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We discuss the motion of electrons in an external magnetic field. First we consider the
classical motion of electron. The electrons undergo a circular motion in the plane perpendicular
to the magnetic field, with the cyclotron angular frequency. Next we discuss the motion of
electron in terms of quantum mechanics. The wavefunction depends on the choice of gauges
such as Landau gauge, Coulomb gauge, and symmetric gauge. The energy of the electrons is
quantized. Each quantized energy level is called the Landau level.

Lev Davidovich Landau (January 22, 1908— April 1, 1968) was a prominent Soviet physicist
who made fundamental contributions to many areas of theoretical physics. His accomplishments
include the independent co-discovery of the density matrix method in quantum mechanics
(alongside John von Neumann), the quantum mechanical theory of diamagnetism, the theory of
superfluidity, the theory of second-order phase transitions, the Ginzburg—Landau theory of
superconductivity, the theory of Fermi liquid, the explanation of Landau damping in plasma
physics, the Landau pole in quantum electrodynamics, the two-component theory of neutrinos,
and Landau's equations for S matrix singularities. He received the 1962 Nobel Prize in Physics
for his development of a mathematical theory of superfluidity that accounts for the properties of
liquid helium II at a temperature below 2.17 K.

http://en.wikipedia.org/wiki/Lev_Landau



1. Cyclotron motion of electron in the presence of magnetic field (classical theory)
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Fig. Cyclotron motion in classical mechanics.

We consider the motion of the electron in the presence of a magnetic field B. The Lorentz force
is given by

F=my= ~%ixB (Lorentz force)
c

where me. is the mass of electron, -e is the charge of electron (e>0), B is an external magnetic
field along the z axis. The solution of this differential equation is as follows.

r = R+r,(cos(w,t),sin(w,),0),
v =r1,0,(-sin(w,t),cos(w,t),0),

where the cyclotron angular frequency a is given by

eB

w, = .
m,c



The trajectory of an electron is a circle with a radius ry centered at the position vector R=
R =(X,Y.,0). Suppose that the relative co-ordinate from the center is given by the posion vector

(5,77,0). Then we have

r=(xy)=X+c.Y+1,0), v=0,(-1,50),
where

E=r,cos(w,t), n=rysin(w,t).
2. Gauge transformation (classical theory)

The Hamiltonian H [g = -e (e>0)] is given by

1 1 e
H=—p-Lay +qp=——(p+5 4y —ep,
2m, c 2m, c

Where g = -e (e>0) A is the vector potential and ¢ is the scalar potential. The electric field and
the magnetic field are expressed by

B=VxAd, E=—vg-1+24
c ot

The canonical momentum is defined by

ﬂ:my:p—gA:p+£A.
c c

The gauge transformation is defined by

A=A+Vy, ¢'=¢—16—Za
c ot

where y is an arbitrary function of the position vector r. The orbital angular momentum is
defined by

L:rxp:rx(n'—EA):rxn—ErxA
c c



since
e
p=nm——A
c

Q) Symmetric gauge
In the presence of the magnetic field B (constant), we can choose the vector potential as

e e

1 1ex R
A=—(Bxr)=—|0 0 B|=—(-By,Bx,0
2( ) 5 2( 3% )
X y z
where

VxAz%Vx(er)zB

(i1) Landau gauge
In the gauge transformation:

A=A+Vy

we choose y = %Bxy . Then we have

Vy= %B(y,x,O)

Thus the new vector potential A4' is obtained as
A'=(0,Bx,0) (Landau gauge)

3. Commutation relations in quantum mechanics (general gauge)

We discuss the commutation relations in quantum mechanics. Since the gauge is not
specified, the discussion below is applicable for any gauge. We start with the quantum
mechanical operator,

A A

A=p+—A.

ST



where >0, and A is a vector potential depending on the position operator 7. The commutation
relation is given by

We also get the commutation relation,

7,07, 1=b, +

IS

AL e ~
x’py+ZAy]
e_. = e_. 7

=—[p.,4,]-=[p,.4,]
C C

_eh0d, endd,

ic ox ic Oy

eh
=—B8,
ic
or
A eh
[ﬂx’ﬂ-y] = ._Bz
ic
where



o4, o, _,
& o -

We have the commutation relations,

Suppose that B = (0,0,B) or B,=B. Then we get

(2.5 1=8 [#.7.]=0, (7.7 1=0.
i 1c

Note that

. eh’B K’

= =—l

[7’2\. , 7T . 5
7 ich 0

where the characteristic length / is defined by

poch
eB’
4. Hamiltonian (general gauge)

The Hamiltonian A is given by

n 1 A e 2 1 A 2 A2
A=——(p+lay=——(+#)).
2m (P ) 2m (7, »)

e e

We define the creation and annihilation operators such that

G=—t_(#,-i#) it =L (h. 1in)
\/Eh X v/ \/Eh X y/
or
A= @ran), 2= @ —a),
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12 2 12 2

[4,4" ] :ﬁ[ﬁx —if,# +if] =h—2i[;%x,;%y] =h—2i(—il—2 =1,
A2 A2 ? A At+N2 At AN2 h2 AAt At A h2 At A
T+, :?[(a+a ) —(a" —a) ]:l—z(aa +a’a :l—2(2a a+l).

Thus we have

A4 A

N S| 1
H = aa+—)=hw(a'a+—
Jz( 2) ( 2)

m

where

h? K’ heB
ha)c = 2 = =
ml ch  mc
e m — e

‘eB

When 4*d = N, the Hamiltonian is described by
~ ~ 1
H=ha,(N + 5).

We find the energy levels for the free electrons in a homogeneous magnetic field, which is
known as Landau levels. We mote that

H|n)=hao, (1\7+%)|n> =he,(n +%)|n>

with the energy eigenvalue E, = (n +%)ha)c (n=0,1,2,3,..).

5. Guiding centers (general case)
Here we derive the expression for the guiding centers in quantum mechanics (general gauge).

The Hamiltonian H is given by

A 1 . e ,, 1 .2 .2 1 . e 1 . e )
H=—(p+—-A)'=—@7x"+7.")=— +—A)Y+—(p. +—A4
o (p ; ) - (7, +7,") - [(p, ; ) o (P, ; )]

e e e e

where >0, and



n.=p,+—A4,, T, =p,+—A,.
px c X y py c y
(1) The commutation relation (I)

We have the commutation relations,
[%.2mH] =[x, +7,]1=[%4"]=2ih7, (1)
[9.2m H]=[,7"+#,1=[p.#,1=2ihz, (2)

where

[%,7.]1=ihl,

[5,%,1=inl,

[%,%,]=0
[V, 7.1=0
h2
[7,..7%,]=—i—, [7,,7.]1=0, [7.,7,]=0

12

(i1) The commutation relation (II):
We also have the commutation relations,

[#.2mH]=[%,%"+7]=[#,.%]= (—21')7;—22fry
. A N A2 a2 . a2 n .
(7,2m H] =[x,z +7 ]=[7,,7, ]=2il—27zx, 3)
From Egs,(1)-(4), we have
. 12 o

[x— 152m H] iz, ——2i—7,=0.
h hooP

I I n’
[V+— h 7T,,2m H] 2inr, +—( 21)—72' =0



So we can define the guiding center as

A

2
+ %72’ (general gauge)

S
Il
=
|
|
B
~
Il
>

X

with [X,H]=0 and [Y,H]=0. Thus we have

d d }
—(X)=0 —(Y)=0, constant motion).
7% 2\ ( )
We note that
12 2
[X,Y]:[fc—%fry,j/+—7%x]
12 2 Z4
:;[£77%x]+E[.j>57%y]+?[7%x77%y]
12 R 4 hZ R )
=2—ihl+—(-i—)1=il"1
fi hz( 12)

We introduce the new operators as

z;:Lzl()m), b =—L (X —ip)

V2 V21

or

X=—=(b+b"), Y=—o(b-b")
obeying

(5] = [ X +iF X —if]= -4 R, 7] =1

’ 277 ’ 207

Then we have

X247 =122b%b+1)

(1) Landau gauge



s P, .. h. P,
sz_%ﬂ'.yzx_%(py lz )__Epy
PO S E
Y=y+—7m =y+—

y 7 y hpx

(i1) Symmetric gauge

o p i Camp By
X px c X px ch p'c 212y7
. eA . o eB, no.
7Z'y—py+; y-py+;x-py+?x

Then the guiding center is given by

I N S
X=x—1 =x—— 4+
S AR

p=ts_ L3
2T

},}—"4_57% —"+£(" _i")—l"+£”
Yy 5 Y hpx 212)’ 2)’ hpx

6. Relative co-ordinate (general gauge)
The guiding center is given by

The operators for the relative co-ordinates are defined by

10



SN
Il

. ]2 .
t-X="r,, f=j-F=-"-#

Then the Hamiltonian is expressed by only the relative co-ordinates

H =2Lm€(frf 2= 14 (& +57)
where
[&.A]==il", [X,¥]=il’
7. Heisenberg's principle of uncertainty (general gauge)

We consider the commutation relation of X and ¥ ,

2 2 4 4
b A]:[£+%7%y,jz—l—7%x]:l—[7% 7] :Z— z) = il

since

Using the Schwarz inequality, we get

1, 1 »*
AXAY >—]?, Ar Az, >——
2 2/

In fact we have

AXAY =27 > %12 .

((Note)) Schwartz inequality

A and B are two Hermitian operators with the condition
[4,B]=iC.
Then we have a Heisenberg’s principle of uncertainty:

11



1
AAAB > 5\(0)\ .

This principle is a direct consequence of the non-commutability between two observables.

8. Translation operator derived from the commutation relations
We have the commutation relations

5= (1)
me
oA ih .
31= 1 @)

We also have the commutation relations:

N h?

[ﬁx,H]:—im Iz 7, (3)
A #?

[ﬁy,H]=im 2 Ty (4)

e

From these equations, we get

K’ B m A /) N
# o=—i [ H]=—15. 0
m 2 i ==l 1]

[ H]=—i
or
[7, + IEZ $5,H]=0
We also have
n’ /

R R m, . ~ h . ~
7 H]=i T =i —[x,Hl=—[x,H
7., H] mel2 ! mel2 ih[ | 12[ |

12



or

.~ ho.on
[7Z'y——2x,H]=0

~

The pseudo-momentum for the translation operator as a generator can be defined by

I =fr+liz(y,—)e) i+ o5 -z-%Bxi
C C

or

K =7r+1—2(y,—X) = (7, D _Z_Zx)

Then the translation operator can be defined by

f(a) = exp(—%f( -a)

Clearly the translation operator K commutes with the Hamiltonian /. K commutes with H .

However, I%x and K , do not commute;
[K,.K =i

The translation operators do not commute,
F(@)T(b) = T B (@)expl—c (axB) ]

9. Translation operator (1) derived from the gauge transformation (Cohen Tannoudji
et al)

We start with the definition of the translation operator T (a);
) =T(@)|y)

()= (@l = (raly) = —a)

13



The Hamiltonian commutes with the translation operator.
[H.7(@)]=0

where
- i .
T(a)=exp(=—p-a)
The Schrodinger equation for <r|w> is given by

H(w(r) = ﬁ[p + APy () = By (r)

e

The Schrodinger equation for <r - a|z//> =y (r—a) is given by

1 e
——[p+=A(r-a)y, (r)=Ey,(r)
2m, c
Suppose that the vector potential is given by
A (r)—A(r—a)—le(r—a)—ler—lea—A(r)—lea
’ 2 2 2 2
or
A=A, + %B xa=A.+Vy (Gauge transformation)
Then we have

1 1 !
:_r.Bxa =—a:- rXB :—_a'er
y=2r (Bxa)=sa-(r<B)=—a-(Bxr)

As aresult, we get the Schrodinger equation for y,'(r) as

14



1 e , ,

——[p+= ANy, (r)=Ey,'(r)

2m, c
Under such a gauge transformation, the wavefunction changes as

| ie ie I .
=exp(—— =exp(——y)exp(——p-a

vr) = exp(=- D) = exp(= ) exp(=— p-a)ly)

When the vector a is in the x-y plane,

vr') = exp(— - (Bxa)exp(— p-a)ly)

oy L eBxF) o E
=exp(La-=———)exp(~_p a)y)
_ i A_e(er).
=expl—(p~——~ )-ally)

—expl-L K -aly)

since the two operators in front of |l/l> are commutable. The generator of the translation operator

is given by
R=p-SBxr=p-L(520) (1)
2¢ 2¢

From the previouse discussion we get

Kzﬁ—EBxf:13+EA——B><17:13+—B><1'——B><17
C C C C C
or
K= ﬁ—z—echf
which is the same as Eq.(1).
((Note)) Gauge transformation

Under the gauge transformation,

15



A=A+Vy, p=9--2 4
c ot
the wave function changes as
ie
y'=exp(—— 2,
hc

10.  Angular momentum (symmetric gauge)
The angular momentum is defined by

A

Lz:x y_y x 2

where
p=2-%A,
c
A ~ e ~ n h n R . e ~ R i
e A e
~ R ZZA . Zz X ho 1. IZA
X=x—n=x—— —X oy
B A Py =Py
n Ale ,\12,\ o 1. le
e A TR T
Then we have
S D & 1. P 1. 2 1
X4V o (=D YR — D )+ (= D+ —p )=
1

FO AR ? o
=Z(x2 + y2>+;(pf+pf) (3, = p.)

—l(£2+”)+£(ﬂ +p 2)—£]:
JE I (i +py ) - — L,

16

A

y+

.
5 D)

(1)



A2 > . h ... h . .~ h

T +7, =(px—ﬁy)(px—?y)+(py e —X)(p,+ 212 x)
hz A2 2
= (P +Dy )+ TR )+l—2(xz9y—ypx)
n? o hon
= (p<"+py )+4]4 (*? +y2)+l—2Lz
hZ 1 4 > " 12 R
= 14[ X+ + ﬁ(Px +Dy )+;Lz]

or

14 ) 2 A 14 2 A lZ R
?(ﬂx == (x +y )+?(Px +Py )+%Lz
From Egs.(1) and (2) we have

2

A l A2 A2 2 >2
L =—(#, ——X +Y

z

or

4 2
X2+Y2:;12(7%2 )—%L

In this case, he Hamiltonian is rewitten as

2

FI:ﬁ(ﬁxzﬂ%yz)zznﬁeﬂ(fzﬁL?Z ik
Note that

mhl2 i lej; 2y B%
where p, = is the Bohr magneton.

2m,c

In general gauge, we have

17
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2

Al+R = ’?—2(2&% +1)

X

and
X2+Y2=122b*b+1)

with

L =——(#, +7%y2)—%(f(2+}}2)

P n
o
=n(a*ta—b"b)

(2a*a +1)—%12(2£+5+ 1

11.  Schroédinger equation (Landau gauge)
In the absence of an electric field, the H

" 1 A2 A eBAz A2 1 A2 A fi AN2 A2
H=—— + +—Xx) + =— + +—=Xx) +
o [p.” +(p, ; ) +p.] - [, +(p, IE ) +p.]

e e

when we use the Landau gauge and /° = % (e>0). The guiding center is given by
e

: r._ P h. I
7ry=x——(py+l—2x)=—%py.

We note that this Hamiltonian A commutes with p, and p_.
[H,p,1=0 and [H,p.]=0

Then

nk, .k > is a simultaneous eigenket of H , p, and p_.

sy sty

18



Hln.k,.k.) = E,|n.k,.k.)

By|nik k) =k [nk k),
and

Pk k) =k |n.k k)

We also note that
- P, v _
X\n,ky,kz>_—Epy\n,ky,k)_—Ehky\n,ky,/@}_—1 k,|n.k,.k.)

In other words, ‘n,ky,kz> is the eigenket of X with the eigenvalue X =—/ 2ky

In the position representation, we have
<y|py‘n’ky’kz> = hky<y‘nakyakz> )

(z|p,|n.k, k. ) =k (3 |n K, k.)
or
7%<y‘n,ky,kz>:hky<y‘n,ky,kz>,

D2 ek ok )=k o]k )

1 Oz

Then the wave function has the form of

w(x,,2) =" g(x).
where
X =-Ik,.

We assume the periodic boundary condition along the y axis.

19



l//(X,y+Ly,Z) = l//(x,y,z)

or
eik),L), ~1
or
X 2 .
k,= S L—ﬂny (ny: intergers)

y
The Schrodinger equation for the wavefunction w(x, y,z) is given by

h o

1 ho o h
(=)’ -
i 0z

) +(—.—+Z—2x)2+(

2
b b =E 3 b
G2 G Y W(x2.2)= Ep(x.7.2)

with

The Schrédinger equation for the wavefunction @(x) is given by

5722415(96) - l%(x S XY (- 2’7’;;’5 FEDP@)

The energy eigenvalue is

27 2
E=Enk)=ho.(n +l) + 'k,
2 2m

e

#(0) =l (6= X)* =20+ D)

12. Mathematica

((Mathematica))

20



h
Clear["Global +"]; nx 1= — D[#, X] &;
1

elB

I B

Yy - (gD[#, v] + x#) &; nz 1= —D[#, 7] &;
1

=)

H1 :=

1
2— (Nest[nx, #, 2] + Nest[ny, #, 2] +
m

Nest[nz, #, 2]) &;

eql =H1 [¥[X, ¥, z]] - E1¥[X, y, z] // Simplify;
rulel = {y » (Exp[i (ky #2 +kz #3)] ¢[#1] &) };
eq2=eql /. rulel // Simplify;

Cw n _
} // FullSimplify

m
eq3 =eq2 /. {B-> o1

i i (kyy+kz z)

om ©

((—2E1m+m2x2w2+2kymxwh+ (ky2+k22)h2)
o[x] -1 ¢ [x]]

13. Landau level and the wave function

X X
Weput 4/27: gOZT

g _dsdy _1dg

ded dsdp_1d'
dx dxd¢ 1ldc’

Px) = dx de dx de I d&°

9"(x) =

Then we get a differential equation

¢" () +[2n+1)— (5 —5,)"14(5)

The solution of this differential equation is

(s—5)°

8,()=Wr2"n) e 2 H, (55,

or

21



(x-X)

¢n(x)=(«/;2"n!)‘”ze_2”Hn(¥)

The coordinate X is the center of orbits. Suppose that the size of the system along the x axis is Ly.
The coordinate X should satisfy the condition, 0<X<L,. Since the energy of the system is
independent of x, this state is degenerate.

0<X =0k, <L,

or
X=0k = <L
L 7 *
y
or
/5L
n, < —27z€;
Note that
2’
L

The area of each Landau state is
Ad=LAX =27".

Thus the degeneracy is given by the number of allowed &, values for the system.

LL, 4 A4 B4 @
70w 2w’ _ch 20, 20,
eB
where
20, = 27C _ 413563x 10”7 Gauss cm’

e

22



The value of g is the total magnetic flux. There is one state per a quantum magnetic flux 2®,.

@, is the quantum fluxoid.

Fig.  Energy dispersion relation for the Landau level.

14.  Creation and annihilation operator (Landau gauge)
We define the creation and annihilation operators such that

At

G=—t (s —in) it =—t(r +ir)
Non Nan

with

[4,67]=1
In the Landau gauge, we have

A A A h A O

T,=D> ﬂ-y:Z_z(‘x_X)
Then we have

. L h
a=—[px—ll—2(x—X)],

V2h

23



" I . ho . A
Q"= (b iy (- 2]

2n
nX)=vn+1n+1,X)

aln, XV =~nln-1,X), a*
)=n| )

(1) Wavefunction of the ground state
an=0,X)=0

. .10 -X
<x|a|n=o,x>=_lf[za+(xl )Y(x|n=0,X)=0

The normalized wavefunction can be solved by using Mathematica

(x-X)*

1
<x|n = O,X> = \/ﬁexp[— e

] (Gaussian)

In general we have

(x|N,X)=(=i)"

1 o
Sl Jln=o.x)

1 0 x—-X
_l,__

= )" exp[~ (= i()
2VNWrl ox 21

B 1 x—X _()C—X)2

_\/2NN'\/;lHN( l )exp[ 2]2 ]

]

with

h

/ .
G = [p. +ie(-X

For simplicity we put the factor (—i)" .

((Mathematica-1))
Wavefunction of the ground state
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Clear["Global +"];

i X =X
An = — (LlD[#, X] + #) &;

VZ E

eql = An[¥[x]];

eq2 = DSolve[eql == 0, ¥ [x], x] // Simplify

Hz,z/[x] 5 efx el C[1] }}

Yl[x 1 =¢[Xx] /-eq2[[1]] /- {C[1] » C1};

eq3 = Integrate[y1[x]?, {X, -®, o}] //
Simplify[#, L1 > 0] &;

eg4 = Solve[eq3 =1, C1];
YO[x ] :=y1[x] /-eqd[[2]] // Simplify;
YO [X]

_(x-X)?
e 2L12

N

((Mathematica-I1))
Wavefunction of excited state
We calculate the two functions by using the Mathematica.

1 0 x- _(x—X)2

X
l//(xaN)—m(—laJrT) exp[ e ]

1 x—X (x-X)*
H —
\/ZNN|\/;1 N( l )eXp[ 212

X(x,N)==

]

where H, (x) is a Hermite polynomial.

15.  Schrodinger equation (symmetric gauge)
In the absence of an electric field, the H
N 1 A h AN2 A h
H=—1p,—=5)y) +(p, +—5
. [(P, e ) +(p, e

e

2+ p.]

25



. ch ~ .
when we use the symmetric gauge and [° = B (e>0). H can be rewritten as
e

A 1 A2 A 2 A 2 : A2 A2 h2
H=—- +p +p.)+ X"+ + z
2m, (P *p, +p.) 8m614( ) 2m > h
! n

R R n 1 R R L
=—(p,+D, +p. ) +—me (¥ + )+ uB==
2m 8 7

e

where iz is the orbital angular momentum.

h? ehB

2mI? - 2m,c -

1B

M, 1s the Bohr magneton and is defined by

_eh
2m,c

Hp

The third term of A is the Zeeman energy. The orbital magnetic moment is

A

n L
H; :_/UB%-

So the Zeeman energy is given by

~ A

. L L
— B=—(- —)-B = B_Z.
H; ( uBh) HyB—
We note that
[H,[.]=0, [H,p.1=0, [L.,p.]=0

Therefore, there is a simultaneous eigenket of A, L_, and p..

Hly)=Elw), L,

w)="hk,

v)=mhly),  p, v)

26



((Note))

We note that
()A(z Yz)_2m614 (H— h LA)
h’ mlil*

Thus this operator is related to the square of radius the guiding center commutes with H and iz .

PR 2ml* ~  h
X2+ Py = " (= L)
2m,I* mh’
- h2 (E_ meZZ )|l//>
2m I
== (E=mha,)y)

Suppose that E = (n + %)ha)c , we have

2m *

4
200 f i) = . ha)c(n—m+%)

hZ

1
=2P(n-m+—
(n—m 2)

or
(WX +7)y)=2(n-m+1)>0

where

16.  Mathematica: Proof of [H,L.]=0.
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Clear["Global +"];

b‘*

h
pX 1= = D[#, X] &; py := = D[#, vy] &;
1

B-

H1 =
1
(2— (Nest[px, #, 2] + Nest[py, #, 2]) +
m
= mw? (x* +y?) #) &;
2 ’
= (X py [#] - ypX[#]) &;
Lz[¥[X, Y]]
~ixay O x, y] + iyt (x, y]

HL[LZ[¢[x, y11] - Lz[H1[¥[X, y11] // Simplify
0

H1[Lz[¥[X, Y111 // Simplify
1
TR (-m*x (X +y?) ® ¥ [x, y] +
x n? 0% X, V] rm?xy o® y 0 [x, y]
m2y3w2w Vix, y] —yn? P x, y]

xn?y 3 x, y] -y n®u®0x, yI)

Lz[HL1[¥[x, y]11] // Simplify

1 . 2 2 2 2 ,(0,1)
2m1h(—mx(x+y)w¢/ (X, Y] +
2.,3,2

m y w? 't [ x,y] -yr*yt?x, y1 +
xn? g x, y1 -yn? 30 x, y1)

17.  Cylindrical co-ordinates (symmetric gauge)
The Schrodinger equation is given by

P10 1o 0, EPN PR SE .
2m pap 28¢ 8217” 'uB a¢l// 8 ecpw /4
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where

(p.poz|L ) = ?(%W(P%Z) =mhy(p,9.z), y(p,4,2) = e™
(ol V)= Zpp =tk w(pds)  w(pho) e

Then the wavefunction has the form of

(p.0.z

v)=w(p.¢,z)=e"e" y(p)

Then we have

2'(p)+ %z‘(p) 1) 2(p) =0

or
1 277 p2 mZ
n +_ ] + “f = — 0
x"(p) pz(p) ( T )x(p)
with
2m,E 2u,B m’ p’w m? 5
= ¢ ——e ¥ e &
Sp) == e gk
2me #? ) epza)cz m?
T (E- ekz — pgBm) —( T ?)
2 _p_m
ZZ 414 ,02
where
12 _ﬂ W _ﬁ _ eh
eB “ mye’ oomye’
1 h2 2 1 hz 2 m
=—(E- k.~ — u,Bm)=—/(E — /o Y

c e c e

29



((Matheamtica))
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Clear["Global "]; Clear[B]; rl =" z?+p? ;
ux = {Cos[¢], -Sin[¢], O}; uy = { Sin[¢], Cos[¢], O};

1
uz={0,0,1}; r={p, 0, z}; ur= —1 {p, 0, z}; X =uX.r;
r

y=uy.r,
Z=uz.r;

P:=(-1aGrad[#, {p, ¢, 2}, "Cylindrical™]) &;

Px = (ux.P[#]) & // Simplify; Py = (uy-P[#]) & // Simplify;
Pz = (uz.P[#]) & // Simplify;

L:=(-1aCross[r, Grad[#, {0, ¢, 2}, "Cylindrical™]]) &;
Lx 2= (ux.L[#]) & // Simplify; Ly := (uy.L[#]) & // Simplify;
Lz := (uz.L[#]) &// Simplify;

Lz[¢[p, ¢, 2]]

~ihy Ot 0, 9, 2]

Pz[Y[p, ¢, 2]]
1Ay @Yo, ¢, 2
H1l =

1
> g (NestiPx, ¥lp, ¢, 2], 2] « Nest[Py, ¥lp, ¢, 2], 2] +
me

1
Nest[Pz, ¥[p, ¢, 2], 2]) + S me wc® o® Y [p, b, 2] +

uB B

Lz[¥[p, ¢, z]1] // FullSimplify
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2 4 2
me wC s O, Z| —
e o2 (me o Ulo, ¢, Z]

4 (0?0?00, ¢, 2] +21Bme 1B p® Y @1 0, 9, 2] + 17
(0% [0, ¢, 2] +0 (400 [0, 0, 2] +0¥>%V [p, ¢, 2]))))

rulel = {¢y » (Exp[im#2] Exp[i kz #3] x[#1] &) };

eql = (HL-E1¥[p, ¢, z]) /- rulel // Simplify

1 ei (kz z+m ¢)
8 me p?

((—8E1mep2+8Bmmequ2+me2p4wc2+4m2h2+4k22p2ﬁ2) x[o] -

4pn° (X' [p] +0 X [P]))

1
4 0° n?

((—8E1mep2+SBmmequ2+mezp4wcz+4m2h2+4k22p2h2)x[p] -

4pn* (x'[p] +p X" [P])) // Expand

2
m< x[p 2E1lme x[p
kZZX[p1+ 2[ ] - 2 [ ] +
o) h
2Bmme B x[p] me?p?uc? x[o] X' [p] .
n? 4 n? o

We use a new variable,

2

PTar

(Landau and Lifshitz, Quantum Mechanics). Then we have

2

2 2 2 s m
S+ @)+ 5 - (5 + =0
I (c) lzz(g) [1277 (212 2g12)]z(g)

or
2
" 1 g m
A"+ )+ (-=+n—-——)x()=0
4 4
where
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1 1 o¢ 1p 1
AP == () ==L 1) == ()
P pdp pl [

96 006 0

dp Oc dp Oc x($)

x"(p)=

=Z£4[Z—pz'(g)+pz"(g)]
g

=Z£4[l—z'(g)+p;c"(g)]
Yo,

2
= le;('(G) +—lf X" ()

We solve this differential equation using by the series expansion.
(1) In the limit of ¢ — o,

" _l —
2"(5) 4;((;) 0

The solution of y(¢) is approximately given by

1
1)~ eXp(—Eg)

(i1) In the limit of ¢ > 0

2

" ' m
")+ ' () =——x(5)=0
4c
The asymptotic form of y(g) is given by

‘m‘/Z

X)) ~¢

So that we seek a solution in the form
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‘m‘/Z

x(5)= eXP(—%)G u(s)

The differential equation for u(g) is given by
1
" (¢) + (Lt |m| =)' () == (1 [m] = 2mu(c) = 0.

18.  Solving of the differential equation
For convenience, we use a new variable x instead of ¢

xu" (x) + (14 m| = x)u' (x) - %(1 +|m| = 2m)u(x) =0
We assume that u(x) can be expressed by
u(x)=x"Y C(k)x"
k=0

We get the coefficients for the first several terms

p(p+|m))C(0)=0,

— %(1 +|m| +2p = 2m)C(0) + (1+ p)(1+|m|+ p)C(1) =0,

1
—5(3 +|m|+2p—2n7)C(1)+ (2 + p)2 +|m|+ p)C(2)=0
From the first equation, we get p =0 or p = —|m| . We need to choose p = 0, so that y(x) is finite
at x = 0. Then we get the recursion relation

_ (L+|m|+ 2k —2n)
201+ k)(1+ |m|+ k)

Clk+1) C(k).

Suppose that
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1+|m|
(1+|m|+2n,—277):0. or n=T+n

Then we have C(n, +1)=C(n, +2)=...=0. u(x) is a polynomial of x with the order of n,,

u, (x) = iC(k)xk = C(0) + C()x + C(2)x> +...+ C(n )x"

k=0
with the recursion formula

A+ |m|+ 2k — (1 +|m|+2n,)}
N 2(1+ k)(1+ |m| + k)

— (k—l’lr) C(k)
(k + 1)(k +]|m|+1)

C(k+1) C(k)

Note that u(x) satisfies the differential equation,
xu"(x)+ 1+ |m| —x)u'(x)+nu(x)=0.
The solution is given by the generalized Laguerrel polynomial
u(x)=L;(x)
Note that in the confluent hypergeometric representation (Arfken), we have the relation

(n, +|m|)!

L=

M(-n,,

m|+1,x)

Then we get the solution of the above differential equation
7(6) = Aexp(-2)a" 1] ()

with
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The normalized wavefunction is

‘m‘/Z P
1 im¢ _ik.z n,! p2 pz |m| P
x)=——€""e"" | ———exp(-25)| T=| L'(=

V= o+ P ) )

The energy eigenvalue is obtained as

1 h o, m
=—(CE —Fk)——=n+—+—
1= 0 B k)= =n o+

c e

or

+ 2
E, =ho.(n, +1+m—|’"|)+h—kz2
’ 2 2m

e

It is useful to introduce a new quantum number 7 as
1
n:n,+5(m+|m|) forn,=0,1,2,3,....
When m>0,
1
n=n, +E(m+‘m‘) =n,+m

when m<0,

The standard form of the Landau spectrum is

2
E, =ho.(n +l)+ i
272

2
k.
e

Finally we get the expression for the wavefunction
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2 P ‘m‘/Z
1m¢ ik,z n, ! P m‘
V= J_z Vet P 47 [ﬁz] (212)

m+|m
[n_(z‘b]g ,02 ,02 |m|/2 . ,02
_ im¢ _ik,z m
=——e "¢ exp(——=)| = L —
A 27l (m—m) p( 412 (\/EZJ nf*(mﬂm‘)(le)
[n— I
2
19.  The quantum numbers n and m
We get the relation from the above discussion,
1
n:n,,+5(m+|m|) forn=0,1,2,3,....
where n =0, 1, 2, 3, .... From these conditions we have the values of (n, m) as follows
For n, =0,
n=0, m=0,-1,-2,...,-0
n=1, m=1,
n=2 m=2,
n=3 m=3,
Forn.,=1,
n=1, m=0,-1,-2, ...,-0
n=2 m=1,
n=3 m=2,
n=4, m=3,
For n,=2,
n=2 m=0,-1,-2,..., -0
n=3, m=1,
n=4, m=2,
n=5 m=3,
Forn,=3
n=3, m=0,-1,-2, ... -0
n=4 m=1,
n=>5 m=2,
n=6, m=3

-
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In other words,

(1) The ground state:

n=0, m=0,-1,-2,...-0 (the degeneracy gy = )
(i1) The first excited state:
n=1 m=1,0,-1,-2, ..., -© (the degeneracy g; = ).

(i1) The second excited state:

n=2 m=2,1,0,-1,-2, ..., -0 (the degeneracy g, = ).
(1)  The third excited state:

n=3 m=3,2,1,0,-1,-2,..., -0 (the degeneracy g, =).

*—0—0 O K
o—0—0—9©
o—0—0 o
o—0—0 o
O —0—0 @ > m
b/ R R
Fig. m-nplane. n>m——1. n is a positive integer.
1 (m+|m|)], 2 )
_ im¢ _ik.z m
x) = P N L
7 P 7 7 P il )
2

The probability density is given by

V(o)

B, . (p)=2nmp
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where

1

P(p)dp

0
0

We make a plot of P, (p) by using the Mathematica (Plot3D) for several cases

39

0,m=0,-1,-2

n

(@)



1 m=1,0,-1,-2

n=

(i)

40



41



42



(i) n=2 m=2,1,0,-1,-2
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iv) n=3 m=0,1,2,3
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20. Mathematica: solving the differential equation by series expansion

49



Clear["Global %"];
a2

-X
1= " - —— -— | F :
eq X [X] + [X] + 2 +n 4X] [X]

rulel = {f (Exp[-#/2] #*?u[#] &)};
a=|mj;

eqll =eql /. rulel // Simplify

em/z Xa/2

NP

(-(l+a-2n)u[x] +2 ((L+a-x) U [X] +xUu’[X]))

eqgl2 =

(-(L+a-2n)u[x]+2 ((L+a-x) U [xX] +xu”’[x]))/2//
Expand // Simplify

(l+a-2n)u[x] + (l+a-x)u [x] +xu”’[X]

};

NI

10
#P Z Crk] #“
k=0

rule2={u->[ &

eq2l =eql2 /. rule2 // Expand;
eq22 = eq21 x*P 7/ Simplify;

listl = Table[{n, Coefficient[eg22, X, n]}, {n, O, 4}1 //
Simplify;

listl // TableForm

0 p (a+p) C[O]

(l+a+2p-2n)C[0] +(L+p) (L+a+p) C[1]

(3+a+2p-2n)C[l]+ (2+p) (2+a+p) C[2]

(5+a+2p-2n)C[2] + (3+p) (3+a+p) C[3]

A W N P
NI NP N N

(7+a+2p-2n)C[3]+ (4+p) (4+a+p) C[4]

list2 = listl /. {p->0}; list2 // TableForm

o
o

(l+a-2n)C[0] + (1+a) C[1]

(3+a-2n)C[1] +2 (2+a) C[2]
(5+a-2n)C[2] +3 (3+a) C[3]
(7+a-2n)C[3] +4 (4+a) C[4]

A w N P
|
NI N N N
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Determination of recursion formula

k+3
rulesd = {u—» [ Z C[n] #" &
n=k-3

};

eq3 =eql2 /. rulel3 // Expand;
eq31 = eq3 x*™* /7 Simplify;

list3 =Table[{n, Coefficient[eq3l, x, n]}, {n, 3, 5}]1//
Simplify;
list3 // TableForm

3 —%(—1+a+2k—277)C[—1+k]+k(a+k)C[k}
4 —%(1+a+2k—2r7)C[k]+(1+k> (L+a+k)C[1+K]
5 —%(3+a+2k—2r7)C[1+k}+(2+k) (2+a+Kk)C[2+K]

egd = list3[[2, 2]]

—% (l+a+2k-2n)Clk] + (1+k) (l+a+k)C[1+Kk]

eg5 = Solve[egd4 =0, C[k +1]]
(l+a+2k-2n) Cl[K]
2 (1+k) (1+a+Kk) }}

{{C[1+k] >

DSolve[eql2 == 0, u[x], x] // Simplify

{{u[x] -CI[1] Hypergeometricu[1 (l+a-2n), l+a, x| +

J}

C[2] LaguerreL 7% - g +n, a, X

Solving differential equation:
seql=xF""[x] + (1 + Abs[m] -Xx) F"[X] + (nr) F[x] =03

DSolve[seql, F[x], X]

{{F[X] - C[1] HypergeometricU[-nr, 1+ Abs[m], X] +
C[2] LaguerreL[nr, Abs[m], X]}}

21.  Wavefunction for the Coulomb gauge
Here we use the Coulomb gauge such that V- 4 =0. Then we get

2
e
2
c

A 1 . e 1 .
H=——(p+—A) =—[p"+
c 2m

A+8(p-A+ A p)]
2m c

where
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ﬁ'A—i—A.i’:ﬁxAx—}_ﬁyAy+ﬁzAz+Axﬁx+Ayﬁy +Azﬁz
=[p,A]1+[p,, A, 1+[p.,A.]1+2A4- p

=E_V-A+2A-f)
i
Then we have
2
a=_Lp +E A 2"V 124 )]
2m c c I
2
- L + A NCAPIEIPS
2m c ic c

Since V-4 =0, we have

~ 1 ., & ., 2e R 1 ., €B* ., eB..
H=—@P +=A"+—A-p)=—p + X +—X
2m P c* c P) Zmp 2mc? mc Py
where
2 2p2
lzzﬁ, ha)czh—zzhe;B, ma)CZ:eB2
eB ml mc mc
~ 1 A2 6232 A2 AR 1 A2 ma)2 AD AR
H=—p + X+oxp =—p +—Xx"+w0xp,
2mp 2me? Py 2mp 2 P

The first and second terms of this Hamiltonian are that of the simple harmonics along the x axis.

We note that this Hamiltonian A commutes with p, and p_.
[H,p,1=0 and [H,p.]=0

Then

nk .k > is a simultaneous eigenket of H , p, and p_.

sy sty

H

nk,.k.)=E,

n.k,.k.)

and
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Py|nk, k)= nk |n.k, k),

and

n.k,.k.) = hk,

p. n.k,.k.)

Thus the wave function is described by the form,

w(x,y,2) = g, (x)e" "

REFERENCES

D, Yoshioka, The Quantum Hall Effect (Springer, 1998).

S.F. Ezawa, Quantum Hall Effect Field Theoretical Approach and Related Topics, second edition
(World Scientific, 2008).

Schaum's Quantum Mechanics

APPENDIX
A.1 Hamiltonian

A= (p+Siy-cp,
2m c
where €>0. The canonical momentum is defined by

A

a=mv=p+—A.

0|

A.2  Guiding center and relative co-ordinate
(@) General case

[£,7 ]1=ihl,

[9,7,1=ihl,

[%,7,]1=0,

[,7,1=0,
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DR [7%);77%2]:07 [7%2’7%);]:0

where B is the magnetic field. B is directed along the z axis.

P a)c=£
eB m,c
(b) Landau gauge
2 2
)2:)?+l—fzy, 9:Y—l—;
h
S S NP A
[€,7]=—il"
[X,Y]=il’
r. . .
[é,X]z[%ﬂy,x —z,]=0
R r. . r.
[n’X]:[_;ﬂ.x’x —ﬂ'y]:O’

N I’
[é,Y]=[—7ry,y+;ﬂx]=0
[”Y]—[—ﬁﬁ A+ﬁfz]—0

> h x’y h X >

The Hamiltonian

2

]:1: "2+A2

2m1“(68 )
A A /P
H,X]= +7°,X]=0
[H,X] 2m14[§ n°,X]
A A /RPN
[H.Y]= [&"+7°.Y]=0

2ml*

A2:  Quantum mechanical operators (Landau gauge)

A=(0,B%,0)
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R . e~ R R . e . eB . . ho.
ﬁx:px+ZAx:px, ﬂy:py+ZAy:py+7x:py+—2x
N Y U I,
X:x—;ﬂy:x—;(py+l—2x) —%py
N & L
Y=y+—7m =y+—

y 7 Y hpx

. l . R ‘. o &
A" =— 7 +int)=———[p. +i=(x—-X
\/Eh( X y) A\/Eh[p‘c 12( )]

A3:  Quantum mechanical operators (Symmetric gauge)

A= (—%Bj/,%B)%,O)

T = +EA—"_iA
P px cx px 212)}’

~ 2. P . h . 1. I*.
/A h(py ik 2P

N A ? . ho. 1. I*.

Y:——]z’ = —_—— —_—— = — _—— .
e h(px 2lzy) 5V P

B.1. Landau tubes with the quantum number »
Here we draw a series of Landau tubes with different quantum number n for each fixed
magnetic field B. We start with the relation given by

2

E :h—kj +ha)c(n+l)
2m 2

where
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For simplicity, we assume that 72 =1, m = 1. Then we get

E=1k22+a)c(n+l)
2 2

For a fixed n (0 or positive integer) and a fixed E,

k=+2E - (2n+1)

The Landau tube consists of the cylinder with a radius

k, =k, =2n+1o,

and the length of cylinder

k|<\2E-o.(2n+1)

We choose; E = 12. @, is changed as a parameter, where 7 = 1 and m = 1.. In the quantum limit,
there is only one state with n = 0 inside the Fermi surface. The Mathematica program is shown in
the APPENDIX. We show the Landau tubes of quantized magnetic levels (n) at fixed values of
ho., .

(a) he,=0.5,1,1.5,and 2.0
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E=12
fi,=0.5

(b) ho, =2.5,3,3.5,and 4.0
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E=12
fiw,=3.

E=12 §
hw,=3.5 ™

(©) he,=4.5,5,5.5,and 6.0
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E=12
A, =5.

E=12
Aw,=5.5

d) e, =65,7,7.5,8.0
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E=12
fiw,.=7.

]

E=12
e, =6.5

E=12

e =T1.5 E=12

fiw,=8.

Fig.

The last figure shows the quantum limit where only the Landau tube with n = 0 exists inside the
Fermi surface.

B.2. Fundamentals of the Landau levels
We now consider the case when &k, = 0.
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................. GF

B=0 B+0
Fig.

This regular periodic motion introduces a new quantization of the energy levels (Landau
levels) in the (ky, ky) plane, corresponding to those of a harmonic oscillator with frequency .
and energy

2

1 2
—ho.(n+=)=—%F,’, 12
gn a)c(n 2) 2 1 ( )

where &, is the magnitude of the in-plane wave vector and the quantum number » takes integer
values 0, 1, 2, 3,...... @, is the cyclotron angular frequency and is defined by

eB
mc

c

Each Landau ring is associated with an area of k space. The area S, is the area of the orbit n with
the radius k, =k,
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(13)

2 1
:7(n+5) .

1
>

(n+

27eB
fic

62

5 .

fic

S, (k)=nk,’ =

I’ =
.....‘..‘.....A...‘...‘......

Thus in a magnetic field the area of the orbit in & space is quantized. Note that

[ is given by
in the SI units.




Fig.

B.3.

99 En
o .. *—9—e .. |

.o.o..“..o.o. 3

.....ooo..... ]
o..o.o...o0o...o.o X ¢
o.. o.o 01.2 P ]
toes S n% $ e ‘
00°...o. .:.°00 !
.'. e o o “o
.........00..........

..o.o..°0°.o.o..

o.. ::0:0. ..o

> o :: p

D (¢)de =

Quantization scheme for free electrons. Electron states are denoted by points in
the k space in the absence and presence of external magnetic field B. The states
on each circle are degenerate. (a) When B = 0, there is one state per area (/LY.
L? is the area of the system. (b) When B # 0, the electron energy is quantized into
Landau levels. Each circle represents a Landau level with energy
E =hw.(n+1/2).

Density of states using the magnetic length
We consider the density of states for the 2D system

2

2 rkdk

(27)*

where the electron spin is neglected. The energy dispersion relation is given by

/R
g =—k",
1 2m 1
with
2
del:%kldkl
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Then we get

r m
Do(é‘so)dgl :WZE?CZEJ"
or
2 2
D (s)=—L oM _mL

Qr)Y w2k’
which is constant. Note that we neglect the electron spin, since only the orbital motion is
concerned.

Now we calculate the number of states between the adjacent energy levels &, and &,+;. Since

—¢&, =hw (which is independent of the quantum number )

Fig. In a magnetic field the points in the (&, ky) plane may be viewed as restricted
circles

Then the number of states is calculated as

ml? ml? ml’ heB eBI’
D=Dle)he, = mhe, = aho = e ™ e

PB.

where
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P e
and
ot
eB’
APPENDIX

((General gauge))
The guiding center is given by

2
)%=X+%7%y, p=v-T2

The creation and annihilation operators

[4,a*1=1, [b,b"]=1, [a4,b]=0, [a",h]=0
(i)

? ., ) 1

E(ﬁx +7, )=h(&+a+51)
(i)



AA

1w w1 s
b'h=—(X —iY)— (X +iY
N TR TR

=2le{;22 LD X
L 5r 52 1
=—(X*+7YH)—=1
212( ) 2
or

h o2, V2 Aon e
— (X" +Y)=nb"b+—1
212( ) =1( ﬂ

where

since

We also have

) I . hy . h oy
a—ib"=—[(z.-=Y)-i(Z#, + =X
B =R = D) =i+ D)

h I’

I . . AN A SN
ZE{[ﬂx _1_2(y+_7z.x)]_l[ﬂ-y +l—2(x—;7fy)]}

h

L R
= \/El (x-1)

and
R ~ I A A
a +ib=—(x+i
\/El( »)
((Symmetric gauge))
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T.=p +—A =p, o7 v, (symmetric gauge)
c
~ . e . no. )
7,=p,+—A4,=p, +2—12x (symmetric gauge)
c
R 12 R 12
x=X+—7, y= Y—gﬁx (general gauge)
The angular momentum (symmetric gauge)
LAZ :i}\y _J};’AX
D=7 +iﬂ—7i +i(f—ﬁ7i Y=—7 +i}} (symmetric gauge)
px X 2]2)} X 212 h X 2 X 212 y g g
A ho . h)A(ZA_IA hj( .
py—ﬁy—?x—ﬁy—?( +—7ry)—57zy—? (symmetric gauge)
Then we have
L, =3p, - b,
s Pl h oy s PP 1. R
=X+—7)=7n,-——X)-Y—-——7) =7, +—Y
( hy)(z} e )= ( hx)(zx 212)
G S SRS
——?( + )+E(ﬁx +7Z'y)
where we use the commutation relation;
- /?
X,z ]=[x-—7,7,]=[x7,]=0. (general gauge)
12
Y,z ]=[p +%7%x,7%x] =[y,7.]1=0 (general gauge)

The angular momentum is expressed by
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2

sy e P 0
z:_?(X +Y)+%(7Z'x +7Z'y)

~

| PPN DA
=n@ a+=1)-nbb+-1
(aa 2) ( 2)

=n(a*a-b'b)

Here we use the notation of the operators which are used in Yoshioka's book (personally I know
him very well since the days of Ph.D (in physics). students in University of Tokyo)

Symmetric gauge

T.=p, —% h% (symmetric gauge)

A A ho, .

T,=D, +2—12x (symmetric gauge)

N S & /S Y S .

X=x-—nx, =x—— —X)=—X—— symmetric gauge

- (By+578)=7%-—p, (s gauge)

s D $ 12 o1, 1P, .

Y= —7. = — =—)y+— symmetric gauge
y+ h . (px SEN = Vb sy gauge)

(1) Operators a and a*
4=

(i)
=L -y —ip, + sy
_\/Eh P, — 212)/ p,t 212
/ . - fi
= (P, ib) =5 iR )

1 1., .. -22_'2
ol i (i D)
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=L (5 +ir)
ot

=%[<fax —%ﬁ) vi(p, + 2L 212 RO
[ [(p, + lpy)+ l(x+ly)]

(i)  Operators b and b*

s PN N S
\/_l (GX=—p)+iCY+—p)]
lZ
\/—Z 2(x+ly)+l (P, +ip,)]
Sl priyer @il
\/51[2( V) (ax ay)]
and
b= (X -if)
NeT
12 I’
—Xx- +
\/—l[( 7P l( y hpx)]
=[G -iD)—i—(p, —ip
ﬁz[z( V) h(px D,)]
11 0 0
—>—[=(x-iy)-P(=—-i—
\/51[2( V) (ax 8y)]
We introduce complex mu,ber and its complex conjugate (x and y are real)

z:%(x—iy), Z*:%(x+iy)

We note that
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o [ o0 .0 o 1,0 .0
Do (i), =i,
0oz 2 Ox 0Oy 0z 2 0x Oy

*

where the factor 1/2 arises from the condition that % =1, and 22* =1. Then we get
z z
-1 0
a— z+4—
2\/5( 0z )
=—ivJ2ex (—E)iex (ﬁ)
PR
. i . 0
a — z —4—
2\/5( az)
2 2
i A RVRIPE AN
=——¢ I -2 e L
N xp( 1 )Nz aZ) xp( 4)
b—> L(z* + 4i
2\/5 0z
=2 ex (_ﬁ)iex (ﬁ)
P 4 " 0oz P 4
~ 1 0
b — z—4—
2\/5( 0z )
2 2
1 4 0\ ool
=—exp(——)(z —2—) exp(—
72 xp( 1 )z % ) exp( 4)
((Mathematica))

The commutation relations.
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Clear["Global %"];
Al = -iV2 Exp[-z1z2 /4] D[Exp[zlz2 /4] #, z2] &;
A2 :=
i Exp[-zl1z2/4]
N p
(z2 Exp[z1z2 /4] #-2D[Exp[z1z2/4] #, z1]) &;
Bl := \/? Exp[-z1z2 /4] D[Exp[z1z2 /4] #, z1] &;
B2 :=
= Exp[-z1z2 /4]
N p
(z1Exp[z1z2/4] # -2 D[Exp[zlz2/4] #, z2]) &;

AL[Ff[zl, z2]] // Simplify
i (z1F[z1, z2] + 4 FO (21, z2])

B 2~/2

A2[f[z1, z2]] // Simplify

i (z2F[z1, z2] - 410 (21, 22])

2+/2
B1[f[zl, z2]] // Simplify

z2f[z1, z2] + 4 50 [z1, z2]

22

B2[f[z1, z2]] // Simplify
z1F[z1, z2] -4 €0V [z1, z2]

22

AL[A2[F[z1, z2]]1] - A2[AL1[T[z1, z2]]1] // Simplify
f[(zl, z2]

B1[B2[f[zl, z2]]] -B2[B1[f[z1l, z2]]] // Simplify
f[zl, z2]

Quantum mechanics

The ket

n,m> is the eigenstate of the angular momentum with the eigenvalue 7im and is also the

eigenstate of a"a with the eigenvalue n.

L n,m> =h(a*a-b"b)

n,m> =hm n,m>
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n,m>

* n,m>=

Then we have

n,m> = n,m>

where n>m .

Here we introduce a new eigenket such that
&+&|CD(n,nb)> = n|CD(n,nb)> , l;+l;|CD(n,nb)> = nb|CD(n,nb)>

where

and

>:|(D(n,nb>

The eigenket |<I>(n,nb> can be expressed by

|D(n,n,) @' (by"0,0)
J— J_
The ground state is defined by
(rll0.0) = {rl§10.0) =0
or
a_eXP(| | )‘//o,o(") =0, eXP(| | )l//o,o(r) =0
where <r , > =y, ,(r). We have the wavefunction of the ground stae as
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Woo(r)=4 eXp[—%] = Aexp(— )

4l2

The normalization of the wavefunction:
o0 5 p2 200 IOZ
[ 27pp|Af exp(— L) = 214 [ pdpexp(-£) =1
0 21 o 21

and

since
T /O2 2
exp(——) =1
!pdp xp(~25)

Then the normalized wavefunction of the ground state obtained as

2

Woolp) = J_l exp(—L£ i

The wavefunction of <r|®(n,nb )> is given by

AL

0,0)

< ‘CD(n nb) \/_\/Z

11 ( i M 1 j””(z*_4g)nz 0 .,
\/ﬁ\/nj' 242 ) (242 Oz oz

expl- ]
N2rl 4

2

1 |
= —4—)" 4 " e Ty
27l Jnln! [2& j (2 -a5) - ) xp( 412

where
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L —a9y, b= (z-4-29)

2.2 Oz 232 oz

a’ =

((Mathematica-1))

Clear["Global «"]; exp * :=exp /- {Complex[re , im ] Complex[re, -im]};

1 -1 i
fl[zl , z2 ] := Exp[— 2122]; A2 := — (z2 #-4D[ #, z1]) &;
V2r L 4 22
B2 := (z1# -4 D[ #, z2]) &; A2N[n_] -= Nest[A2, #, n] &;
22
A2Nb[nb ] = Nest[B2, #, nb] &;
X - 1 X + 1
rulel:{zl-» Jl.y’ z2 > +1y};
L
F1[ b ] ! A2N[Nn][A2Nb[nb][Ffl[z1, z2]1]
n_,nb ]:i=— n n zl, z ;
Vninb!
F1[0, O] /- rulel // Simplify
X2+y2
e 412
LV2rnr
F1[0, 1] /- rulel // Simplify
_X2+y2
e 42 (x-1ivy)
212/
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F1[0, 2] /- rulel // Simplify

x2.y2
e 42 (x-1y)?

413

F1[0, 3] /- rulel // Simplify

_X2+y2
e 4% (x-1ivy

41461

F1[1, O] /- rulel // Simplify

>3

x24y?
e 42 (ix-vy)

212/n

F1[1, 1] /- rulel // Simplify
x2y2
ie 4% (212 -x2 - y?)

21327
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F1[1, 2] /- rulel // Simplify

M
e 4% (ix+y) (-4L%+x2+y?)
41421
F1[1, 3] /- rulel // Simplify
M
ie 4% (x-1y)? (-6L%+x%+y?)
8153
F1[2, O] /- rulel // Simplify
x24y2
e 42 (x+1iy)?
 aldn
F1[2, 1] /. rulel // Simplify
&LZ
e 4% (x+iy) (~4L%+x2+y?)

4142
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F1[2, 2] /- rulel // Simplify
_x2ay?
e 412 (-8L*+8L2 (X +y?) - (X2 +¥?)?)

8L2\/2

F1[3, 0] /- rulel // Simplify

x2.y2
e 42 (ix-y)?

4146

F1[3, 1] /- rulel // Simplify

%2 1y2

ie 4% (x+iy)? (-6L%+x%+y?)

8L°+/3n

F1[3, 2] /- rulel // Simplify

X2 1y2

e 42 (Cix+y) (24L4—12L2 (X2+y2) + (X2+y2)2>

16 L5371
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F1[3, 3] /- rulel // Simplify

) x2.1y2
= de 412 (4815 _72L% (x®+y?) +18L2 (X2 +yA) 2 - (X2 4+ yA)?
YN ( (X +y) (X7 y?)" = (v
F1[4, O] /- rulel // Simplify

X2y?

e 412 (X+J'1y)4

16 L° /37

F1[4, 1] /- rulel // Simplify

x24y2

e 412 (x+j1y)3(—8L2+x2+y2)

16 L% /6

F1[4, 2] /- rulel // Simplify

x24y2

e 42 (x+iy)? (48LY-1612 (X2 +y?) + (X% +y?)?)

32L'vV6 7

((Mathematica-2))
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((Mathematica-2))
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APPENDIX

1. Definition of the coherent state | o)

The coherent state is defined as
&|a> = a|a> ,

where « is a complex number. Suppose that

dla)=Y can)=Y eNuln-1)=3 ¢, ,Jn+1|n)
n=0 n=0 n=0

This is equal to
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0

a|a> = cha

n=0

)

Then we get the relation

wel = Cp m

which leads to

Cn —-Co:jo

Consequently we have

@)=, 25 h)

n=0

The bra vector <a| is given by

yields

Jf”

—_, 2
c=e * .

Finally we have
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o
|@)=e * 2 p=ln)
2. Displacement operator D,

The displacement operator ﬁa is defined as
D, =exp(ad* —a’d).
Then the coherent state |a> can be expressed by
@) =D,|0).

where

Note that

A

D,

D, =exp(—ad* +a’d),

Since
aD, =D, a+aD,
we have
ab,|0)=D,a|0)+aD,|0)
or

ab,|0) = aD,|0)

Then ﬁa|0> is the eigenket of a with the eigenvalue «,
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|@)=D,[0)
The form of |a> can be expressed as follows.
A 1 at .
|a> = Da| 0> = exp(—5|a|2)exp(aa )exp(—a a)| O>
Using
exp(—a’d)|0) =|0),

[exp(aa™),a] = —exp(aa)a ,

or
exp(ad* )(al + &) = dexp(ad®),
we have
ila) =ad, o)
= exp(—%|a|2)& exp(ad™)|0)
= exp(—%|a|2)exp(a&+)(ai +a))0)
— aexp(- |l exp(ad)|0) = )
or

&|a> = a|a>

which means that |a> is the eigenket of @ with the eigenvalue a.
((Note))

(ple)=exp- L oy,

3. Coherent state

&9



or

—! (Z+4i*)

a_)2«/§ %
—zZexp(|| ep(||)

— ! (z" +4£)

)
—\/_exp( || P(||)

i) = cla).
(24la) = (<l ) = (2]

—iv2 exp(—ﬁ)i*exp(%)<z|a> = 0{<Z|0{>

4 "0z

5 e . A
g[e:xp(%)<z|at>] = %[GXP(%XZ |a)]

Then we have

or

expele) = dexn )

<z|a>=Nexp<f%>exp<ﬂ—§|ar>

= Nexp[- (| |

f Sl

2
| .
=N exp(—5|06|2) eXp(%) exp(— %)
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Note that the coherent state is not a linear combination of just ground-state wavefunctions, but
contain excited states.
2
d
—)

Kz|a>‘ = N? exp(—|a|2)exp(%) exp(— i

(i1)
b.8) = B|B)
(2l 8)=(z|p| ) = B(z|a)
V2 exp(- || XP(H < |IB>=,B<Z|,B>

—[exp(” )z 8] —%exp(” )z|8)]

Then we have

exp(| | < |ﬂ> \/—exp(\/_
or
<Z|ﬂ> = Nexp(—%|ﬂ|2)exp(%) exp(_%)

We can define the coherent state as

0)

|, B) =exp(ad” — o’ d)exp(Sb* -
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(z|a, B)= Nexp[—%(|a|2 + |ﬂ|2)exp(%) exp(— |2 Z|Zz| )

1.

&|a> = a|a>

<Z|a> = Lexp(—lzf +L2a —laﬁ)
27 472 2

a’ a> = a2|a>, &"|a> =a”|a> n=1,2,3,..)
bt z—2ai
()= (el - E 2
b’ 2 z \/_1
()= el 2
z—+/2
(1) = ele) L2
In general
b*" 1 z—+2ai ;
<Z|\/—,|O‘>=<Z|a>m( ﬁa)
2.
b8)=B|5)
1 1 _ 1 1 -
<Z|ﬂ>:mexp(—zzz+ﬁzﬂ—5ﬂﬂ)
v\ )= 5| B), b'|B) = p"| ) (n=1,2,3,..)
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Vi i
(&+)Z 3 i’ Z—\/E,B )
== E2
A+ 3 —_\/5 3
1) 1) 1) 28
In general,
@), .\ i" z-28.,
(| Jn! |ﬂ>—<z|ﬁ>\/a( 22 )
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