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We present a method to obtain the eigenstates of three particles having either S=1/2orL =1
using the Mathematica program (Kronecker Product and Eigensystem). For simplicity, We use
the unit of 7= 1.

1. Eigenstates of three particles with spin 1/2

Dy, Dy, xDyjy =(D; +Dy)x Dy
= D3/2 + 2D1/2

There are 8 states &, &, &, &, &, &, &, &, defined by
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where

atea=3)  a-a-(3)

These state are not the eigenstates of M2 (the square of the total angular momentum) and M,
(the z component of the total angular momentum). We need to find the eigenstates and
eigenvalues of M2 and M, where

A ~

[M? M,]=0.

The eigenstates are the superposition of the eight states, &1, &, &, &, &, &, &, &. The matrices
of MZ? and M, (the size 8 x 8) are obtained as
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M?=2(S,®S,®1,+5,®5,®1,+S,®S,®1,
+5,®1,85,+S,®1,®S +5,®1,®S§,
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We use the Mathematica programs (KroneckerProduct and Eigensystem) to solve the eigenvalue
problems for M2 and M ,- The results are as follows.



@ J = 3/2 (symmetric)

|j=3/2,m=3/2)=U¢ =aaa,

|j=3/2,m=1/2)=U¢, =%(aaﬂ+aﬂa+ﬂaa),

|j=3/2,m=-1/2)=U¢, =%(aﬂﬂ+ﬂaﬂ+ﬁﬂa),

|j=3/2,m=-3/2)=U¢, = BpB .

b j=12

. A 1
|j=1/2,m=1/2)=U¢ —ﬁ(aaﬂ—ﬁaa),

|j:1/2,m:—1/2>:U§6:%(aﬂﬂ—ﬂﬂa),
() j=112

|j=1/2,m=1/2)=Ug¢, =%(aaﬂ—2aﬂa+ﬂaa),

|j=1/2,m=-1/2)=U¢, =%(aﬂﬂ—2ﬂaﬂ+ﬂﬂa).

The corresponding unitary operator is given by
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% O 0 0 0 0 0 O
0 % O 0 0 0 0 0
0 0 —% O 0 0 0 0
00 0 -2 0 0 0 O
00 0 0 % 0 0 O
O 0 0 0 0 —% 0 0
O 0 0 0 0 O0 % 0
o0 0 0 0 0 O —%

These matrices (U*M2J and U*M,U ) can be written as block-diagonal form. It is formed of

(4x4) matrix denoted by the irreducible representation D3, (for j = 3/2) and two (2x2) matrices
denoted by the irreducible representation Dy, (for j = 1/2).

2. Eigenstates of three particles with the spin S =L =1.
We now consider the state of three particles with L =1 (we use L = 1 instead of S = 1).

D, xD,xD, =(D,+D,+D,)xD, =D, +2D, +3D, + D,

The wave function of three particles with S = 1. We consider the 27 states &, &, &, &, ..., &,
&7, which are defined by

S=a®a®a=aaxa,
SE=a®a® pf=aaf,
L=a®a®y=aay,
& =a®p®a=afa,
E=a®@pRpB=aff,
S =a® Ly =afy,
& =a®ya=aya,
SE=a®y®p=ayf,
S =aQy®y=ayy,
$o=P8®a®a=pac,
u=P®a®p=pap,



S =p®a®y = pay,
S =P®p®a=ffa,
Su=PROLRL =P,
Ss=BOLRy=ppr,
S =P®yBa=aya,
Sy =PB®yd[=ayp,
G =B®y®y=ayy,
So=7Q®a®a=yaa,
Sn=r®a®p=yaf,
Sn=y®a®y=yay,
Sn=r®p®a=ypa,
Su=rQLIL=ypp,
Su =y Ly =ypy,
S =y ®y®a=ya,
Sx=r®y®L=pp,
S =V @Yy =yyy,

where

a=|0|=[l=1Lm=1),

p=|1|=[I=1m=0),

1
y=|0|=[I=Lm=-1).
0

These state are not the eigenstates of M2 and M , - We need to find the eigenstates and

eigenvalues of M? and M, where



[M?,M,]=0.

We have the matrices of M2 and M ,as follows. Note that these matrices has a size of 27x27.
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where I:i (i=x,Y, z) is the operator of orbital angular momentum with L =1.
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(identity matrix, 3 x 3)
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We use the Mathematica programs with KroneckerProduct and Eigensystem to solve the

eigenvalue problem. The results are as follows.
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Eigenstates:

3>=U§1 =aaa,

|j=3m

(aafp + afa + pac),

-ug =

|j=3m=2)

L

V15

(aay+2aff + aya + 2 faf + 2 ffa + yaa),

H=U¢g =

|j=3m

(afy +ayB+ Pay + 2866 + Pra + yaff + ypa),

1
o

|j=3m=0)

(ayy +28By +28yB + yay +2yBB + yya) ,

1
V15

3m=-1)=U¢ =

J



[j=3m=-2)=U¢, =%(ﬁ77+7ﬂy+77ﬂ),

[j=3m=-3)=U& =yy.

|j=2,m=2)=U¢, :%(aaﬂ—Zaﬂa+ﬂaa),

|j=2,m=2)=U¢, :%(aaﬂ—ﬂaa),

|j=2,m=1)=U¢, :%(Zaa;/+aﬂﬁ—a7a+ﬂaﬁ—2ﬂﬂa—7aa),
[i=2m=1)=U&, =2 (aff + wa - fefi - yaa),
[1=2.m=0)=U&, = = (apy + 20 - oy + fyc 20~ 1),
[i=2,m=0)=Ué, = (apy + fay - fra~1fa).

[§=2.m= 1) =V, = Qary + By + By~ rer =218~ 7).
[i=2m=-1)=Ués = (B — rf + yar ~ ).
[i=2.m=-2)=Ugy =By -2y + 1),

lj=2,m=-2)=Ug, =%(ﬁ77—wﬁ)-

| j=1m =1> =U¢&, =%(aay—3aﬂﬁ+6aya+2ﬂa,3—3,8,8a +raa) ,



[i=Lm=1)=Ué, = (aay - aff + ffa - raa

1
ﬁ (aay — paf + yaa) ,

li=lm=1)=U¢&, =
[ =1m=0)=Uk, = @by + anf~4fiay + 2008 ~4fyar+ b+ 1),
[1=1m=0)=Us, = (afly ~Sap + 200 -3y + 1),

[ =1m=0)=Us = (cpy - 415 + ),

li=lm=-1)=U¢&, =%(aw—3ﬂﬂ7 + 2B +6yay —3yBB + yyar)

[i=Lm=—1)=Uéy = (ary — Ay + 18~ ).

lj=Lm=-1)=U&, Z%(aw—ﬂyﬂwm)-

[j=0,m=0)=U¢, =%(aﬁ%wﬂ—ﬂaﬂﬂm+7aﬂ—7ﬁa)-

Note that these matrices (U*M2U and U*M,U ) can be written as block-diagonal form. It is

formed of (7x7) matrix denoted by the irreducible representation D3 (for j = 3), two (5x5)
matrices denoted by the irreducible representation D, (for j = 2), three (3x3) matrices denoted by
the irreducible representation D, (for j = 1), and one (1x1) matrices denoted by the irreducible
representation D, (for j = 0),



