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1. Introduction

The quantum-mechanical description based on an incomplete set of data concerning the
system is effected by means of what is called a density operator. Such a density operator was
introduced by von Neumann in 1927 to describe statistical concepts in quantum mechanics. Most
physical systems consist of so many particles, or posses so many degrees of freedom. that it is
impossible to specify completely the state of these systems. Nevertheless, physicists are forced to
make predictions about the behavior of the systems they study from a knowledge of a very small
number of parameters. To this end, one can use statistical methods and introduce representative
ensembles which are collections of identical systems.

The density operator is an alternate representation of the state of a quantum system for which
we have previously used the wavefunction. Although describing a quantum system with the
density matrix is equivalent to using the wavefunction, one gains significant practical advantages
using the density matrix for many physics problem. For a quantum mechanical system there are,
in general, two reasons for statistical treatment: lack of detailed knowledge and the probabilistic
nature of quantum mechanics. The statistical treatment is carried out by means of the density
matrix which takes the place of the ensemble density in classical statistical mechanics. This
operator — as all physical quantities in quantum mechanics, the density matrix is an operator —
can be used to evaluate averages.

2. Definition of density operator
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Fig. Ensemble average. Definition of the density operator

We suppose that the state ket vector of a system is represented by
) =2 calun)
n
for each ensemble, where

Uy |up)=6,n-

We define
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with the matrix element
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where the bar denotes ensemble average; that is, average over all the systems in the ensemble.
Then the density operator o has the following properties.

(a) pr=p. (Hermitian operator)
(b)  Trpl=1.
((Proof))
(lw)=2c, ¢ =20c, ¢ =2 o =Tr[p]=1.
(c) The ensemble average of the expectation of an observable A is given by
(A)=Tr[Ap].
((Proof))
(v Ay} = 2 C{un [ Au,)
= %pnm<um Alun>
= o Al o A,
= > (u,|AAlu,) =Tr[pA]
(d)

We define a new density operator as

where




and U is the unitary operator.

(e) Equation of motion
The time dependence of p is given by

Ld o A
ih—p=-p,H].
i’ [P, H]

This equation is analogous to the Liouville theorem in classical theory.

h=S vl
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= AVl A
= Al -l
1
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=—Hp-pH=——[p,H
o o—p ih[/o ]

Note that this equation of motion is a little different (in sign) from the equation of motion of the

Heisenberg operator AH .

d » | RPN

3. Pure state

P =lwiylviw|=5.

Then we have



This is the definition of the density operator for the pure state.

Av)=lw)vlv)=|v).

Then |y) is the eigenket of /5 with the eigenvalue 1.

*

pnm :Cncm *

4. Mixed state
We consider the eigenvalue problem of p .

b|¢n> = pn|¢n>’
where p, is the eigenvalue and |¢n> is the eigenket of o with the eigenvalue p.
We define the unitary operator as

[¢,)=U]u,),

A

pUlu,)=pU|u,),

or
U pUlu,)=w,|u,).

Then we have

b0 0 0 0
O p 0 0 0

Utpu={0 0 p, 0 0], (diagonal matrix)
0 0 0 p, 0
0 0 0 0 p




under the basis of {|un> }. So we define a new density operator as

= PEING.I= 40| = X i)

where

pn =<¢n ﬁ¢n>

We note that

Tripl=2. P, =1,

Tr[p]= §<un plu,)
= 22 (|2 ue)
—Z Pe{ua | A un)
—;pk<¢k|un><un|¢k>
=2 pddla) =2 =1

Trp’] an -Z P, =1,

since
2
P = Py
The expectation value is given by

(A) =3 p,(4,|Ag,) =Tr[Ap],

since
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For the projection operator, we have

b

P =1 )6

and
Tr(P, A1= Py,
since
Tr[P, pl= Z P2, [P, |4,) = Z PG = Ppy-
5. Example: density operator for the un-polarized light

(a) The pure state
We now consider the density operator of the linearly polarized photon,

A

p=|w)w

, (the pure state)

where |1//> =Cos 9| X> +sin 6?| y> . The corresponding density matrix under the basis of {|X> and

| y> } can be given by



sin@

_ (cos@ ]
p:(, j(cos@ sin @)

cos’@  sinfcosd
sinfcosf  sin’0

_1{1+cos(20)  sin(20)
20 sin(20)  1-cos(26)
P’ can be also calculated as

5 _( cos’ @ sin & cos 9}( cos’ @ sin & cos HJ

sin@cos@ sin’ @ sinf@cos @ sin’ @

_[ cos’ @ sianos@J R

sinfcos@  sin’ @
satisfying the condition for the pure state.
2

Tr[ﬁIX><x|]=Tr[[ cos” 0 Sing""se}{l g]]=coszﬁ=\<X|w>

sinfcos®  sin’@ O

2
»

sinfcos®  sin’d )\O

R 0 infcosd |0 0O .
Tr[p|y><y|]=Tr[[ cos sin@cos J( 1J]:sm 9=‘<y|l/l>

where
<X|1//> = cos@<x| X> + sin¢9<x| y> =cosf,

(y|w)=cosO(y|x)+sin6(y|y)=sinb.

(b)  The mixed state

What is the density operator for the un-polarized light? To obtain it, we take the average of
each matrix element of the density operator in the pure state over &between 0 and 27;



2r 2z
choszédé? LJ‘siné’cosédé?
A 27 275, _l 1 0
Ioun 1 2 2 O 1 *

2r
—Isin&coséd@ LIsinzéde
2 27,

0

which is the density matrix for the un-polarized light.

Since

s 2 11 0)
/Oun_401 pun’

the density operator for the un-polarized light p,, is for the mixed state. The transition from a

pure state into a mixed state is connected with the loss of no-diagonal elements in the density
matrix. The interference terms appear as non-diagonal elements in the density matrix.
We note that

/2 01 0 /2 0
e “”|X><X|]=Tr[(o 1/2](0 oj]zm(o ojzé’

N 1/2 0 Y0 O 0O O 1
T, Y)(y[1=Tr[ o 1ale (NET, )7y



6. Example: the difference between the pure state and mixed state

We consider the state given by

| >_ coséd
Vi= e sing )’

Does the density operator

define a density matrix?

((Solution))

. ( cos’* @ ei"’sin@cosHJ

e sinOcos O sin’ @

Trpl=1,  Trp’l=1,

For any | ;(), we have

(2|8l 2)=|(xlw) =0

So p is the density operator for the pure state.

((Mathematica)
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Clear["Global "] ;

*

exp_ I=
exp /. {Complex[re , im_ ] :» Complex[re, -im]};

_ Cos[eo] .

vl = (Exp[i ¢] Sin[e] )

Y11 = Transpose [¢1]1[[1]];

p = Outer[Times, y11, y11*] // Simplify

[{Cos[6]?, e *?Cos[e] Sin[o] ],
{e!? Cos[e] Sin[e], Sin[6]%}]

o // MatrixForm

Cos[6]2 e t?®Cos[6] Sin[e]
el?®Cos[e] Sin[e] Sin[e]?
p-p // Simplify

[{Cos[o]?, e ?Cos[o] Sin[o]],

{e!?Cos[e] sin[e], Sin[6]?%]}

Trpe] // Simplify
1

Trip-p] // Simplity
1

7. Density matrix of a perfectly polarized spin (pure state)
((Cohen-Tannoudji et al.))

We start with the case of spin S=1/2

where

<y/|§x|y/>=§sin0cos¢,

11



A ho.o.
<l//|Sy|l//>:5s1nt951n¢,

5 h
<l//|Sz|l//>:500st9,

or
AN =§n,
and
A no.
‘{1//|Sl|l//>‘ :Esmﬁ,
where

‘(1//|3’ L|l,z/>‘ is the projection of ‘(1//|S‘| l/l>‘ onto the X-y plane.
The density operator (matrix) p(8,¢), corresponding to the state |+ n> .

P0.9)=ly )| = m
y

eiIE cos— | 4 L
= 4 2le2 cosg e 2 sing
2 2

i7 .
e ?2sin—
2

.0 . 00
COS — e SIN—COS—
2 22

w. 00 0
e siIn—cos— SiIn —
200 2
(P p+_]
P P

The matrix is generally non-diagonal.
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2 6 -2 6
M+ 2 4 - 2 4
—ig : 0 9 ig : 0 9
M- 2 2 4 M-+ 2 2 :

The “populations” p,, and p__ have a very simple physical significance,

0 0 2 /a4
= 2—— i 2—: = —
P.. —P__ =C0s 5 sin 5 cos@ h<5y>,

, 0

P+ P —cos? Lasin? 8 =1,
2 2

The populations are therefore related to the longitudinal polarization.
The “coherence” p, , p_.:

9

.0 0 1. 1 A
|,0+-|:|P-+|:SIHECOSE:551n9:%‘<‘//|&|¥/>
where

Kl//|3‘l|l//>‘:§sin0.

The argument of p, , p_, is ¢, that is, the angle between Kl// |S‘ l|zp>‘ and the X axis. Note that

—+

P’ (0,9) :|+ n><+ n|+n><+ n| = |+n><+ n| =p(0,9),
is a relation characteristic of a pure state.
8. A statistical mixture; un-polarized spin

The only information we possess about the spin is the following. It can point in any direction
of space and all directions are equally probable. The situation corresponds to a statistical mixture

of the state |+ n> with equal weights.
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1

N I L P 2
p=1-J00p(0.9)=— [dg[sinaip(0.9)=| 2
VA 4r 0 0 0

1 27 Vg ‘ . 1 2z V4 ‘ 29
E'[d¢£s1n¢9d0p“(9,¢):ﬂ£d¢£sm9cos Edﬁ

:L27z

ljsin O(1+ cos0)do
dr 2y

:lj(sinmlsinze)de
49 2

1 2z Vg ' . 1 2z T ' ' 29
E!dgﬁ!sméﬁ@pzz(@ﬁ)za!dﬂ;sm@sms Edé’

:L27z

lJ‘sin (1 —cosf)do
dr 2y

:lj(sme—lsmze)de
49 2

[ T ST VT oy f. .0 0
E.([d¢'([51n6d6’p12(0,¢) :E'([e ¢d¢.([51n051n5c0s5d0

=0
So we have
o 1
P —2/3,

So p is the density operator for which a statistical mixture of states. Note that

<§i>:Tr[/5§i 1=Tr[=1$,1= %Tr[éi 1=0.

1s
2
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We again find that the spin is unpolarized: since all the directions are equivalent, the mean value
of the spin is zero,

(8)=(5)=(5)=0.

((Comment))

(1) The coherence ” p, and p_, are related to the transverse polarization <S’ l> of the spin.

Upon summing the vector <S‘ l> corresponding to all (equiprobable) directions of the x-y

plane, we obviously find a null result.
(i1) It is impossible to describe a statistical mixture by an average state vector.

We assume that we are trying to choose  and Bso that the vector is given
|w)=al+2)+ Bl-2),

with
of* +1° =1,

represent an unpolarized spin, for which

s\ _h( . (0 IYea) n . .
(8,)=3a ﬂ{l O](ﬂ}g((xﬁWﬂ):O,

s\ A« o0 —iYea) A . .
(8,)=3 ﬂ{i OJ(ﬂ]=E(aﬂ—aﬁ)=0,

and

R iy N1 O0Yea) B . *
(s,)=3la ﬂ)(o _J(ﬂ]=5(aa—ﬂﬁ)=o.
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Then we get
2 > 1
«p=0. | =|p -3
Thus we cannot find « and £ so that <§X> = <§y> = <§Z> =0.

9. Mixed state: another example of a statistical mixture
We could imagine other statistical mixture which would lead to the same density matrix.

(1) A statistical mixture of equal proportions of |+ Z> and |— Z>

A_1|+Z><+Z|+1|_Z><_Z|_1 1 0) 10 0Y_1(1 0
P=y 2 210 o) 2lo 1) 2l0 1)

(i) A statistical mixture of equal proportions of |+ n> and |— n>

p =2 () nl+|-n)-n)
:li=1[1 0]
2 210 1

Since all the physical predictions depend only on the density matrix, it is impossible to
distinguish physically between the various types of statistical mixtures which lead to the same
density matrix.

We note that

Trip, 1=Trip, 1=Tr[p,’ 1= % (mixed state)

10. Mixed state: Spin 1/2 in the thermodynamic equilibrium in a static magnetic bfield

16



The spin of the electron has a magnetic moment (spin magnetic moment) as

~ 25 &
g,
A 7

where S is the spin angular momentum. The spin Hamiltonian in the presence of a magnetic
along the z axis is

H :—ﬂS-B:a)0§

z z°

where

e

), .
* mc

(Larmor angular frequency)

The eigenvalue problem:

A

H +z>:h§)°&

z

+2)="2 )1 2),

A

H —z>:ha)° 5

26|~ 2)=-"2|-2).

The system is in the thermodynamic equilibrium at T. We can assert that it has a probability

—exp(— haoy ), of being in the state |+ Z>, and
VA 2k T

1 hao, o

—eX , of being in the state |—2),

VA p(ZkBT) 8 | >

where Kg is the Boltzmann constant and Z is the partition function is defined by

hav, )+ exp( hao, ).

Z =exp(—
Pt 2k, T

We have another example of a statistical mixtures, described by the density matrix

17



haw,

5 1 exp(— H,T ) 0
z 0 exp! 2hk”B’OT )
with
pPrED.

The non-diagonal elements are zero. We note that
($,)=Tr148,1=0,

($,)=Tri48,1=0,

2 A h ho, ho, h ho
S,)=Tr[pS,]=—[exp(———) — exp(+ —)] = ——tanh :
(8.) = TrLA8.1 = 7 lexpl—y ) =exply 2] == tanh( )
Since tanh(2k T) <1, this polarization is less than the value 5 which corresponds to a spin
B

which is perfectly polarized along the z axis. “Partially polarized along the z axis.

11.  Example: Cohen-Tannoudji
Quantum Mechanics Chapter 4 exercise (4-4)

A beam of atom of spin 1/2 passes through one apparatus, which serves as a "polarizer"
in a direction which makes an angle 6 with Oz in the xOz plane, and then through
another apparatus, the "analyzer," which measures the S, component of the spin. We
assume that between the polarizer and the analyzer, over a length L of the atomic beam,
a magnetic field By is applied which is uniform and parallel to Ox. We call v the speed
of the atoms and T =L/v the time during which they are submitted to the field By. We

set @, =—)B,.

a. What is the state vector |y/1> of a spin at the moment it enters the analyzer?

18



b.

C.

Show that when the measurement is performed in the analyzer, there is a

probability equal to %[1+cochos(a)0T)] of  finding +§ and

%[1 —cosdcos(w,T)] of finding —% . Give a physical interpretation.
Show that the density matrix p, of a particle which enters the analyzer is written,

in the {|+ Z>, - Z> } basis:

o1 ( 1+cos@cos(w,T)  sin@+icosOsin(a,T )j
2

sin@—icosdsin(aw,T) 1 —cos@cos(w,T)

Calculate Tr[/51§x], Tr[ﬁl§y] , and Tr[/31§z]. Give an interpretation. Does the

density operator p, describes a pure state?

Now assume that the speed of an atom is a random variable, and hence the time T
is known only to within a certain uncertainty AT. In addition, the field By is
assumed to be sufficiently strong that @,AT >>1. The possible values of the

product @, T are then (modulus 27) all values included between 0 and 2w, all of

which are equally probable.
In this case, what is the density operator p, of an atom at the moment it

enters the analyzer? Does p, correspond to a pure case? Calculate the quantities
Tr[ﬁ2§x], Tr[,b2§y] , and Tr[p,S,]. What is your interpretation? In which case

does the density operator describe a completely polarized spin? A completely
unpolarized spin?

Describe quantitatively the phenomena observed at the analyzer exit when
w, varies from zero to a value where the condition w AT >>1 is satisfied.

((Solution))

(a)

COS—

3 2| o0 . (9_ _
|+n>— o —c0s5|+z>+smg| Z> att=0.

sin—
2

The Hamiltonian is given by

19



Time evolution operator:

ly(t=T))= exp(—% HT)|+ 1)

= exp(—% 0,6, T )| + n>

@, oNl 0

cos —isin cos—

_ 2 2
..l @, T . 0
—isin cos sin—

@, T

0 ol .. .
COS—COs—— — I sin—-sin

. 0. ol .0 ol
~icos—sin=—+sincos

Note that

eXP(—1-0,6,0) = exp(— 0,801+ X){# x|+ [ X)(~x)
— e 2™ x)( x|+ 2| x)(=x))

Uge > |+ 2)(+2|+e2" |- 2)(- U~

where

20



with

Then we have

(b) Density matrix for the pure state

|w(t=T>>=(;],

where

0 ol .. 0. ol
Q = COS—COS —isin—sin ,
2 2 2
L =-i cosgsin @1 + singcos @1 :
2 2 2

We define the density matrix for the pure state as

;31=|w<t=T>><w(t=T)|=(;J(a* ﬁ*)=[2‘?ﬂ ;ﬁ*j,

where
P, =aa

2 @, T
2

0 Lol . ,0 .
= Cos ECOS —— +sin” —sin

= %[1 +cos & cos(w,T )]

21



p._=aff

.0 0 . . @,T @, T
=sin—cos—+1icosfdsin ——cos——
2 2 2 2
= %[sin 6 +icos@sin(w,T)]
:ﬂa*
:singcosg—icosﬁsinﬂcosG)OT
2 2 2
= %[sin 6 —icos@sin(w,T)]
=pp
yo,1 . .0 ol

, 0 . A )
=c0s” —sin” ——+sin” —cos
2 2 2

= %[1 —cos @ cos(w,T )]

Of course, we have

A

P = /31 >
from the definition of

Ay =lwt=T))p(t=

for the pure state.

(S)=Tr1a:S,]

Sl o0 o)

%)
2 \Bp
n
2

=§(aﬂ iy ﬂ)— siné

22



(,)=Tra8,]

iTr[(“?* “ﬂ:J[(.) _i]]
> Na'p g li 0

JTr[C“*ﬂ* ‘?“f‘*}]
2 g g —iap

= ig(aﬂ* —a' B)= —%cos@sin(a)oT)

T “@ “ﬂiJ(l 0]]
B ppN0 -1

n
2

lm[“f‘* _“ﬂi]]
2 \a'p -

= g(aa* - BB )= gcos &cos(w,T)

(d) The possible value of the product 7 =@, T are all values included between 0 and 2,

all of which are equally probable.

R 1 zfd o1 1 sin@
= — ’Z' [ gp—
P2 27 P 2(sin@ 1 )

with
T=w,l .

Note that
27 27
Idrsin(f):O, Idrcos(r)zO.
0 0

Then we find that
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L2 I 1 sm@) 1 sind
P ~ 4(sin® 1 sin & 1

1(1+sin*@ 2siné A
= . .2 # 0
2sin@d 1+sin” 6

4

Therefore p, correspond to the mixed state case.

($,)=TrA,8,]

) 1 sind) 0 1
=T ]
4 (sm@ 1}(1 0)
in& 1
L R
4 1 siné

=—sinf
2

($,)=Tr1p.8,]
h ( 1 sin@]{O —ij
=—Tr[| . . ]
4 sin@ 1 i 0
=EWQ”@9 .fiJ]
I —1sind

4
0

(S.)=Tr1p.8,]

) 1 sind\1 O
=—Tr[| . ]
4 sin@ 1 0 -1

) 1 —sin@
=—Tr[| . ]
4 sin@ -1

=0

12. Eigenvalue problem (formulation)
Suppose that the density operator can be described by

ﬁ:Zpi|ai><ai

3
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under the basis of {|ai> }. |ai> is the eigenket of o with the eigenvalue p;.
=2pifa)(aa)=2pfa;)s = pla).
J
Here we choose the basis {|bi > }, where

|a,)=U

b). |a)=U

b,).

where

U =UZ|bi><bi|=ZU|bi><bi|=Z|ai><bi ’

{b|a)=(b U[b)=U

The matrix element under this basis is
(b |Aby) = Z pi(b [a;)(a [by).

The eigenvalue problem:
pla)=pia;).
2§<k"hXbJaJ==ﬂ<m|%>-

Since

<bl|ai>:UIi’
Y

b, >U“ =pU,, (eigenvalue problem)
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P Pn P (Y U,
P Py - - - -+ Py ||Uy U,

= pi . )
pnl pnz s pnn Uni Uni

lb:zi: pi|ai><ai|:izpiu|bi><bi p+ :U(Z pi|bi><bi|)0+'

13.  The use of Mathematica for the calculation of the density operator
We use the following Mathematica program for the calculation of density operator.

(1)
TrA].
(i1)
|W1 ><‘//2| .
(a)
w, .Transpose[y, ]
when
1 bl
2 bZ
|'//1> = ) |'//2> =
an bn
(b)

26



Outer{Times, ¥,y ] - v iy |

when |l//1> and |l//2> are given by

|‘//1>:(a1 a - - - an)’ |‘//2>:(b1 bz oo bn)

(iii)
KroneckerProduct[ v/, y, ] | v, > ® | l//2>

(iii)  Eigenvalue problems
Eigensystem
Orthogonalize
Normalize

Suppose that the matrix of p is given in the form of n x n matrix. We solve the eigenvalue

problem of the matrix of p using the Program "Eigensystem".
Eigensystem[ p ]
Suppose that there are n eigenvalues and the corresponding normalized kets.
W; |gyi> (i=1,2,.,n).
where
ilwy) =5y
Then we have the diagonal form of the density operator as

/3:/32|‘//i><‘//i |:Z/3| ‘//i><‘//i |=ZWi|‘//i><‘//i

3

using the closure relation (completeness).

14. Example: eigenvalue problem
The density matrix (2 x 2 matrix) is not diagonal.
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p=2{) T )ate sl al-raal-l- e,

Note that
P =p,
TrA*1=Trip]=1,
satisfying the condition for the pure state.

Eigensystem[ o ];

Eigenvalue Eigenket

=1 =g 10

(s

W, =0 |(//2>:

-

Then we have

p=pw )y | +[w:)(w. )
= W1| ‘//1><‘//1 | + W2| l//2><l//2 |
= W1| '//1><W1|
=[=x)=x|
15. Density operator for the spin 1/2 system

((L.I. SchifY))
In general the density operator for the spin 1/2 system can be described by

ﬁ:(p“ plzj:ai+ad'x+,6&y+}/6'y:l[a+7/ a—iﬂ]
P P 2 2\a+ip a-y

where a, a, £, and yare real numbers. Since Tr[p]=1, we get
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or
a=1.

Then the density operator can be rewritten as

ﬁ:ﬁn:%i+%w/a2+ﬁ2+y2 @ 5 B

( o, +
\/0{2+,82+7/2 \/0{2+,82+7/2

=%[i+w/a2 + B2 +y7(6-n)]

with
|n| =1, (n: unit vector)
and
_ a b 4
n_( 2 2 2’ 2 2 2’ 2 2 2)'
\/a +pB +y \/0{ +pB +y \/a +pB +y
Note that
[)221 a’+ By +1+2y 2(a—ip)
4 2a+ipf) ar+ B+ +1-2y)

For the pure state, we have
P =p, or  Tr[p*]=Tr[p]=1,
leading to the relation
a’l+ B+ =1.
Then the density operator for the pure state is
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~

1 -
=—(l+0-n).
P 2( )

16. Comment on the density operator for the pure state
The density operator for the pure state can be described by

v [l 577*}
Poue =W )(V| [é*n o )

where

y=gfra)ert-2)=[ £
with

4 +laf =1

We note that

2 . .
n I+n n, —in
ﬁpure = |(:* (:772 :l(l_"&'n):l( : ! y)’
En |77| 2 2{n, +1n, l1-n,

or
n,=¢&n+én, n,=-i(&n-¢n),
n, =2 ~1=1-2[".

The expectation values of spin components are given by

W[6.ly)=Tr(6,p,) =5 Tr(6,(+6-m] = THG,(6 - m] =n,,

. N P, |
(v|6,|w)=Tr(6,p,) = ETr[ay (1+6-n)= ETr[ay (6-m)]=n,,

30



(w|6,|w)=Tr(6,p,) = %Tr[a‘z (+6-n)= %Tr[a‘z (6-m)]=n,,
where

Tr6,6,1=Tr[6,6,1=0,  Tr[6,6,1=Tr[5,6,1=0,

Tr[6,6,1=Tr[6,6,1=0,

Tr6, 1=Tr[8, 1=Tr[6,']1=2.

Then we have

. 0 1 . :
R W MRS

NO —i) <
I 0 A\n

A

Oy

v)=(& 7 —SiEn-&n)=n,,

(v

* * 0 2 2 2 2
wlod)= oy 2]kt -t =t 112 =

17. Density operator: the Bloch-sphere for mixed states

We discuss the general case (both the pure state and mixed state). For convenience we use
a=r,, ﬂ:ry, y=r,.
An arbitrary single qubit density operator can be written as

1+, rX—iry

S - IS S B 2
p—2(1+rxax+ry0'y+r20'2)— rX+iry 1or ,
2 2
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where r = (r,,r,,1,) is an arbitrary real vector of length |r|<1. We see that

Trp]=1.

We calculate
IO |
Tr[p ]=5(l+r-r),

When |r| <1, p is the density operator of a mixed state. When |r| =1 (i.e., the points are on the

surface of the Bloch sphere), p is the density operator of a pure state;

T ]=1.
Trp]=1,
<0X>=Tr[,55'x]:rxa <Gy>=Tr[/3&y]=ry’ <UZ>=Tr[/56-Z]:rZ
~ 1 1
Tr[(+ X)(+ x)5] = +2r* T XY= x]pl= er ,
1 1-
Tr[(+ y)+ y )= +Tr LT y)-ypal= 2” ,
. 1 . 1-
(| + 2)(+ 2])p] = *2” . Tr(-2)(-2)p) = 2” ,
((Mathematica))
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Clear["Global *"];

expr_* =
expr /. Complex[a , b ] Complex[a, -Db];

01\. . (0 -i\. _ (1 0}).
"X‘(l o)"’y‘(i 0)"’2‘(0 -1)’
10)
01

El = ( ,
El+rxoX +r rz oz
po = +IXo +2y°y+ % ;/simplify

{{1—+rz 1

5 5—(rx-airy)}, { (rx+1ry), 1-ér2}}

NI

1 1
yxp = — {1, 1}; yxn = — {1, -1};

2 V2
by = —— (1, 8} dyn = — (1, -i}; ¥zp = (1, 0}
y = - ,Il.; = — ’_n; 7 = , ;
V2 V2
l _
yzn = {0, 1};ox=(§_) O);Gy=(g 011);
1 0.
°Z=(o -1)’
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Axp = Outer[Times, ¥xp, ¥xp*] // Simplify;
Axn = Outer [Times, yxn, ¥xn*] // Simplify;
Ayp = Outer [Times, yyp, ¥yp*] // Simplify;
Ayn = Quter[Times, yyn, yyn*] // Simplify;
Azp = Outer[Times, yzp, ¥zp*] // Simplify;
Azn = Outer [Times, ¥zn, ¥yzn*] // Simplify;
Tr[ox.p] // Simplify

rx
Trioy.p] // Simplify
ry
Tr[oz.p] // Simplify

rz

Tr[Axp.p] // Simplify

1+rXx
2

Tr[Axn.p] // Simplify

1-rx
2

34



Tr[Ayp.p] // Simplify
l+ry

2
Tr[Ayn.p] // Simplify
1-ry

2
Tr[Azp.p] // Simplify

1+rz
2

Tr[Azn.p] // Simplify

1-rz
2

18. Interpretation of the density matrix elements
What is the probability to find the qubit in the state |+ z) when it is described by a density

matrix p?
l+r, r,—ir,
[)zl(i+rx&x+ry&y+rz&z): 2 2 :(p“ Puj.
2 hotty 1-1 P Pxn
2 2

The projection operator:

L Y ST T bl

The probability to find the qubit in the state |+ z) is

N
F)+ :Tr[P+p]: 2 :pll'

The probability to find the qubit in the state |- z) is
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] “ =P,

0>
Aol

P =Tr[

\S]

with
P.+P =p,+py=1.
So the probability to find the qubit in a certain state is given by the diagonal elements.

19. Bloch sphere picture
The Bloch sphere is a geometrical representation of the pure state space of a two-level
quantum mechanical system (qubit). The north and south poles of the Bloch sphere are typically

chosen to correspond to the ketvectors and |+ Z> and |— Z>, respectively, which correspond. to
the spin-up and spin-down states of an electron. The points on the surface of the sphere

correspond to the pure states of the system, whereas the interior points correspond to the mixed
states.

| +z2>-i| -z>

V2

y | +z>+i| -z >

V2

| +2>+| -2
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J

= Ny

T

nim)
il
i

1>

r| =1 and the vector r pointing from the origin to a point on the sphere.

Bloch sphere,

P _ 0 Cos—
|1//>:|+r>:cos—|+ Z>+e'¢sin—|—z>= 2 |,
2 2 e’ sing

r=(r,r,.r), (called the -).

r,=Tr[p6,]1=(v|6,|w)=sinbcosg,

r, =Tr[p6,]= <1//|6'y|l//> =sin@sing,
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r,=Tr[pG,]= <l//|&z|w> =cosd.

The density operator (pure state) is defined as

cos’ (g) le’i"j siné
2 2

b

p=lw)iw|=
Leiwging sinz(g)
2 2

where

cos’ (Q) Leitging
2 2

| . 5.0

~e“sin@  sin’*(—)

2 2

Pauli spin matrix representation of the density matrix is given by

A~ 1A ~
=—(+r-0).
p =7 )

((Example-1)) Plot the density matrix state p = %[|+ Z><+ z | + |— Z><— Z|] in the Bloch sphere.

((Solution))
.~ 1 (1 O
p=qletivalsl-ai-2i=3( 1),
Tr(56,) =0,
Tr(p6,) =0,
Tr(ps,)=0.

The corresponding point of the Bloch sphere is the origin (0, 0, 0).

((Example-2)) Plot the density obtained by averaging
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cos? (4 le*i”j sin @
2 2

p= ,
le”j sin@  sin’ 0
2 2

over ¢ with a uniform probability distribution in the interval [0,27].

((Solution))

Tr(56,)=0,
Tr(56,)=0,
Tr(pd,)=cosf.

Then the corresponding point of the Bloch sphere is the origin (0, 0, cosé).

((Example-3)) The average <6' : n>

We evaluate the average <6’ . n> using the density operator,
. A 1 - A A
(6-n)=Tr[p(6-n)] =Tr[5(l +r-6)6-n).

Noting that

(r-6)n-6)=(r-ml+i¢-(rxn), (formula)
we get

<6'-n>:%Tr[&-n-i-(r-n)i—i—i&-(rx-n)].
Since

Trle-n]=Tr(6)-n=0, Trle-(rx-n)]=Tr(¢) - (rx-n)=0,
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we have

(6-n)= %(r -m)Tr[1]=(r-n).
((Example-4)) Pure state p = %(IA +r-6)

. 1 -

0’ =—(+r-6)=(l+r-6

pr= )5 ( )
=%[i+r-6'+r-6'+(r-6')(r‘6')]

:%[i(l+r-r)+2(i"6')+i6"(”><")]

:%[i(1+r-r)+2(r-6')]

Tr[p*] = %Tr[i(l +rr)+2(r-6)]

1 2
=—{+r
2( )
Whenr=1 Tr[p*]=1; (pure stae).
When r<1 Tr[p’]<1: (mixed state)

20. Poincare sphere picture
Adopting a basis set {|R> ,

photon of any polarization can be represented, within an overall phase by the superposition

L> }, representing right- and left-circularly polarized photons, a

|1//> = cos§| R> +e" sin§| L> ,

where the angles @ and ¢ define the point on the surface of the unit sphere (the Poincaré sphere)
whose south and north poles represent the states |L> and |R> , in analogy with |— Z> and |+ Z> in

the Bloch sphere, respectively.
Ri=z(x«iy). [D==0=ily).
V2 V2

The orthogonal horizontal and vertical linear polarizations are given by
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1 1
H)=— (R, and V) =—(R)+ L),

respectively. They appear at diametrically opposite points on the equator. An incoherent
polarization state is represented by a point within the Poincare sphere. For a pure photon state,
the density operator can be expressed by

.1
=—(+s-0),
p =7 )

where Sy, Sy and S, are called Stokes parameters.

s, =Trlpo,], s, =Tr[po,], s, =Tr[po,].

21.  Example-I: eigenvalue problem
We consider the density matrix given by

b=

2

34 1/4) 3 . 1 1
[1/4 1/4j_Z|+Z><+Z|+Z|+Z><—Z|+Z|—z><+z|+Z|+z><+Z

under the basis of {|+ Z>,

— z> }. This matrix is not diagonal. We now try to find the new basis

under which the new density of matrix is diagonal. In order to do that, we need to solve the
eigenvalue problem using the Mathematica.

The eigenvalue problem.

lvi)=Ul4). lv.)=Ulg,),
2442 _ (092388
fy== 5 = 085355, |l//1>_(0.382683}
22 _(-0.382683
Jy= = = 0146847, I%>—( 0.92388 J

n 0.92388  0.382683
—0.382683  0.92388 )’
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ﬁnew = u JrﬁoldL’j
~(0.853553 0
- 0 0.146447

=0.853553y, )(w,| + +0.146447)y, )w, |

22. Example-11: eigenvalue problem
We consider the density matrix given by

3

. 1/2 1/2 1 1 B 1, 1
p_(m 1/2j_2|+z><+z|+2|+z>< 2|+ L] L2

under the basis of {|+z), |- z) }. This matrix is not diagonal.

A

P =p. (pure state)

We now try to find the new basis under which the new density of matrix is diagonal. In order to
do that, we need to solve the eigenvalue problem using the Mathematica.

The eigenvalue problem.

_2),

w)=Ulr2).  J)=U

1 (1
el

1 1
2 2
/5|l//i>:2’||l//i>a
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or
p = 2w )W [+ w2 )wa D = Alw v | =[va ) v | =+ x)(+ x].
which is the density matrix for the pure state.

23.  Example-111: |x) representation

The probability of finding the system in the quantum state represented by the state vector | ;()

(of norm unity) is
P(x)=TrlA| x){ x|l
Pure state in the |x> representation.

p=lw)ivl

The probability of the system at the position Xx:

P(X) =Tr[p(

})(xD1= [ dx (x[2[x){x]x) = (x|]x) = (x|

We consider a system which is in either a coherent, or incoherent (mixture) superposition of two

momenta |k> and |—k>

(a) Coherent superposition
)= (k)< |-K).
V2

p=|w)iy|
— LK)+ =KD+ (k)

— LK+ YK+ =K+ k)]

and
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P(x) =Tr[p|x)(x]]

= LXK )+ ) (k) xR )

Using the transformation function,

1 ikx
<X|k>:ﬁek ,

we have
1 i2kx —i2kx 1
P(X)=—(2+e"" +e"7)=—/1+cos(kx)].
4 2
(b) Incoherent mixture
.1
b= 1kHK[+] KK

P(X)=Tr[p

X)X
— K[+ (x| K)(K |- X

24, Kronecker product

A classical bit of information is represented by a system that can be in either of two states, 0, 1.
At the quantum mechanical level, the most natural candidate for replacing a classical bit is the
state of a two-level system, whose basic components may be written as

)=o) -0 vl =[ 1=

This is the so-called quantum bit of information, or, in short, a qubit. Here we define the
combined state of two qubits as

|l//1> ® |l//2> = KroneckerProduct[y/,, v, ]
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Then we have

1 0 0
0 1 0
0)@[0)=| |- loelh=| | DEIURIINE
0 0 0
0
0
D®|1) = ol
1
1 0 0O 0 0 0O
0 0 00O 01 00
0 0 00O 0 0 0O
0 0 0O 0 0 0O
0 0 0O 0 0 0O
0 0 0O 0 0 01

25. Calculation of density operator by Mathematica

A classical bit of information is represented by a system that can be in either of two states, 0,
1. At the quantum mechanical level, the most natural candidate for replacing a classical bit is the
state of a two-level system, whose basic components may be written as

)=o) -1 vl =[ 1=

This is the so-called quantum bit of information, or, in short, a qubit.
The Kronecker product:

|1//1> ® |1//2> = KroneckerProduct[ v, ¥, ]

Then we have
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— O O O

o>®o>[

0)e]1)-

S — O O

S O — O

[1)®[0)=

S O O -

1>®1>{
o>®o>><<0®<o{

S O O O

S O o O

S o o O

— O O O

b

0 00O
1

0 00O

0 00O

o>®1>><<0®<1[

0 000

0 000
0

0 000

1>®0>)(<1®<0{
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0 0 0O
meleil=|; o o o
0 0 01
((Example-1))
H=f+2)+2), 2)=|+2)|-2),.
3=l +2). 4)=-2)|-2),

where the index 1, 2 denote the particle number.

(a) For the state defined by

0
1 1|1

)= 0-1=- ||
0

the density operator (the pure state) is given by

0O 0 0 0
. 110 1 1 0
pa:|l//a><l//a|:§ 0 —] 1 0 :

0O 0 0 O

(b) For the state defined by

1

0
1 1

= (2= | |
0
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the density operator (the pure state) is given by

0 0 0O
. 110 1 1 0
ps=|‘/js><‘/js|:E 011 0 .
0 00O
26. Example

We consider the density operator (4x4 matrix) in the Hilbert space.

P :%(1—5)& +£(]0)®|0))((0|®(0]),

where ¢ is a real parameter (0<e<l). We examine the property of the density operator.

Pt A S S
4
0 177‘9 0 0
P= 1-¢
0 0o —=2 0
4
0 0 0 1__‘9
4
Thus
0" =p,
. 1437 .
Trip° 1= YR Trip]=1

For 0<e<1, we have
0<Trp*]<1,

which means that the system is mixed.
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27. Problems and solutions (related to the density operator)
A. Example-1

A spin-1/2 particle is in the pure state |1//> = a| + Z> + b| — Z>

(a) Construct the density matrix in the S, basis for this state.
(b) Starting with your result in (a), determine the density matrix in the Sy basis where

1

=g rasl-2).  -x)=(+2)-|-2).

(c) Use your result for the density matrix in (b) to determine the probability that a
measurement of Sy yields 7/2 for the state |l//>

((Solution))

|l//> = [aj , under the basis of {|+ Z> , |— Z> }

We define the unitary operator as
[+x)=Ul+2),  [-x)=U|-2),

with

(a)

) al . ..\ [(aa ab’
pz=|w><l//|=(bJ(a b ){a*b bb*]’

—X>}

under the basis of {|+ X> ,

(b)
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p,=U"pU
_L[l ljtaa* ab*ji(l lj
V20 —1lad bbb )2l1 -1
1 (1 1 j[a(a* +b") a@’ —b*)J
21 —-1)\b(a"+b") b@@ -b")
1 ((a+b)(a* +b") (a+b)@ —b*)J

“2((a-b)a +b") (a-b)a +b")

The projection operator

I5X=|+X><+X|:[(l)j(l °>:(3 8]

under the basis of {|+ X> , |— X> }+. Then we have

5 ; _(1 0]1 (a+b)@a +b") (a+b)ya -b"
0 0)2l(a=by@ +b") (a—by@ +b")

1 ((a +b)@ +b") (a+bya - b*)J

2 0 0
and
A A l * *
Tr[P.p, ] :E(a+b)(a +b)
((Mathematica))
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Clear["Global *"]; oX = (g é) ¥z = {a, b};

yzCe = {a*, b*}; pz = Outer[Times, ¥z, yzC];
pz // MatrixForm

(aa* ab*)
ba* bb*
1
U=—— (i _11); UH = Transpose[U] ;
V2
pX =UH.pz .U // Simplify; px // MatrixForm
—; (a+b) (a* +b*) —; (a+b) (a* - b*)
—; (a-b) (a* +b*) —; (a-b) (a* - b*)

Px = Outer[Times, {1, 0}, {1, 0}71;
Tr[PXx.pX]

12' (a+b) (a*+b*)

B. Example-2
Given the density operator

1

p= gl afol-al-al-l-eal-fe 2= |, 7,

construct the density matrix. Use the density operator formalism to calculate <SX> for this state.

Is this the density operator for a pure state? Justify your answer in two different ways.

((Solution))
L1 I -1
P=olr 1 )
T p*1=Trp]=1, (pure state)
Al h
Tr[pS, ]1=——.
(P51 5
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((Mathematica))

. N a0 1),
Clear["Global %"]; Sx = > (1 O)’
p:

1 _
5 (Quter[Times, {1, 0}, {1, O}] +

Outer[Times, {0, 1}, {0, 1}] -
Outer[Times, {0, 1}, {1, 0}]
Outer[Times, {1, 0}, {0, 1}1)

SESETIERET Y

p.p-p // Simplify
{{0, 0}, {0, O}}

C. Example-3
Given the density operator

9

.~ 3 1
p=2 s sz 42

construct the density matrix. Show that this is the density operator for a mixed state. Determine
(Sy)s <Sy>, and <SZ> for this state.

((Solution))
L 130
P 40 1)
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TMp=2 <L,

A 0 1
O
211 0

<Sx> :Tr[éx:b] =0,

h

(8.)=Tr(S.p1=

((Mathematica))

(mixed state)
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Clear["Global %"]; SX:Z (2 é) ; Sy
h
2= (é -01);

3
o = " Outer[Times, {1, 0}, {1, O}] +

1
:1 Outer[Times, {0, 1}, {0, 1}]

D.

Example-4

Show that

where

N | —

p=

54
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cosE sinE
R I = B R
e’ sin— —e'’ cos—

2 2

((Solution))

L1 110
po=glsaeall-2i-ah =3[ )

R 1 1{1 O

po=Semenl+l-alia=1[ ) 1)
Then we have

ﬁn:ﬁz7

Tr[p*]= (for mixed state)

N | —

((Mathematica))
Clear["Global %"7];

expr * :=expr /. Complex[a , b ] = Complex[a, -b];

von = {cos[~ . Expa o1 sin[~ ]}

ymn = {Sin[—Z] , —EXp[i¢] Cos[g]};
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E. Example-5
Find states |l//1> and |l//1> for which the density operator

3

.~ 3 1
p=2le2)rzl+ Loz

can be expressed in the form
A ALl
P 2 2

((Solution))

Assume that

ﬁ
v)=he2e i< 7 |
2

V3
)= S ea)-1l-2)=| 2 |
2

Then we have
51 |W1><W1|+—1 |1,//2><1//2|:—3 |+ z><+ z|+—1 |—z><—z|
P=5 2 4 4

with

Trip]=

0 | i

56
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((Mathematica))
Clear["Global %"];

*

expr_* = expr /. Complex[a_ , b ] Complex[a, -b];

V3 1 VT
tl/1={—2, —2}:tﬁ2={—2, ——2}:
p:

1 1
—2 Outer[Times, y1, y1*] +—2 Outer[Times, ¥2, y2*] //
Simplify
: 1
{(3-00 [o. 1}
Trip-pl]
S
8

F. Example-6
The density matrix for an ensemble of spin-1/2 particles in the S, basis is

1
. | = n
p=| 4 :
nop

(a) What value must p have? Why?
(b) What value(s) must n have for the density matrix to represent a pure state?
(c) What pure state is represented when n takes its maximum possible real value? Express

your answer in terms of the state |+ n> given by

COS—

2
0l

|+ n) =
e' sin—
2

((Solution)) Here we assume that n is the complex number,

(a)
n=a-+ibh,
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R 3
Tr[p]=p+_=1’ pz_a
4
(b)
A2 5 2 2
Tr[p ]=§+2(a +b%)=1. for the pure state
In=+a*+b’ :?.
(c)
cos—
[+m)=| 2 |,
e' sin
coszﬁ —e’sind
p=|+n)+n|= 2
—e’sinfd  sin’—
So we have

a+ib=%e_¢sin0.

When b=0, ¢=0. n is a real number.

1 V3

a=—sinfd=—-,
2 4
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sinf = 73 leading to the value of fas € = % or 0=—.
Here we note that

l, or cosH:—l.
4 2

((Mathematica))

Clear["Global "] ;

*

expr_* z=expr /. Complex[a , b ] :» Complex[a, -b];

( 2 a+ :I'l.b]

o= 4

a-1b p
{{3.a+ib}, (a-ib, p}

eql = Solve[Tr[p] =1, p]
3

((p-2))

p-p/.eql[[1]] // Simplify

1 , , 9
{{E +a2+b2, a+11b}, {a—lb, E +a2+b2}}

eq2 =Tr[p.p] /-eql[[1]] // Simplify

S 242,212
8
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eq2l = eq2 /. {a® » x - b%} // Simplify

5
— +2X
8

Solve[eq2l == 1, Xx]
3

(xo 2]
e e

Yypn = {Cos[—z] , EXp[1 ¢] Sln[a]},

pn = Outer[Times, ypn, ypn*] // Simplify

9]2 1

_i - 1 i = H 042
eos 1%, et smmior). (3 et singen. sin(2)7)

G. Example-7
Show that the Curie constant for an ensemble of N spin-1 particles of mass m and charge q =
-e immersed in a uniform magnetic field B = Bk is given by

2
C_ 2Nu ’
3kg
geh . . : .
where p=——. Compare this value of C with that for an ensemble of spin-1/2 particles,

((Solution))
The magnetic moment is defined as

)2 S
fi

fi=-

The magnetic moment is antiparallel to the spin angular momentum. The Hamiltonian H is
given by

A= B=pB, = 2B,
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H 1,m>=g“TBB°§Z 1,m>:g"TBB°hm 1,m) = g, Bm|L,m) = E,m|L,m).
The energy eigenstate energy eigenvalue
I,m= 1>, Eo (the magnetic moment is antiparallel to B).
Lm=0), 0
Im= —l> , -Eo (the magnetic moment is parallel to B)

((Solution))

Clear["Global "] ;

expr_ * = expr /. Complex[a , b ] :» Complex[a, -b];

ypl = {1, 0, 0}; O = {0, 1, O}; yml = {0, O, 1};
100

00 O J;

00 -1

Sz =~h

rulel = {Z1 - EXp[BEL1l] + 1 +EXp[-BE1l], E1l -» guBBO};

p =
1
Z1
Outer[Times, ¢y0, yO ] +
Exp[B E1] Outer[Times, yml , yml]) //
FullSimplify

S5 0- 0} (0. 55+ 0} {0, 0. 7))

(EXp[-B E1] Outer[Times, ypl, ypl] +

g uB o
M=-—— NLTr[Szp] // Simplify
h

e ElA (—1 + <e2E15> g N1 B
Z1
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ML=M//- rulel // Simplify

(-1+e2B095:8) gN1 1B
1+eBOgBuB +e280g5u8

X
M2 = M1 /. {Boam}

(-1+e®X) gN1LB
2X

1l+reX+e

M3 = Series[M2, {x, 0, 2}] // Normal

2
— gN1xuB
39 M

M4 =M3 /. {Xx->guB BBO} // Simplify

2
3 BO g% N1 3 uB?

H. Exmple-8
An attempt to perform a Bell-state measurement on two photons produces a mixed state, one
in which the two photons are in the entangled state

X, X) +

1
ﬁ[ y.¥)l,

X, X> and

y.Y) .

Determine the density matrix for this ensemble using the linear polarization states of the photons

with probability p and with probability (1—p)/2 in each of the states

as basis states.

((Solution))
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)= g5l

X)=

|v,) =

S O o =

The density operator:

p=D| l//1><l//1|+

oS O O O
oS O O O

|
1|0
200

p

where

Trp]l=1,

2

. 1
Trip’]= >

((Mathematica))

+Pp

-l

1
0
0
1

|ws) =

p|%><%|+

- o O T

e

|‘//3><‘//3|
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Clear["Global %"];

*

expr * = expr /. Complex[a , b ] = Complex[a, -b];

1
¥l =—— {1, 0, 0, 1}; ¥2 = {1, 0, O, 0};

V2
¥3 = {0, 0, 0, 1};

p:

P Outer[Times, ¥2, y2] +

p Outer[Times, y1, y1] +

1-
_2p Outer[Times, ¥3, ¢3] // Simplify

1 p

{{21 Os 01 2
P 1

{01 o’ Os 0}1{2505 O’ 2}}

}, {0, 0,0, 0},

/ MatrixForm

0O

o/
1
2
0 00O
00O
P oo
2

NIk O ONIo

l. Example-9
Show for the density operator for a mixed state

LEDW N (7
k

2

that the probability of obtaining the state |¢> as a result of a measurement is given by Tr[ﬂ " ol,

where

'f\)¢> - | ¢><¢| :
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((Solution))
TR, A1 32 0, |4)614)(4 )
AT
=§ P, (4.19)(6]4)
=2 pfialof

{
{

3 Example-10
Use the density operator formalism to show the probability that a measurement finds two
spin-1/2 particles in the state |+ X,+ x> differs for the pure Bell state,

‘CD(”> = %[H 2,+2)+|-2,-2)],

for which,

b, = ‘q)(+)><q)<+)

b

and for the mixed state
~ 1 1
D, = 5|+ z,+2)(+ 2,47 +5|_ z,-2)(-2,~2|.

Thus, the disagreement between the predictions of quantum mechanics for the entangled state
and those consistent with the views of a local realist are apparent without having to resort to Bell
inequalities.

((Solution))
The Bell state ‘®(+)> is given by
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—_— O O =

and, the first density operator is

B, = ‘q)u)xcpm

1
2

—_—0 O =
o o o O
oS o O O
—_—0 O

for the Bell state.
Tr(p) =1

which means that p, is the density operator for the pure state.
When

1
|+ X,4X) = Ly
2 \/5 1 2
1
the projection operator is given by

A

P\+x,+x

1
)= |+ X, +X)(+ X, +X] :% i
1

— e ek
S T Gy
—_— e ek

Then we have

A R 1
Tr[ P+x,+x>pl] = 5 .

The probability of finding the system in the state |+ X,+X> is 1/2.
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We now consider the second density operator given by

D, = %|+ z,+2)(+ 2,47 +%|— z,-2)(—2,~|

0

1
2

S o o =
S O o O
S O O O

0
0
1
Since

Tr(p) = (<D

p, is the density operator for the mixed state. We have

A R 1
Tr[P+x,+x>p2] = Z .

The probability of finding this system in the state |+ X,+X> is 1/4.

((Mathematica))
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*

:= expr /. Complex[a_, b ] :» Complex[a, -b];

wxpnv—l? a, 1“”’:717 (1): 6zp = (L5 gzn= ()

Clear["Global +"]; expr_

Yyll = L (KroneckerProduct[¢zp, ¢zp] + KroneckerProduct[¢zn, ¢zn]) ;
V2
¥l = Transpose[y11][[1]]; ¥21 = KroneckerProduct[¢xp, ¢Xxp]; ¢2 = Transpose [¢21][[1]]:
¥3p1 = KroneckerProduct[¢zp, ¢zp]; ¥3p = Transpose [¥3p1][[1]];
¢¥3nl = KroneckerProduct[¢zn, ¢zn];
¥3n = Transpose [¥3n1][[1]];

Y1l // MatrixForm
1
V2
0]
0]
1
2

Y21 // MatrixForm

NIRPNIFRPNIRN IR
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pl = Outer[Times, y1, y1] // Simplify; pl // MatrixForm

1 001
2 2
0O 00O
0O 00O
1 001
2 2
Trpl.pl]

1
PX = Outer[Times, y2, y2]1 // Simplify;

PX // MatrixForm

N N e e
N N N e N

T L N N N
T N T N T N

TrPX.ol]
1

2
1 1
p2 = —2 Outer[Times, ¥3p, ¥3p] +E Outer[Times, ¥3n, ¥3n] ;

p2 // MatrixForm

00O

QO O ONIF

00
00
00

NIk OO

Tr[p2.p2]
1

2

Tr[PX.p2]
1

4
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K. Example-11
Show that the equation governing time evolution of the density operator for a mixed state is
given by

.d . N n
ihn—p=—[p,H]=[H, p].
dtp [o,H]=[H,p]

((Solution))

d,_4d
P =gl

(2t v 5 ]

_1q

N

vy [=lv )y R
=—Alw)v|-|v)vH
S I
o =P =——lp.H]

or

L. Example-12
(a) Show that the time evolution of the density operator is given by

pt)=U1®)p0)U (),

where U (t) is the time-evolution operator, namely

v (®)=U 0]y (0).
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(b) Suppose that an ensemble of particles is in a pure state at t = 0. Show the ensemble
cannot evolve into a mixed state as long as time evolution is governed by the Schrodinger
equation.

((Solution))
(a)

2

AO =]y ) ()

where

w(®)=Ulp(t=0).

Then we get

A1 =Ulp(t=0))yt=0)]J"
=Uly(t=0)yt=0U"
=Up(t=0U"

(b)
Suppose that o(t = 0) is the density operator for the pure state.

T p(M)AM)]=TrUpt =00 Up(t=0)U"]
=TrlUp(t=0)p(t=0)U"]
=Tr[U*Up(t = 0)p(t = 0)]
=Tr{p(t=0)p(t=0)]=1

Thus p(t) is still the density operator for the pure state.

26. Canonical ensemble in statistical mechanics
The time dependence of p is given by

.0 . N A
ih—p=—[p,H].
atp [0,H]
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Note that the sign is opposite to that of the usual Heisenberg operator equation.We see that, if

H(H) is a function only of H , then

[p,H]=0,

Q|
>
I
S

For a canonical ensemble we may write

F-H_ 1 H
K ) = —exp(— ) s
Bl VA kgT

P =exp(

where H is the Hamiltonian and Z is the partition function. Since

Tr[p]=1.
Z is given by
Z =exp(— F ) =Tr[exp(— A )]
et T

The Helmholtz free energy F is given by
F=-k;TInZ.

Because of the invariance of the trace under unitary operators, we may calculate Z by taking the

A

trace of exp(— ) in any representation.

B

S

. 1 H
P ZfeXP(—kB—T)Zn:|En><En|

1 H
- f;exp(_ kBT )| En >< En |

1 E,
-3 Yo e e

where
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HE) E|ﬁ%

and

27. Multiparticle systems

27.1 The density operator of two-particles
The density operator for two spins is given by

Pu Pa Pu o Pu
5= P Prn Py Piu
Py Pn Pz P
Ps Pa Piz P
(++pl++) (FHpl =) (++{p=+) (++]A--)
_{ A ) A ) (A=) (e -lAl)
(=+pl++) (=+pl+-) (- +|P| ) (=+1Al--)
(==lpl++) {—=lpl+-) (—=la-+) (—-|A--)

The reduced density operator p, is obtained from the full density operator by tracing over the

diagonal matrix elements of particle 1

A ~ | P P Pz P | [Put P Pat Py
P, =Tr[p]= I = :
P Pxn Py Pus Pt Py Put Py
The reduced density operator p, is obtained from the full density operator by tracing over the

diagonal matrix elements of particle 2.

P P Pn Pu| [PuTPun PutPu
A =Tr[p]= + = :
P Pss Par  Pas Pt Pyu Pt Pu

Note that the reduced density operator p, describes completely all the properties/outcomes of

measurements of the system 1, given that system 2 is left unobserved (tracing out” system 2).
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This represent the maximum information which is available about the particle 1 alone,
irrespective of the state of particle 2.

The reduced density operator p, describes completely all the properties/outcomes of

measurements of the system 2, given that system 1 is left unobserved (’tracing out” system 1).
This represent the maximum information which is available about the particle 2 alone,
irrespective of the state of particle 1.

((Example-1)) Reduced density operator: Two spins (independent subsystems)
We consider the state of the composite system 1-2 consisting of independent subsystems

1
0

1 1
28 :ﬁ(|+ )+ |- 1) ®|+2,2) = [+ x,1) ® |+ 2,2) =5

S

The density operator is obtained as

P = |V/12><V/12|
=(+x)® |+ 2,2)(+ x,]1
= (|+ X1)(+ x1) ® (|+ 2,2)(+ 2,2
= /3A ® /33

®(+12,2
)

)

where A and B denote the particle-1 and particle-2, respectively.
The matrix form of p,, is given by

N | =

P =

S = O =
oS O O O
S = O =
oS O O O

The reduce density operators p, and p, are obtained as

5 =Tr (5] 1(1 0} 1(1 O 1 0 R
= = — + — = = ,
P> 1LP12 2lo ol 2lo o 0 0 Ps
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R Trp0] 1(1 1 1{0 O 1(1 1 R
Pri 2LP1n 51 117210 o) "2l 1 Pa

Note that
:[72 =Tr1[,[712] :TrA[IbA ® ,55] = leTrA[:[)A] = /65 >
161 = Trz[/au] = TrB [,bA ® IbB] = laATrB [/63] = ,[7A .

((Example-2)) Two spins: independent subsystems
We start with the two-particle pure state |l//12> = |+ Z,l>

+ Z,2> . The density operator is

1 000
0 00O
0 =|+2,1)+ 2,2+ z;1|(+ 2,2| =
pelrzifeza)rafs2al=) 0 00
0 00O
The reduced density
. (10 . 0 0) (1 O
#=0 0)"lo o) (0 o)
. (1O N 0 0) (1 O
#2=lo o)7lo o) Lo o)
under the basis 0f{|+>, —>}.
((Example-3)) Bell's two-particle entangled state
_ 1
A AN 79\ | 5 .
¥, >_ﬁ[|+z,l> 2.2) - |- z1)|+ 2:2)].

The density operator is given by
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O 0 0 0
_ _ 110 1 -1 0
Ay O o1
P—‘\Plz ><\P12 ‘_2 0 -1 1 ol
O 0 0 0
((Mathematica))
vl = 1 - Y2 = 0\.
= (o)ivz= (1)
Y12 =

1 (KroneckerProduct[y1, 2] -

V2

KroneckerProduct[¥2, ¥11) // Simplify
(0. { =) [ 5] @)

p0 = y12_Transpose[¥12] // Simplify;
o0 // MatrixForm

00 0O
1 1
o2 -1o
1 1
o-1 2o
0 0 0O

The reduced density operator

. 1(0 0 11 O 1({1 O

Pr== += == )
210 1 210 0 210 1

~ 1(0 0} 1(1 O} 1(1 O

Pr== += == )
2{0 1 2(0 0 2{0 1

under the basis of {|+>,

—> }. Thus for measurements of particle 1 (or 2) the Bell's state behaves

like the mixed states of completely un-polarized ensemble.

((Note))

M.A Nielsen and LL. Chuang, Quantum computation and quantum information, 10™
Anniversary Edition (Cambridge, 2010).
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Notice that this state o, (or p,) is a mixed state. This is a quite remarkable result. The state

of the joint system of two qubits is a pure state, that is, it is known exactly, however, the first
qubit is in a mixed state, that is a state about which we apparently do not have maximal
knowledge. This strange property, that the joint state of a system can be completely known, yet a
subsystem be in the mixed state, is another hallmark of quantum entanglement.

27.2 Density operator for three spins

Pu P P Pa Ps Pe P P
P Pun Pyu Pu P P P P
Py Pn P P Pis P Py Pis
Psr Par Paz Pas Pas Pass  Par Pig

£ Psi Psy Pss Psa Pss Pss Ps7 Pig
Psi P2 Pes Pss Pss Pss Pe1 Pis
Pun Pn Pn Pu Pis P P P
Ps1 P2 Pss Psa Pss Pse P71 Pss
where
P = (+++pl+++), Py =(+++p++-),
Py ={+++g+-+), Py =(+++pl+——).

and so on. The reduced density operator p,, is obtained from the full density operator by tracing

over the diagonal matrix elements of particle 1, leading to

Py =Thp

Pi Puo P Pu Psi Ps2 Psz Psa
P Pun Prn Pu Psi Psr Pes  Pea
Py P P P Pn P P Pu
Py Px Psz P Psi Psa Pss Psa

Au X Xz X
X X X X
Ay X X X
Ao KXo X Xu
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The reduced density operator p, is obtained from the full density operator by tracing over the

diagonal matrix elements of particles 1 and 2, leading to
Py =Thpy = Trl,zlb
:(le leJ_i_(Zw )534}
An X Kz X
((Example-1)) Entangled GHS state
o) =l ++)+l-=).
V2

The density operator is defined by
- ) +)
pP= ‘V/GHZ ><‘//GHZ

T S e T s T e T e I s B Y o NS
o T s T T s B s T T s B
e T s T e T s I s T s T o B
[ T s T e T s B s T T B
[ T s T e T s B T s T s B
o T s T T s B s T T s B
e T s T e T s I s T s T o B

T e e T s S e T e I s B s Y & S

The reduced density operators are obtained as

Pz =

S O O O
S O O O
— o O O

N | —
R N e I

and
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. 1(10
P=500 1)

which is equivalent to a completely un-polarized state,
((Example-2)) Another entangled GHZ state

_ L

‘l//GHZ(_)> = \/5[|+ + +> - |_ - _>] :
The density operator is defined by

p= ‘WGHZ(_)><WGHZ(_) ‘

I
B3 | b

[ T e T s Y s Y e T s ) S S

[ T s T e T s B s T s T s B
s T s T T s B s T s T s B
[ T s T e T s I s T s T o B
e T s T e T s B s T T s B
[ T s T e T s B s T s T s B
s T s T T s B s T s T s B

ST I e R s R e T e I s

I
B3 | b

-

The reduced density operators are obtained as

Pz =

N | —
o o o =
o o o o
o o o o
—_ o o o

and
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which is equivalent to a completely un-polarized state,
28.  Quantum teleportation

Alice Bob

measured with |(I>12( ) R, ()

Ent'mgled

|fry >

EPR pair

We consider the pure particle state |l//123> which is related to the quantum teleportation. The

density operator for this pure state is given by

/A):|‘//123><

where

Vi) = ‘W > a|+z> -b|-2) ]+ ‘1//(”>[ a|+z>3+b|—z>3]

+5‘q) >[a| z> +b|+z 1+—= ‘q)(+)>[a(|—z>3—b|+2>3)

with

—_ O

-

o

i) = glie 22, -2 +2).0-



1

N 1 10
‘®§£)> :ﬁ[|+z>1|+z>2 i|_Z>1|_Z>2] :ﬁ 0l

+

1
Note that

" +]o =1.

The density operator p can be obtained as

0 0 0o 00 0 0
0 fa/2 -[d/72 0 0 (ab)/2 —(ab’)/2
0 -fd/2 [d/2 0 0 —(ap)/2 (ab)/2
.10 0 0o 00 0 0
PZlo 0 0 00 0 0
0 @b)y/2 —@by2 0 0 [p/2  —Jp’/2
0 —@b)y/2 @b)y2 0 0 -p/2 |p/2
0 0 0o 00 0 0

Tracing out particle 1, the reduced density operators are obtained as

0 O 0 O 0 0O 0 0
s 110 "l o) 1jo b - 0
P500 —lf R o] 20 - pf o
0 0 0 O 0 O 0 0
0 0 0 0
1[0 [ 4B [ - o
“200 —faf -p[ [+ 0
0 0 0 0
0 0 0 O
_1]0 -10
200 -1 1 0
0 0 0 O

Tracing over particle 2 furthermore, we have
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. _1(1 0 1{0 0) 1(1 O
p3:— + =— = — ,
20 0 200 1) 2(0 1

which is equivalent to a completely un-polarized state. So Bob (particle 3) has no information
about the state of the particle Alice is attempting to teleport. On the other hand, if Bob waits until
he receives the result of Alice’s Bell state measurement, Bob can then maneuver his particle into

the state |l//> that Alice’s particle was in initially.

((Mathematica))
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Clear["Global %"];
exp_* :=exp /. {Complex[re_, im_] » Complex[re, -im]};

0 0
1 1 1 1
¥l= — s ¥2= — ;
vz | -1 vz |1
0 0
1
1 0
$l= — ;
vz | ©
-1
1
1 0
¢2=_ b
vz |0
1
—a\. o (-a\. . ,_[Db\._, [-D\.
X1=(_b ,XZ-(b),Xs—(a),X4-(a),
Y123 = % KroneckerProduct[¢1l, x1] + % KroneckerProduct[¥2, x2] +
% KroneckerProduct[¢l, x3] + % KroneckerProduct[¢2, x4] //
Simplify;

K1 = Transpose [¢¥123]1[[1]1];
K2 = Transpose[¥123] //. {a»al, b bl};

p =Outer[Times, K1, K2[[1]11] 7/ FullSimplify;
o // MatrixForm

0 0 0 00 0 0 0
aal aal abl abl
0 5 -5 00 5 -5 0
aal aal abl abl
0-5% 5 00-5% 5 0
0 0 0 0O 0 0 0
0 0 0 00 0 0 0
o ab _alb 5 g bbl _bbl |
2 2 2 2
alb alb b bl b bl
0-% 5 00-7%5 5 0
0 0 0 0O 0 0 0

29.  Average <X]>
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We consider the average value of an operator )21 that acts only on the system 1 in a global

density operator p for the particles 1 and 2;
(X,)=Tr(X, ® 1,)p1=Tr[X TLAl =ThX 4],
where
151 = Tl’zﬁ.
If p=¢,®a,, we have
(X,)=Trl(X, ®,)4]
=Tr[(>zl ® IAz)(O?l ®&2)]
=TI’[()216%1 ® IAzdz)]

= Trl[xl&l ITr[ IAzdz]
= Trl[xldl]
and

o =Tr[a, ®a,|=aTr[a,]=q,.

30. Probability

Suppose that P is the projection operator,

P=|a)a

then we have

Tr(PA1=Trlla)(e|pl= 3 (Bla)alpl B) = (aldle)
B

So the probability of finding the state |a> in the system is given by the diagonal element.

31. Examples
31.1 Problem and solution -1
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Prove that the state of the form

0
ny
|l//>12 = CXV|X>1 ®|y>2 + ny|y>1 ®|X>2 = C ?
yX
0
where
2 2
Cyl +ICy =1,

and both coefficients are non-zero, cannot be written as a Kronecker product state
¥, =lv), ®l4),.

with
V), = adx), +aly),,

|¢>2 :ﬂx|x>2 +ﬂ)’|y>2'
((Solution))

a,p,
a, ﬂy
a,pf, |
ayﬂy

v} =lv), ®l¢), =

Suppose that |t//'>1 , = |l//>1 ,- Then we have

ap =0, a,f,=0, ny =a,p,, ny:ayﬂx-
Then we get

nyny = axﬂyayﬂx = axﬂxayﬂy =0.
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This is not consistent with the assumption that both C, and C,, are non-zero.

31.2 Problem and solution-2
Consider the state vector

) =51%), ®X), +13), @]y), +1y), @), +y), ®]y).1.

describing the polarization of two photons. Show that the reduced density operators
P =Tolp,l, Py =Tr[py,],

describe pure states, where
Pro= ¥ )y (v

((Solution))
The density operator:

Pir=

)=
i it i i
— — — —
it it i i
— — f— —

The reduced density operators:

5 = Tr [ ]_1 1 1 5 = Tr[[ ]_1 1 1
P = zplz_zlls Py = 1,012_211-

Since

Az_lll_A A2_111_A
,01—21 l_pla P> 5l l_pza

the reduced density operators p, and p, describe pure state.

33.  Schmidt decomposition
((Theorem))
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Suppose that |W> is a pure state of a biparticle composite system, AB. Then there exist

orthonormal states |i,) for system A, and i) for system, B such that
)= o).

where 4 =./p; is known as Schmidt coefficient and is non-negative real number satisfying
Zif =1, or Zpi =1.

The states |i A> and |iB> are any fixed orthonormal bases for A and B (the relevant state spaces are

here of the same dimension).

The density operator is defined by

Note that

TR =24

If Tr[p*]=1 (pure state), A4 =1 for one and only one i and zero for all others

We consider the simple case.

lw)=Cyla)b)+Cpla)b,)+Cylay)b)+Colar)|b)

w) = Vi) + o Vo) w)

The unitary transformation:
v)=Ula)=U,|a)+U,|a,),

v,)=U|a,)=U,|a)+U,la,),
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where

Lj :(Ull Ule’
U21 U22

We also have

G
+
G
Il
—>

|w,) :U|b1> =V,,[b,)+V, |b, ),
lw, ) =U]b,) =V,,|b) +V,,|b,),

where

Then

lw) = \/E|vl>|wl>+\/p_2|v2>|wz>
=P Uy|a) + Uy a, )| (Vi) + Vs b, )
+P, U ,]a) +U,, |, )V, [) + Vs, b))
=({PU,V, +4/p,UV)a ) b) + (P ULV, +4/p ULV la )b, )
+PULV, 4 RULVL) )b ) + (PULY,, +4/ UV, e, )b, )

Then we have

C11 :Uu\/Fqu +U12 p2V12 > C12 :UII\/FIVZI +U12 pzvzza
C21 :UZI\/FIVII +Uzz p2V12 sz :U21\/EV21 +U22 p2V22~

Using the matrix form, we get
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12] \/Fl 0 [Vn V21J
22 0 2 Vi Vy

T
] Vie Vi

U
u p
:[Ull Ulzj P, 0 [
U, Uy 0 p,

V21 V22
_dv™

where d isa non-negative diagonal matrix, and VT is the transpose matrix of V.

a:(pl 0].
0 p,

Thus we have

In order to determine the values of p, and p,, we need to solve the eigenvalue problem of CC*,

if CC* isnota diagonal matrix.
Thus we can calculate the Schmidt numbers

((Example-1)) Pure state
|¢/>=L[|oo>+|01>].
V2
We construct C and C*C.
~ 1 (1 1 ~.o~ 1(1 1
G , CC== .
V2 (0 oj 2(1 J

The eigenvlaue problem of C*C ;
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igenvalue; p =1, cigenket: — IJ
cigenvalue; P, =1, €1genket: T )
2

. . 1 (1
eigenvalue; p, =0, eigenket: T J
2(~1

So there is only one nonzero Schmidt coefficient and thus |l//> is a product state.

((Example-2)) Entangled state
yr) = —[]00) +[11].
V2
We construct C and C*C.
T L
200 1) 2

The eigenvlaue problem of c'C;

([@H

Il

| —
VR
O =
—_ O
N—

: 1 ) 1
eigenvalue; pl:E’ eigenket: ol

. 1 . 0
eigenvalue; p, =5, eigenket: N

So there are two nonzero Schmidt coefficients and thus |1,//> is an entangled state.

((Example-3)) Entangled state
1
)= lon)+ o).

We construct C and C*C.
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A 1 (0 1 ISP |
C = — N C+C =
J2l1 0 2
The eigenvlaue problem of C*C ;

eigenvalue; _1 eigenket: :
g s pl - 2 s g . 0 .

. 1 . 0
eigenvalue; p, :5’ eigenket: aE

So there are two nonzero Schmidt coefficients and thus |1//> is an entangled state

((Example-4))
1
=—=[|00)+|01)+|11)].
[v) =75 100)+[01)+[11)]
We construct C and C*C.
~ 1 (11 s 111
C_ﬁ(o J’ CC_3(1 2}'

The eigenvlaue problem of C*C ;

i | 0.873 igenket 0.53
eigenvalue; p, =0.873, eigenket: ,

g Py g 0.85

. . 0.85
eigenvalue; p, =0.127, eigenket: 0.53)"

So there are two nonzero Schmidt coefficients and thus |l//> is an entangled state.

((Example-5))
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)= 51100)~[01)~[10) +}111 = 7o) - I35 o) - {11
We construct C and C*C.

c :%(—11 _11] ce :%(—11 _11J
The eigenvlaue problem of C*C ;

igenvalue: p, =1, ecigenket: — : j
cigenvaluc; =1, €1genket: T .
2

. : 1 (1
eigenvalue; p, =0, eigenket: T )
2

So there are one nonzero Schmidt coefficients and thus |¢//> is a product state.

((Example-6))

lw) = ﬁ[(1+\/8)|oo>+(1—£)|01>+(ﬁ—ﬁ)|1o>+(ﬁ+ﬁ)|1 1)].

We construct C and C*C.

+ 1 (1446 1-46 na 1(2 -l
C‘m[ﬁ-ﬁ ﬁ+ﬁj’ ee-i(5 )

The eigenvlaue problem of C*C ;

eigenvalue; p, = I eigenket: ! 1]
) 1= T « T .
4 V2

eigenvalue; p, = 3 eigenket: L j
9 2 = Y . T .
4 V2
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So there are one nonzero Schmidt coefficients and thus |1//> is an entangled state.

34.  Schmidt decomposition application
It is very easy to compute the reduced density operator given the Schmidt decomposition

)= plii).
The density operator is

p= 2 pip s Ko
The reduced density operator is given by

TrB(,b) = iém<ks |iB><jB|kB>|iA><jA|
:Zi: pi|iA><iA|

T0(2) = 2Py (K[} Ja i fie ) o

i.j.k

:Zi: pi|iB><iB|

We note that the spectrum (i.e., set of eigenvalues) of both reduced density operators are the
same.

35.  Purification
Suppose we are given a state p, of a quantum system A. It is possible to introduce an

additional system, which we denote R (R has the same dimension as A) and define a pure state
|AR> for the joint system AR
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such that

P =Tr | AR)(AR].

That is, the pure state |AR> reduces to p, when we look at system A alone. This is a purely

mathematical procedure, known as purification, which allows us to associate pure states with
mixed states. For this reason we call system R a reference system: it is a fictitious system,
without a direct physical significance.

((Proof))
To prove that purification can be done for any state, we explain how to construct a system R

and purification |AR> for p,. Suppose p, has orthonormal decomposition
Pp= Z pi|iA><iA| : (mixed state)

To purify p,, we introduce an additional system R which has the same dimension as system A,

with orthonormal basis states |iR> , and define a pure state for the combined system
|AR> — Z\/E|iA>|iR> : (pure state)

We now calculate the reduced density operator for the system A corresponding to the state |AR>
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Tro (| AR)(AR|) = ;ﬁﬁTr(|iA>|iR><jA|<jR )
= Z}ﬁ SNSRI Y™
XNRINIAY

Thus |AR> is a purification of p,.

Notice the close relationship of the Schmidt decomposition to purification: the procedure used to
purify a mixed state of system A is to define a pure state whose Schmidt basis for system A is just
the basis in which the mixed state is diagonal, with the Schmidt coefficients being the square
root of the eigenvalues of the density operator being purified.
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APPENDIX
Density operator (problem)
A spin=1/2 particle is in the pure state,

lw)=a|+z)+b|-z).

(a) Construct the density matrix in the S, basis for this state.
(b) Starting with your result in (a), determine the density matrix in the Sy basis, where
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+x=pllegel-al, |x)=plez)-|-2)

(c) Use your result for the density matrix in (b) to determine the probability that a
measurement of Sy yields -7/2 for the state.
(d) Starting with your result in (a), determine the density matrix in the S, basis, where

)=l izl |y)=pla-i-2)

(e) Use your result for the density matrix in (b) to determine the probability that a
measurement of Sy yields +7/2 for the state for the state.

((Solution))

(a) The density matrix in the S, basis:

. (a) . ..\ (aa" ab |a|2 ab”
= b = = .
r (bJ(a ) (a*b bb*] (a*b |b|2J

(b)
(e X[l %)= 3+ x| b Ao b"]+ %)

.
)bb' [+ 2)

b
=2 (+2
bb"

=(+2U,"pU,|+2)

A
+
UX

Then the matrix density p, under the basis of {|+ X> ,

- X> } 1s obtained as
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) _L[l 1J|a|2 ab’ L(l IJ
PR -1 ab b[* Jv2(1 -1
:l(l 1 J |a|2 +ab’ |a|2 —ab’
2\l —1)ab+p ab-[pf
1 |a|2+ab*+a*b+|b|2 |a|2—ab*+a*b—|b|2
2 |a|2+ab*—a*b—|b|2 |a|2—ab*—a*b+|b|2

where |b'> = |i Z>,

b)=ltz),  a)=[Ex). ) =[Ex),

l+x)=U,

g o L[t 1 geo L(1 1
2 1) 2l —1)

+1), |-x)=U

()
A 0 0)1f|a] +ab"+a'b+p[" |af —ab"+a’b~|b]’
Tr[(- x)(— =T =
B 1_|_ 0 0
=3 jaf vab —ab—pf |af —ab —ab+|of
—~af —ab”~ab+|of]
~(a-b)a -b)
~La—pf
2
((Note))

Since p is the density operator for the pure state, the probability that a measurement of Sy yields

-h/?2 for the state for the state can be also calculated as

2
a 1 2
(1 —1)(bj‘ _E|a—b| .

without using the density operator.

P =[x =3

97



This method is not useful when p is the density operator for the mixed state.

(d)

oL+ y)

HoY,|+2)

(rylel+y)= §X+be

b',b"

=22, e

:<+ Z|Ljy+'6Ljy|+ Z>

Cf

Then the matrix density p, under the basis of {|+ y> , |— y> } is obtained as

g ) k-

:l(l —i] la” +iab" |a|” —iab’
2\1 i \ab+ip[ ab-ib|’
1 [|a|2 +iab’ —iab+[o] || —iab’ - ia*b—|b|2]

2\[af +iab" +ia'b—[b|" [a] —iab" +ia'b+|b|

)=lxz).Ja)=[y). ) =[xy),

where |b'> = |i Z>,

[+y)=U+2),  -y)=U,

(e)
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. 1 0\1(|a]* +iab ~ia'b+p| [a]* —iab" ~ia’b~|b|’

T =T =

il r[(o 0]2[|a|2+iab*+ia*b—|b|2 la” ~iab” +ia'b+|b|’
1 Tr[(|a|2 +iab’ —iab+o] |a’ —iab"—ia'b —|b|2J

0 0

:%[|a|2 +iab —ia’b+ o]
:%(a—ib)(a*+ib*)
~La-ipf

2

((Note))
Since p is the density operator for the pure state, the probability that a measurement of Sy yields

+7/2 for the state for the state can be also calculated as

2
1t m@‘ ~Ja-ib

2
’

Py =fyiv)f =2

without using the density operator.
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