=0;jJ2=1/2;j=1/2;

Table[Sum[bl[j2, k2] CCGG[{j1, k1}, {J2, k2}, {J, k1 +k2}]
cG2[1/2,1/2, j1, b2, b31[[kl1+j1l+1]] KroneckerDelta[kl + k2, m],
{k1, -31, j1}, {k2, -32, j2}], {m, -j, §J}] // Simplify

1[2. 3] (b2[2. 2] 33, 2] b2(3. 2] b3[3. 2])

{ Vz

(3. 3] (b2(3, 1] b3[1, 3] b2[3. -1]b3[1, 1))
,\/7

3. The three spin states (by the use of KroneckerProduct)
The magnitude of the total spin angular momentum:

2
S? ZI(&l +6,+6,)°

W i a2 a2 A A A~ A A A
27(01 +6, +6," +26,-6,+26,-6,+26;,6,)

9n% ~ h?

:Tl+?(6’1'6'2 +6'2 '6'3+6'3'6'l)

and the z-component of the total spin angular momentum:

A

. ~ n
Sz :E(O-lz + 0y, +O—22)'

Using thr Kronecker product, the above operators can be rewritten as
hZ
2
+6,0106,+6,0106,+6,0104,
+®16, ®6,+®16,® 6, +®15,®5,)

2
32»9%1®1®1+ (6,06,01+6,06,®1+6,05, ®1

S, »Z(&Z ®1®1+1®4, ®1+1®1®46,).



The matrix of S? is obtained with the use of KrocknerProduct in the Mathematica, as

-’%0000000
0%101000
01201000
00050110
01102000
00010510
00010150

0000000 =

The matrix of §Z is obtained as

-“gooooooo
oioooooo
oo%ooooo
000-%0000
oooo%ooo
00000-500
000000-%0

,50000000—3

Note that §Z is the block-diagonnal matrix,but S?isa non-diagonal matrix.

The eigenvalue problem of S?. We use the Eigensystem (Mathematica) to solve the eigenvalue
problem. The result is as follows: {eigenvalues, eigenkets}}



15 15 15 15 3 3 3 3

Wa % %2 4 a2 aa

{{o, o, 0,0,0,0,0, 1}, {0,0,0,1,0,1,1,0}, {O,1,1,0, 1, 0,0, 0},
{1, 0,0,0,0,0,0,0}, {0,0,0, -1,0,0, 1,0}, {0,0,0, -1,0,1,0, 0},

(0, -1,0,0,1,0,0,0}, {0, -1,1,0,0,0,0, 0}}}

The eigenkets of S?

(a)

0

1 1

0 V3

1

0 =

_2 38\ |0 A A %g
123257 0| 1=5m=3)= 1
0 V3

0 0

0 0

0

0

0 0

0 0

1 0

3 1\ |3 3 3\ |0
j==.m=-2)=| 7 |, j=om=—2)=| |,
2 2 1 2 2/ 10
N 0

1 0

V3 1

0
() j=1/2



N
1l
N |-
3
1l
|
N |-
\/
1l
N
1l
N |-
3
I
N |-
'
1l

V2
0
© (=172
g-) 0
— 0
V6
2 0
__Z 1
11 5/6 1 1\ | 6
J:—,m:— = , J:—,m:—— = 0
2" 2/ 1 2 2 A
\/6 -
: 7
: 7
0 0

4. The four-spin states (by the use of KroneckerProduct)
We now consider the eigenstates and eigenvalues for the four-spin system.

Dy, X Dy x Dy x Dyyp = (Dyy x DBy p) x (D, x By )
= (D, + Dy) x (D, + Dy)
=D, xD,+ D, xDy+ D, xD, + D, x D,
=(D,+D,+D,)+D,+ D, + D,
=D, +3D, + 2D,

The total states are 16 states (=5 + 3 x 3+2), since

j=2 m=2,10,-1,-2 (one) 1x5=5
ji=1 m=1,0,-1 (three) 3x3=9
j=0 m=0. (two) 2x2=4
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The square of the magnitude of the total spin angular momentum

2

a2 _ ~ ~ ~ ~ N2
S —7(0'1+0'2+0'3+a4)

hZ

NS I I I I ST P S
—7(0'l +6, +6, +06, +26,-6,+20,-6,+20,-6,+
+26,-6,+26,-6,+26,-6,)
2

~ R A A A A A
:3h21+?(0'1-0'2+0'1-0'3+0'2-0'3+

+6,°6,+6,6,+6,°G,)
The z component of the spin angular momentum:

~ h, . ~ ~ ~
Sz :E(O-lz +0,, + 0y +O_4z)

These operators can be rewritten as

2

§? - 3hzi®i®i®i+%(&x ®6,0101+6,®6,®101+6,®6,®101
+6,0106,01+6,0106,01+6, 0106, ®1
+186,06,®1+106, 94, ®1+®15, ® 6, ®1
+6,010186,+6,910106, +4,01011 4,
+1®6, 0106, +1046,0106,+10 46,0114,
+191®6,®6,+10106,06,+101046,®4,)

and

S, —>g(6z ®1®l+1®s, ®1+101045,)

Using the Mathematica we can solve the eigenvalue problems for the four spin 1/2 systems. The
matrix of $? (16 x 16 matrix) is expressed by

11



/6 00 0O0DO0CO0OO0O0CO0OO0O0OD0 D00 0y

031 01000C1O0O0CO0O0O0CO0OO0
01 3010001O000O0O0CO0O0
ooo0z2011001100000

01103 0001O0O0O0O0O0CO0O0
ooo0l1lozloo0ol1lo0110o00

000101 2000101000

o oo0o0GQCOOD30O00C1LO1ITI1IO
011010003000 O0O0CO0O0
ooo0l1lolooco2101000
ooo0o1l1oo0o1o0D1201000
o oo0o0GQCOOD1IOODO0S3IO01II1IO
booooo0c11001102000
o oo0o0GQCOOD1ITOODO0C1LOS31O
Ooo0o0O0DO0CODODI1TOODO0O1LOI1I 30
000 0O0ODO0COO0ODO0OCO0OO0O0OOD0DO0O0 6/

The matrix of §Z (16 x 16 matrix) is expressed as

0
0
0
0
0
0
0

0
0
0
0
0
0
0

0
0
0
0
0
0
0

(2 000000

01 00O0OD00D0
0010000
0 0O0O0ODO0OOOD
0000100
0 0O0O0ODO0OOOD
0000000
0 0O0O0ODO0OOOD
0000000
0 0O0O0ODO0OOOD
0000000
0 0O0O0ODO0OOOD
0000000
0 0O0O0ODO0OOOD
0000000
0 000 000

0

-1 000

0
0
0
0
0
0
0
0

0
0
0

1
0
0

0

0

-1

0 00
0
0

0
0

0
0
0
0

!

A

The eigenvalue problem of S

(@)
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1 0
0 1/2
0 1/2
0 0
0 1/2
0 0
0 0
. 0 _ 0
|j=2m=2)= 0 l[j=2m=1)= 15
0 0
0 0
0 0
0 0
0 0
0 0
0) 0
0 0
0 0
0 0
1//6 0
0 0
1//6 0
1//6 0
j=2m=0)=| j=2m=-1)=| 12
0 0
1//6 0
1//6 0
0 1/2
1//6 0
0 1/2
0 1/2
0 0
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O O O O O O O O O O o o o o o -

_2>

[j=2,m

(b)

1//2

oy
O O O O O O O O O o o o o




[l
[l
__ =
—_ _
I |
Il ]
- -
v |
I d
. —

_ﬂ _& _ﬁ _ﬁ
o O O O O O O O O O - 0o o o O O O O O o o O O O O O O . o
~~ < ; ;
— _ : _

|j:1ym:0>::
—-1)=

IS

|
"—
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[j=0,m=0)=

[j=0,m=0)=

J3/6
~1/43
J3/6
J3/6
~1/43

V316
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((Mathematica))
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Clear["Global "%"];

*

exp_

=exp /- {Complex[re_ , im ] Complex[re, -im]}; oX = (1 o

0 -4\. (1 0}.
"y:(i o)"’z‘(o -1)’

12 = IdentityMatrix[2];

01)

1
ST1 = E (KroneckerProduct[oX, ox, 12, 12] + KroneckerProduct[oy, oy, 12, 12]

+ KroneckerProduct[oz, oz, 12, 12] + KroneckerProduct[ox, 12, ox, 12] +
KroneckerProduct[oy, 12, oy, 12] + KroneckerProduct[oz, 12, oz, 12] +
KroneckerProduct[ox, 12, 12, ox] + KroneckerProduct[oy, 12, 12, oy] +
KroneckerProduct[oz, 12, 12, oz] + KroneckerProduct[12, ox, ox, 12] +
KroneckerProduct[12, oy, oy, 12] + KroneckerProduct[12, oz, oz, 12] +
KroneckerProduct[12, 12, ox, oXx] + KroneckerProduct[12, 12, oy, oy] +
KroneckerProduct[12, 12, oz, oz] + KroneckerProduct[12, ox, 12, oXx] +
KroneckerProduct[ 12, oy, 12, oy] + KroneckerProduct[12, oz, 12, oz]) +
3 KroneckerProduct[12, 12, 12, 12];

ST1 // MatrixForm

6 0000000000O0OOOO0O0
0310100010000O0O00O0
01301000100000O00
0002011001100000
01103000100000O00
0001021001001000
0001012000101000
0O00O0O00O0OO300010110
0110100030000O0O00O0
0001010002101000
0001001001201000
00000O0O0O100O030110
0000011001102000
00000O0OO0O100O0O10310
00000001 00010130
0O000O0O0O0OO0OOO0OOOOOOOOOT®G
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imp
{{6,6,6,6,6,2,2,2,2,2,2,2,2,2,0,0},

tem[ST1] // S

= Eigensys

eql

{{,o,0,0,0,0,0,0,0,0,0,0,0,0,0, 1},

{0,0,0,0,0,0,0,1,0,0,0,1,0, 1,1, 03},

{0,0,0,1,0,1,1,0,0,1,1,0,1, 0,0, 0},

{0,1,1,0,1,0,0,0,1,0,0,0,0,0,0, 0},

{1, 0, 0,0, 0,0,0,0,0,0,0,0,0,0,0, 0},

{0,0,0,0,0,0,0, -1,0,0,0,0,0,0, 1, 0},
{0, 0,0,0,0,0,0, -1,0,0,0,0,0, 1, 0, 0},
{0,0,0, -1, 0,0,0,0,0,0,0,0,1, 0,0, 0},
{0,0,0,0,0,0,0, -1,0,0,0,1,0,0,0, 0},
{0,0,0,0,0, -1,0,0,0,0,1,0,0,0, 0, 0},
{0,0,0,0,0,0, -1,0,0,1,0,0,0,0,0, 0},
{0, -1,0,0,0,0,0,0,1,0,0,0,0,0,0, 0},
{0, -1,60,0,1,0,0,0,0,0,0,0,0,0,0, 0},
{0, -1,1,0,0,0,0,0,0,0,0,0,0,0,0, 0},

(0,0,0,1,0,0, -1,0,0, -1, 0,0, 1, 0, 0, O},
(0,0,0,0,0,1, -1,0,0, -1, 1, 0,0, 0, 0, 0}}}
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x1=eql[[2,1]]; x2=eql[[2, 2]]; x3=eql[[2, 3]]; x4 =eql[[2, 4]];
x5=eql[[2,5]]; x6=eql[[2, 6]]; x7 =eql[[2, 7]]; x8=eql[[2, 8]];
x9=eql[[2, 9]]; x10=eql[[2, 10]]; x11=eql[[2, 11]]; x12=eql[[2, 12]];
x13 =eql[[2, 13]]; x14 =eql[[2, 14]]; x15=eql[[2, 15]];

x16 =eql[[2, 16]];

eq2 = Orthogonalize[{x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11,
x12, x13, x14, x15, x16}]

{{0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1},

1 1 1 1
{o, 0,0,0,0,0,0,5,0,0,0,3,0, 5. 5. o},
1 1 1 1 1 1
O’ O’ O’ —1 O! —, —, 0, 0’ 2 ’ o, 2 0, 0’ 0 ’
{ Ve ' e Ve A6 6 }

6
{0,3,3.0,3.,0,0,0,3,0,0,0,0,0,0,0],

0,0,0,0,0,0 i,0,0,0,0,0,0,0},

1

[o. —%,o, o,g,o,o,o, —%,o,o,o,o,o,o,o},

[o. —%, g,o, —%,o,o,o, —ﬁ,o,o,o,o,o,o,o},
{0.0,0,2.0,0,-3,0,0,-5,0,0,5,0,0,0],

{o,o,o,—z%,o, jg,—z%,o,o, —ﬁ, %,o, —%,0,0,0}}
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21 =eq2[[4]]1; 22=eq2[[3]]; @3 =eq2[[2]]; @4 =eq2[[1]]; @5 =eq2[[5]];
86 =eq2[[6]]1; 87 =eq2[[7]]; @8 =eq2[[8]]; 89 =eq2[[9]]; 810 =eq2[[10]];
211 =eq2[[11]]; @12 =eq2[[12]]; ®13 =eq2[[13]]; @14 =eq2[[14]];

815 =eq2[[15]];

%16 = eq2[[16]];

Sz =
1
E (KroneckerProduct[oz, 12, 12, 12] + KroneckerProduct[12, oz, 12, 12] +
KroneckerProduct[12, 12, oz, 12] + KroneckerProduct[12, 12, 12, o0z]);

Sz // MatrixForm

20000000 0O0OO0OOO 0 O
0100000 O OOO O OO O O
0010000 O OOO O OO O O
0000000 OOOOO OO O O
0000100 O OOOO OO O O
0000000 OOOOO OO O O
0O00O0O0O0O0O0OO0OO0OOOOOOO O O
0000000 -1000O0 0O O O
000O0O0OO0OO0O100O0OOO0O O O
00O0O0O0O0OO0OO0OOOOOO OO O O
000O0OO0OO0OO0OOOOOOOO O O
0000000 OOOO-100 0 O
000O0OO0OO0OO0OOOOOO OO O O
000O0O0O0OO0OO0OOOOOOO-20 O
0000000 OOOOOOOG O -10
0000000 OOOOO OO O -2
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ST1l.g1l -6%1
{0, o0, 0,0,0,0,0,0,0,0,0,0,0,0,0, 0}

Sz.81 - &1
{0, o, o, o0, 0,0,0,0,0,0,0,0,0, 0,0, 0

ST1.82 -632
{0, o0, 0,0,0,0,0,0,0,0,0,0,0,0,0, 0}

Sz.82
{o, o, o, o,o0,o0,0,0,0,0,0,0,0, 0,0, 0}

ST1.83 -6&3
{0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0}

Sz.83 + &3
{0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0}
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ST1.84 -6%4
{0,0,0,0,0,0,0,0,0,

Sz.84 +2 &4
{0, 0,0,0,0,0,0, 0,0,

ST1.85 -685
{0,0,0,0,0,0,0,0,0,

Sz.85-235
{0,0,0,0,0,0,0,0,0,

ST1.86 -2 %6
{0,0,0,0,0,0,0,0,0,

Sz.3%6 + &6
{0,0,0,0,0,0,0,0,0,

ST1.87 - 287 // Simplify
{0, 0,0,0,0,0,0,0,0,
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0}

0}

0}

0}

0}

0}

0}



Sz.87 + &7
{0, 0,0,0,0,0,0,0,0,0,

ST1.88 - 288 // Simplify
(0,0,0,0,0,0,0,0,0,O0,

Sz .38
{0, 0,0,0,0,0,0,0,0,0,

ST1.89 - 289 // Simplify
{0,0,0,0,0,0,0,0,0,0,

Sz.89 + &9
{0,0,0,0,0,0,0,0,0, 0,

ST1.810 - 2810 // Simplify
{0,0,0,0,0,0,0,0,0,0,

Sz.%10
{0,0,0,0,0,0,0,0,0, 0,
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0}

0}

0}

0}

0}

0}

0}



ST1.811 -2&11 // Simplify
{0, o0, 0, 0,0, 0,0,0,0,0,

Sz.311
{0, 0,0,0,0,0,0,0,0,0,

ST1.812 - 2812 // Simplify
(0,0,0,0,0,0,0,0,0,O0,

Sz.812 - 812
{0,0,0,0,0,0,0,0,0,0,

ST1.813 - 2813 // Simplify
{0,0,0,0,0,0,0,0,0,0,

Sz.813 - %13
{0,0,0,0,0,0,0,0,0, 0,

ST1.814 - 2814 // Simplify
{0,0,0,0,0,0,0,0, 0,0,
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0}

0}

0}

0}

0}

0}

0}



Sz.814 - %14
{0, o0, 0,0,0,0,0,0,0,0,0,0,0,0,0, 0}

ST1.815 // Simplify
(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0}

Sz.815
{0, o, o, 0, 0,0,0,0,0,0,0,0,0, 0,0, 0}

ST1.816 // Simplify
{0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0, 0}

Sz .%16
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0}

{84 .85, 85.36, $6.%7, &7/.%8}

{0101010}
&1
1 1 1 1
{o, 5+ 50, 5.0,0,0, 2, o,o,o,o,o,o,o}
&2
1 1 1 1 1
0’ O, 0, —, 0’ —, _’ 0’ O, —’ _’ O,
{ \6 6 6 N
33

1 1 1 1
{o, 0,0,0,0,0,0,5,0,0,0, 5,0, 3, 5,0}

34
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1}

85
{1, 0, 0, 0, 0,0, 0,0,0,0,0,0,0,0, 0, 0}
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36

1
{O, O, O, O, O’ 0, O, _—, O, O’ O, O, O, O,

&/

{o, 0,0,0,0,0,0, -

V2

1 0,0,0,0,0,

Ve

38
1 1

05050, —_,0,0,0,0,0,0,0,0,_,0,0,0
{ 7z R
39
{0,0,0,0,0,0,0, _iyososoyﬁsos_ 1 ’ 1

23 2 2437 243
310

1 1

0,0,0,0,0,-—,0,0,0,0, ——,0,0,0,0,0
{ 7z 7z !
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11
1 1
{o, 0,0,0,0,0, - —, 0,0, —,0,0,0,0,O0, o}

V2 V2

{0, -—.0,0.0,0,0,0, =,0,0,0,0,0,0,0]

V2 V2

1 | 2 1
01 - ’ 01 01 ~ 7 01 01 01 - ] 01 01 01 01 01 01 O
{ /6 3 \/6 }

{01 _L1£101 _i1010101 _i101 0101010101 O}
2437 2 2+/3 23
815

1 1 1
{0,0,0,5.0,0,-5,0,0,-5,0,0, 5,0,0,0f
316

1 1 1 1 1 1

010’0’ _—10’ ’ ’O’O’_—’—’O’ _—10’050
{ 2/3 V3’ 243 237 /3 23 }
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APPENDIX
Mathematica

1. Clebsch-Gordan coefficient
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ClebschGordan

ClebschGordan[{j1, m}, {fa, m}, {j, m}]
gives the Clebsch-Gordan coefficient for the decomposition of | j. m) in terms of | ji, s} | j2. il

~ Details

The Clebsch-Gordan coefficients vanish except when m=m; + my and the j; satisfy a trianale inequality.
The parameters of ClebschGordan can be integers, half-integers, or symbolic expressions.

Mathematica uses the standard conventions of Edmonds for the phase of the Clebsch-Gordan coefficients.

2. KroneckerProduct

KroneckerProduct

EroneckerProduct [my, my, -..]
constructs the Kronecker product of the arrays m;.

~ Details

EroneckerProduct works on vectors, matrices, or in general, full arrays of any depth.
For matrices, EroneckerProduct gives the matrix direct product.

EroneckerProduct can be used on SparseLrray objects, returning a Sparsehrray object
when possible.

3. Eigensystem

29



Eigensystem

Eigensystem [m]
gives a list [values, veciors] of the eigenvalues and eigenvectors of the square matrix m.

Eigensystem[{m, a}]
gives the generalized eigenvalues and eigenvectors of m with respect to a.

Eigensvystem[m, k]
gives the eigenvalues and eigenvectors for the first k& eigenvalues of m.

Eigensystem[{m, al, k]
gives the first k generalized eigenvalues and eigenvectors.

~ Details and Options
Eigens=system finds numerical eigenvalues and eigenvectors if m contains approximate real or
complex numbers.
For approximate numerical matrices m, the eigenvectors are normalized.
All the non-zero eigenvectors given are independent. If the number of eigenvectors is equal to the
number of non-zero eigenvalues, then corresponding eigenvalues and eigenvectors are given in

corresponding positions in their respective lists.

If there are more eigenvalues than independent eigenvectors, then each extra eigenvalue is paired
with a vector of zeros.

A nnns .
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