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Dirac picture
Fermi's golden rule
Heisenberg’s uncertainty of principle

Enrico Fermi (29 September 1901 — 28 November 1954) was an Italian physicist particularly
known for his work on the development of the first nuclear reactor, Chicago Pile-1, and for his
contributions to the development of quantum theory, nuclear and particle physics, and statistical
mechanics. He was awarded the 1938 Nobel Prize in Physics for his work on induced
radioactivity.
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from E, Fermi "Lecture Notes on Quantum Mechanics (Dover).

1.

Time-dependent perturbation (Dirac picture, or interaction picture)
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The Hamiltonian is given by
H=H,+V(1),

where I:I0 is independent of 7. The state vector in the Schrodinger picture is related to that in the
Dirac picture (the interaction picture) by

. 0)=¢ """y, ).

or

v, ()=l (1))

The state vector |l//s (t)> satisfies the Schrodinger equation

v (1)) =[H,+ AV (1]

ih%h//s (t)> -H 78 (t)> . (Schrodinger picture)

In the Dirac picture, the state Vect0r|w , (t)> satisfies the following equation of motion, based on

the Schrodinger equation for |1//S (t)> ,

L 0 iy
ih &It//,(t)} =ih—e lw, ()
- —ﬁoeéﬂ”’| w,(6)+ o™i §| v, (1)
= He" |y 0+ LA, + AP v ().
iﬁot,\ —iﬁot
=3e" P @0e "y, o)
=V, w,(0))

or
_a ; o
’ha v, (1)) = AV, (0w, (1)) . (the Dirac picture)

where the new interaction operator is given by

of

Fio=e" Ve



This definition is true even if the perturbation depends on time.
Now we introduce the time evolution operator U ,(t,¢,) in the interaction picture, such that

|‘//1(t)> = Ul(t: to)| V/I(to)> .

Since
., 0 5
iy, (0) = 27,0y, 0).

the time evolution operator U ,(t,t,) satisfies the differential equation given by
o 0 A 5T
lhan (1,ty) = AV, (U, (1.1,) -

Using the initial condition U, (z,,t,) = 1, we get the integral equation
A P A TSN
U,(t,t,)=1 —%AJ’V,(z')U,(t',zo)dt'.

By successive iteration, we get an approximate solution to this integral equation [Dyson series]
as

. R N~ 0 S A N
() =1-—2] AQIEE [V, "1, )de"ar

" (—%)Ajlﬁ(t')dt#(—%)z/iz [V@yar[arv, @)+ ..
t to to

It is sometimes convenient to write this series expansion in more symmetric form by using the
time-ordered product 7 (or time ordering operator). We define time ordered product of two
operators as

V(e W, (") ("<t

T @@= {I}, "W, (1" "<’

or

TV, (', (t")] = O —"W, (W, (") + O~ W, ("W, (1) .



where ®(x) is a step function, ®(x)=1 for x>0 and 0 for x<0. This convention is easily

generalized to products of any number of time-dependent operators. With it we can prove that if
£>to, the time evolution operator may be written in the form

ttt t

3 7 S 1 i n an 1 1 1 g 1 g 1 g 1 5 1
O ttg) =T 2o (" 2 [ [ [ et T 60 6 0+, 6,)

loloty 1y

or formally and compactly as
R i
U (tt) =T expl—— [V, (¢)dr1,
fo

although it is not generally useful.

((Note)) G. Baym, Lectures on Quantum Mechanics (Westview, 1990).

jdfjdt'vr[r?,(z')ﬁ,(z")] = j.dt'j. At —")V, (1YW, (1") + jdz“jdf@(t"—z')ﬁ,(z")V}(f)

to ty ty to ty ty

- Jar]ar, e,y + [ a0

ty to to to

t t'
= 2!jdf j v, ("W, (")

ty ty



rl'

t t'
Fig. The integral region for J. dt'J dt"V, (' )I}, (#") (green region)
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t t
Fig. The integral regions for J.dt"f dt"V, (t')I},(t")/ 2 (green region) and

fy to

J' dr" J‘ dtV, (1"W,(1")/2 (yellow region).
o o

(J.M. Ziman, Elements of Advanced Quantum Theory (Cambridge, 1959))

Similarly, we have
[t [ e, [ dey'-- [ dt, TIV, (6, W, (6,") Ve,V =t [ de V(e [ A, V(1) -+ [ e,V (,"),
ty ty to to ty to to

'

because there are n! possible orderings of n times ¢,', t,',...., ¢, .

The time evolution operator in the Schrodinger picture US (t,t,) 1s related to that in the Dirac

picture as

i
—Ht
PR

A Lﬁt A =
U,(t,t)=e" "U, (t,t,)e )

since
|‘//1(t)> = U,(t,t0)|l//1(to)>
iﬁot
=e" |y, (1)
_ %ﬁoz A
e Us (t’ tO) l//s (tO )>
Ht A Ay,
=e" U, (tt)e " v, (1))
where

v, (0) =U, (1), (1)) .

Let us now look at the matrix element of U (tt,),
Hy[n)=E,|n),

i 0 0
%(En( -E, 1)

U, (t,t,)|m),

(n

<n|U,(t,t0)|m>:e



([0, )| m)|” =|(af ety )

((Note))
Suppose that

[H,,A]#0 and [H,,B]#0,

A

Ala)=a'|a") and  B|p)=b|b").

In this case,

(10, e 2[00, @t

since

i A
——Hty

<b'|l71(t,to)|a'> = Z(b’|e;HOt n><n U, (1,1, )|m><m|e g

_ ze%(En<o>thm(o>to)<b'|n><n

n,m

a'

US (1.1, )|m><m|a'>

2. Transition probability (Dirac picture)
We now consider the case as shown below.

Switch—on
1> state
V=0 state V+0 state
» {
t=0 t=t
At1=0,
w,(t=0))=|i)
Att= to,

v, (1)) = U, (,,0)

y,(0)=e

iy.



Since

vt =¢ " lw@).

from the definition, we have

Ly
l//s(t0> = eh -

IR
—Hty

|‘//1(t0)> =e’

h

=]y,

((Note))
The state vector in the Dirac picture does not evolve in the absence of the perturbation, while
it does in its presence.

i 2y, 0) =27, (0, 1),

., 0
lhah/ll (t)> = O s

for 0<z<t¢,, since I}, (#)=0. Then we have

iy,

in this time region.

|V/1(t)>:

At a later time (£>t0), we have

|‘//1 (t)> = U] (t,t0)|lﬂ1 (to)> 201 (4,%5)

iy,
We assume that

|l,// ! (t)> = ch (t)| n> , (Dirac picture)

or

|‘//1(t)> = Z|n><”|lj1(t:to) i> )

or

e, (t)=(nly, () =(n|U,(t,4,))]i).



Now we go back to the perturbation expansion (V' — AV)

c,(t)=(n|U, (t.,,)]i)
¢, () + Ac, V() + 22, P (1) + ..

(nfi+ /1(—%) j V,(t")di'+ 2 (—%)2 j dt' j dt"v, (W, (") +..]i)

fy ty

Thus we have

cn(o) ()= <n|z> =0,;,

e, = (—%) j dt'(n|P,(e")i).

D)= (_é)zt{dﬂt{dt"{nm CIAGHH

Since
A LSV Ly
vio=""V@e"

the matrix element in the Schrodinger picture is related to that in the Dirac picture such that

Hot

i)

n|V (e)]i) ="V, (t")

(@) = (ale?™ P (e

_ eé(En—E.-)z' <

where
V. (0)=(nV (0)]i),
and

w, =—+——=". (the transition angular frequency)
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Then we hve

Similarly, we get

6, =X [t ol )l )

mot, fy

or

The transition probability for |z> - | f > is given by

‘2

P(i = f)=|e, 0 =le, @)+ 3¢, 0+ .| .

When ¢ f(o) (t)=0, P(i > f) can be approximated as

Note that this probability is clearly only valid provided
Pi— f)<<l.

3. Exact solution in the Dirac picture
In the Dirac picture, we have the following equations without any approximation,

"h%”'%(f»=12<"|Vz<f>lk><klw,(t)>,

0

( )_Ek<0)),<

nlf o) =™ P o) = e

where



v, =(nP(0)k),

and
EO©_p©
o, = % : (Bohr frequency)
Then we have
o a io,t
ih—c,(t) = /?,Ze Y e (t).
ot p
Using the matrix notation we get
C] (t) ‘Vll Vvlzeia)lzt ‘Vl3ei{z)l3t o ) cl (t)
()| | V,e™ ¥V, Ve .. | ()
8 C3(t) I/31€i(1)31f nzeiwszt 1/33 L C3 (t)

((Two-level system))
For the two-level system (exact solution), we have

ih%cl(t) =V () + Vlzeiwntcz (1),

ihagcz (1) = VZleM’Z”cl (1) +V,c,(2).
t

where
Wy == -
4. Exact solution in the Schrédinger picture

Here we discuss the time-dependent perturbation using the Schrédinger picture and compare
the results with those derived from the Dirac picture as described above.

We consider 1:10 to be discrete and non-degenerate.

Hy|n)=E,|n).

12



I:I0 is not explicitly time-dependent. So that eigenstates are stationary. At ¢ = 0, a perturbation is
applied to the system

H(t)=H,+ AV()  (0<A<1),

The Schrodinger equation
., 0 A A
in—{y.(0) =1, + 2V Oy, 0),

with the initial condition:

v.(t=0)=i).
We assume that

|1,1/S (t)> = Zan (t)| n> , (Schrodinger picture)

with

i

4, =(nly, @)= " (aly, O)=e T e, ().

where ¢, (¢) is the co-efficient for the Dirac picture, while an(?) is the co-efficient for the
Schrédinger equation.

a,(t=0)=(n

v, (t=0)=6,.
For simplicity, we introduce

V, (&)= (nV (t)|k).
Recalling that

(n|H |k)=E,S,,,

we get

13



.0 o d
zh5| v, (1)) = zhzn: e (0)|n)

=[H,+ AV ()], ()
=[H, + AV ®)]Y.a,)|n)

=>a,(OE,"|n)+ Aa, (t)V (t)|k)

or
L d (0) v 1 .
lhEa" ®=E, "a, )+ Z/U/nk )a, (1) (Schrodinger picture) (1)
with
a,(0)=0,.
We note that ¢, (¢) for the Dirac picture is related to a,(¢) for the Schrédinger picture by
a ()=c, (e ™" 2)
Substituting Eq.(2) into Eq.(1), we obtain
Zh{cn (t)efl'Ent/h + Cn (t)(_ éEn(O) jeiEnt/h} — En(o)cn (t)efiEnt/h + ZiVnk (t)ck (t)efl'Ekt/h )
k
Then

ih%cn )= AZ ey (e, (1),
k

which is exactly the same result derived directly from the approach of Dirac picture.

5. Constant perturbation
We discuss the case of the constant perturbation using the Dirac picture. Here we assume that

to = 0 for simplicity and I}(t) is given by

V(t)—V@(t)— 0 for <0
B |V for t>0

14



Hy
th=0

Then the probability is given by

2
’

Py(t)=le, (t)

where
¢ (O)=cP(t) + AV () + XD (t) ++-.

From now on, we shall assume that the sate |1> and | f > are different.
(y=5,,=0.

Thus we get

P (0)=2LeP @

¢ 2

j eV L (¢)dt!

0

/12
=72

What happens to the higher order term: c¢,(2)

. t

t
l io,,t' ] n _iw,t"
6= XV Ve e [ e
m 0 0

We note

15



eia)mit' _ 1

t t' t
1= e"‘”w"dfjdz"e"wm"' = [dre ™" (—
170

0 0 mi

)

— la) Idt( i(®,, +,,)t' _eiwnmt')

mi ()

mi ()

1 ia)m-t _1 e[a},,ml _1
la)mi la)m la)nm

The second term gives rise to a rapid oscillation when #—co. The first term is dominant when £,
~ Ei'

1 i@,
(2) i,

c £ =— nm mz l—e nm’ mi

. () FE > ( ") = Z(E E)(E E)

ni m mz

6. The transition probability for constant perturbation
Here we discuss the probability (to the first order of 1) which is given by

P, =2e (”(z)\z:’l—ij ey, (t)

0
Since
(1) (t) _ ——J.dld iogt! — _%ﬁﬁ(eiwm _1)’
we get
‘C(l)(t)‘ - ]Lzﬂ‘z [2—2cos(a)ﬁt)]
@y
1 sin(a) it/2) ’
or

16



A2t sin(a) it/2) ’
b= [ wﬂzf/z }‘Vﬁ‘z'

We now consider the probability normalized by as

sinz(x]

p

24 2‘ ‘ (sz ’
2

where x=w,t. Since P, <1, the above perturbation theory is valid only if

iztz‘Vﬁf
2P

At 2‘ ‘ <<1.

sin(a)ﬁt/Z) ’

Here we make a plot of the function { :I as a function of x =, . As t becomes large,

a)ft/2

‘ )(t)‘ is appreciable only for those final states satisfy the condition

x=‘a)ﬁ‘t~2ﬂ.

Note that
. smz(;j o 2
dex=2ﬂ, or Il—z)cdxzﬂ
PR cox
( 2)
and
sinz(;j
fm— !
X—> A 2
(2)

17



Fig. Normalized transition probability P/Po as a function of x=w,t. F, =

Note that this function becomes zero at x = @t = +27, +4 7.

((Note)) The Dirac delta function
The Dirac delta function o6(x) has a very sharp peak at x =0 and

]gé'(x)dx =1

We consider the probability given by

B 2242 {sin(a)ﬁt/Z)PVf‘z .

TR w2

We note that

]‘i sinz(j)/ﬁ;/2) 0, = f ]'3 sin” x (x:2_7r
@y

—00

where ¢ is sufficiently large and

18
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Since

t wsinz(@ﬁt/Z) B
I @,t12 @5 =1

and

Lsinz(a)ﬁt/2)zl

m which becomes extremely large as ¢t — o«
0; =021 1a)ﬁt/2) 27 ( Y g )

we can define the delta function as

ot sinz(a)ﬁt/2)
27 \w,t/2

> 8(w,) = 5( ) né(E, — E,)

Using this definition of the delta function, the probability can be rewritten as
. 2
e s1n(a)ﬁt/2) 2
if T 22 ‘Vﬁ‘
h wgt/2

/Iztz 27

‘ ‘ O(E,—E) (Fermi’s golden rule)

—z—/ﬂV \ S(E, ~E,)

7. Heisenberg’s principle of uncertainty
When we use

we get the transition probability as

sin’ §t
¢ \2n
2 2 h2 2 :
2| (sz
2h

19



Here we make a plot of F,/ /ﬂVﬁ‘z as a function of AE(=%®,). This function shows a sharp

peak at AE =0 . The peak height at AE =0 is ¢*/h*, while the width of the peak is AE =47h/t .
The area of the peak is proportional to

A~i47rh=4_7rt

Wt h
When ¢ is long enough, the peak height becomes large. The width becomes narrow. The function
becomes a Dirac-type delta function around AE = 0. Such a behavior corresponds to the

Heisenberg’s principle of uncertainty principle;

INE ~Ti.

2 /h?

AE
P >

6rnh  4nh  2nh ( 2rh 4mh  6nh

t t t t t t

Fig.  Plotof P, /iz‘Vﬁ‘z as a function of AE =ha,.

We note that

" sinz(t) © . 2

j 2h2 I(AE):%.[SlnzdeZZﬁh’

i (AEtj tTx t
2h

where x = %t . Then the total area enclosed under the red line is evaluated as

_t 2 _2m
exact hz t h *

20



8. Multiple final states

E®

Fig. Energy levels. The discrete energy level (Ei?) and the continuous energy levels
(Ea®).

A group of final states around the state with Ei?. E{© is not the state in the continuous
region. E,” #E,” (or E” = E,”). For simplicity hereafter we use E, instead of £,”". Then

we have the probability
P=2 Y| = 2[dE,p(E|"[
n,E,=E;

= 2Yf 22 [ pE, M,
=2l f [S(E, - E)p(E ),

21



with

(1) t 27h

)

f\V = O(AE) = 2, \ t—é'(E ~E)

where ¢ is sufficiently large, p(E)dE is the number of states within interval (E ~ E + dF) and
p(E) is the density of states. Note that S(E, — E,) (the unit of [energy]™") is the Dirac delta
function, which has a sharp peak at £, = E,,

T5(En —E)dE, =1.

Thus the total probability is proportional to ¢ for large value of . We can define a transition
probability per unit time

W 27z

i—>[n] T

(Fermi’s golden rule)

where [n] stands for a group of final states with energy similar to 7. It must be understood that
expression is integrated with J.dE P(E))

((Mathematica))

Clear["Global %"];
Sln[x]

Integrate[ , {X, -, oo}]
JT
SIn[x]
Integrate[ , {X, -, oo}]
X

JT
9 Harmonic (sinusoidal) perturbation
A Formulation

We consider a perturbation which oscillates sinusoidally with time. This is usually termed a
harmonic perturbation. Now we assume that V() has one of the simple forms

I}(t) _ I}eia)t + I}Jre—ia)t ,

22



where V' is time-independent observable; 7, = 0. For simplicity hereafter we use E, instead of

E . Then we have

DO ==L Y7 P i e

0

i 1(a)+a)ﬁ)t 1 . ei(—a)+w,;)t
= ——[( WSV} +(—
0+o, o+,
2
As t—>o0, cf(l)‘ is appreciable only if
o+w,=0 or E,=E -ho,
or
—0+w, =0 or E,=E +ho,
where
E. -E
_ 7 i
@, rat
Therefore, we have
P (0)= 2| (1)
/12 ei(w-*—wﬁ)t _1 - i(—a)-m),;)t
=5 () +(
h o+o, —0+o,
B. Resonant nature of the transition probability

We consider the following case (two discrete case)

absorption
Ef |l//f> Ei
ho=E,-E =ho,
Ei e |V/i> Ef'

23

)

(stimulated emission)

(absorption)

2

)

emission

O |v.)
ho =E, - Ef = —ha)ﬁ

(¢, <)



We have

i(@;+@) .
A = L‘Uf—l — iei(wﬁ*@)t/Z Sll’l[(a)ﬁ + a))t/Z]

+

@, +® (0; +w)/2
for the emission
ei(a)/i—w)t -1 B l‘ei(wﬁ*w)”z Sin[(&)ﬁ - a))t / 2]

0, — @ (0, —@)/2
for the absorption.

(1) When Er> Ei, = ori > 0. Under such conditions, 4- dominates (absorption).

s NAINE:
B.f(t;a))=h—2‘<f|V |z>‘ Fto-w,),

with
in( /2|
sin(w, — @
F(t,o-0,)= 2 ’
‘ (0, —w)/2
27 4 4
F=0at o, —a’=i77r,i7ﬂ,~-~. Aa)z—tﬂ,

The function F(¢,0—@,) is only non-negligible when

For finite ¢,

lim F(to-w,)=t".

OO fi

In the limit of larger ¢, we have

24



sin(@, —a))t/Z:I2
(0, —w)/2

=2mé(w; — o)

=2mt6(E, — E, —ho)

F(t,a)—wﬁ)=|:

since
]9 sin(@, — a))t/2 t2 | sin(w, — a))t/2 do,
% (0,—w)/2 (0, —w)t/2
_ ,[ sm X
=2

=2m J.da)ﬁé'(a)ﬁ - )

—00

Then we have

P, (t;0) = \( i) 22 (E, - E, - hao)

47/12\ [ i ‘§(E —E,—ho)

Taking into account of the number of states p(E,)dE, , the total probability is given by

_t—fjp(E YdE,

(fIPi >‘ S(E, —E,—hw) (absorption)

This is proportional to 7. 6(E, — E, —h®) indicates the energy conservation. We can define a

transition probability per unit time

/4

i—[n]

Kf 7 >‘ O(E, - E —hw), (Fermi’s golden rule)

where [n] stands for a group of final states with energy similar to i. It must be understood that
expression is integrated with jdE P(E)

25



—4n -3r 2x - bg 2n 3 4n

Fig.  Transition probability as a function of (@, —w)t at a fixed time .

(i1) When Er> Ei, = wri < 0. A+ dominant (emission).

A0 a2
ef(r;w>=h—2\<f|v|z>\ Flt,o+o,),

sin(@ , + )t /2 ’
Ft,o+w,)= ,
(wﬁ+a))/2
2 4 4
onat a)fi_'—a):iT”)iTﬁ,"'.Aa);_:Z.,

In the limit of larger ¢, we have

sin(@, + a))t/2}2

F(t’mwﬁ){ (@, +©)/2
S

=2mé(w; + @)
=27tS(E, — E; + ho)

since

26



. 2 o0
J- {sm(a)ﬁ + a))t/Z:I tz l:sm(coﬁ + a))t/Z} do,

(0, +@)/2 (0, +w)t/2

< sm X
2tJ'

—00

=2t

=2t [dew,5(w, + o)

Then we have

2
P o) = 5| 710 25, - E + o)

_zz—” 2l P 8(E, - E +hao)

Taking into account of the number of states p(E,)dE , the total probability is given by

P—t—fjp(E )dE,

(fI7i >‘ O(E,—E +hw)  (emission)

This is proportional to 7. 6(E, — E, + hw) indicates the energy conservation. We can define a

transition probability per unit time

w.

=2 2l rpli 25 E, -E +hw), Fermi’s golden rule

i—[n] f i

where [n] stands for a group of final states with energy similar to i. It must be understood that
expression is integrated with j-dE P(E)

((Note))

sin? [tx]
2
2

X

2

The plot of the function y = as a function of x, where ¢ is changed as a parameter.

27



) tXJ
Sin 5
Fig.  Plotof y =———~+ as a function of x, where £ =5, 10, 15, 20, and 25.
X
5



sinz(t(x_a)J Sinz(t(x+a))
Fig. Plot of y= 2 J, 2
X X
o)
20 (green), and 30 (blue). As a is decreased, the position of two peaks approaches to
Zero.

as a function of x, where ¢ = 2. a = 10 (red),

29



Sinz(t(x - a)j Sinz(t(x + a)j
2 2

+ 2

*

)

(green), 6 (blue), and 8 (pink). When a is close to zero, two peaks are overlapped to each

other.

Fig. Plotof y= as a function of x, where t = 2. a = 2 (red), 4

—-8nr —-6m —-4m 21

, in the neighborhood of @ = @, the modulus of 4+ is negligible compare to that

4
of A. Since Aw = _;z’ we have

21
=— (resonance condition).

I>—=
‘“’f‘

D. Limit of first-order calculation

(ta) a)ﬁ)— ‘<f|V|>‘ llmF(ta) a)f)— ‘<f|V|>‘

2

A N
Bf(t,wz—wﬁ)=?‘<f|V|i>‘ hm F(t o+ ;)=

Ll

This becomes infinite when ¢ — oo, which is absurd, since a probability can never be greater
than 1. In practice, for the first-order approximation to be valid at resonance, the probability (1)
must be much smaller than 1.

30



1_2 St . 2 2 h

. (flv z>‘ t* <<1, or t<<—/1‘<f|l7+|i>"
Therefore ¢ should be

l:L<<t<<LA,

o o) /”LKf p i>‘
or

1 — h

@a A7)

or

h‘a)ﬁ‘ >> l‘( f |I}+|z>‘ . (condition for the validity of perturbation theory)

10.  Harmonic perturbation at resonance (exact solution))
If the perturbation acts for a long time at resonance, the above perturbation scheme breaks
down. In this case we need to solve the problem exactly. Here we assume that

a)za)f.

1

We consider the two states |z> and | f >
. d —iw 4t
ZhECi(Z):Vii(Z)Ci(t)'i'e ﬁI/;f(t)Cf(t)a

. d it
lhEC.f O) =V (O, () +e "V, (0)e,(1) .

We choose the harmonic perturbation as
V(t)=2H'sin(wr) = —i(e"™ —e " )H".

Then we have

m%c,- (0) = =i(e"™ —e ™ YilH |i)e, () —i(e " =N ilH | f)e, 0,
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m%cf (O)==i(e"™ = ™) [|H f)e, (O =i =) f|Ei)e, ).

In the approximation of @ ~ @, we can approximate and write
. d . —i(@;-0)t | .| 10 . —i(w;-o)t Sl
zhzcl.(t):—le - <1|H|f>cf(t):—le <f|H|z> c (1),

ih%c () =i (fHi)e, (1) -

((Rotating wave approximation))
We assume that the system is initially in the i-state.

c;(0)=1, ¢,(0)=0.

The solutions of this differential equations are as follows.

» 1 1
c.(t)=e """ *[cos(= 1)),
l( ) [ (2 c 2 c )]

c

2<f|l:l'|l> lwot/Z
ho

c

c, (t)= sm( ).

where

Wy =0, -0,

1

The transition probability is given by

2
e, @)
IR -
= sin’(=a,t) (Breit-Wigner formula)
n’ a)c 2
4 f |H|i)
= ‘ f| — smz(la)ct)
SR ATy
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This probability is between 0 and 1, no matther how long the perturbation acts. When the
transition probability is zero, the system has oscillated back to the initial state. At the resonance

(w, =0), we have
.o 1 a1 Nl
P, = smz(za)ct) = smz(%‘{ﬂH |z>‘t) :
In the limit of t — 0, we have
1 AR
B =Ll e

((Mathematica))

Clear["Global %"];
eql=aCl"[t] + Exp[-2wOt] AC2[t] == O;
eq2=hC2"[t] - Exp[twOt] ALC1[t] = O;
eq3=C1[0] ==1; eqgqd4 =C2[0] = O;
Tl =DSolve[{egl, eg2, eq3, eqg4d},
{Cirel, C2[t1}, €1 //
FullSimplify[#,
{A>0, A1>0, wO>0, 2a>0}] &;

V4 A Al + w0? A2
rulel:{ 7 - wC,

1 1 }
Q b
V4 ALA+w0?n2 hwC
f1//. rulel // Simplify

twe MOSin[t—wC}J
|- -
2 wC

{{Cl[t] Le3itw Cos{

itw0
2Ale 2 Sin[te
cary - 2Ae 2 Sy

wC h

11. Fermi's golden rule
From the above discussion we have
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2

A
ww, +4( A

1
sin’(=a,t)
i>‘2 2
A 2
Y @,
~ sin
hz(a)—a)ﬁ)2 2

iaf:

We assume that the final state is a state of the continuum, labeled by the wave number kr (energy
Ey).

—w= I(Ef—E,.—ha)).

) —
h

fi

Note that £~ (E; + i)+ AE . So the resultant transition probability is

. . (0, —o)
P ™ T ) 6
b, = o (E)dE, .
Y e > (@, “wy T
<in? (a)ﬁ - o)t
The function ( 2)2 behaves like a Dirac delta function. This funcntion shows a shapr
0, -
(@, — o)t
peak at @, —w=0. We put x:T
orlaf
L t* 2h Fsin® x
b= 7 P(E/')ZT_OO 2 dx
Al 2
A ey s
h 2 X
27 N
=7Kf i) p(E )
where
2h “sin® x
dE, =—dx 5 dx=r.
r=" =

—00

Thus, the rate of transition to such a group of states is
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oy _ 2 |
Riss =—f=7ﬂ<f|H |’>‘29(Ef)

12.  Summary on Femi's golden rule (Wikipedia)
http://en.wikipedia.org/wiki/Fermi%27s_golden_rule

In quantum physics, Fermi's golden rule is a way to calculate the transition rate (probability
of transition per unit time) from one energy eigenstate of a quantum system into a continuum of
energy eigenstates, due to a perturbation.

We consider the system to begin in an eigenstate, i>, of a given Hamiltonian, ﬁo. We

consider the effect of a (possibly time-dependent) perturbing Hamiltonian, H'.If H'is time-
independent, the system goes only into those states in the continuum that have the same energy

as the initial state. If H' is oscillating as a function of time with an angular frequency @, the
transition is into states with energies that differ by 7@ from the energy of the initial state. In both

cases, the one-to-many transition probability per unit of time from the state |1> to a set of final

states | f > is given, to first order in the perturbation, by

P, _2 "y
R, ==t= (sl oy

where p is the density of final states (number of states per unit of energy) and < f |H '|i> is the

matrix element of the perturbation H' between the final and initial states. This transition
probability is also called decay probability and is related to mean lifetime. Fermi's golden rule is
valid when the initial state has not been significantly depleted by scattering into the final states.

Although named after Fermi, most of the work leading to the Golden Rule was done by Dirac
who formulated an almost identical equation, including the three components of a constant, the
matrix element of the perturbation and an energy difference. It is given its name because, being
such a useful relation, Fermi himself called it "Golden Rule No. 2."

13. Free electron gas in three dimensions
We consider the Schrodinger equation of an electron confined to a cube of edge L.

2 2

Hy, ==y =~V = 6. 3)
2m 2m

It is convenient to introduce wavefunctions that satisfy periodic boundary conditions.
Boundary condition (Born-von Karman boundary conditions).

l//k(x+Lay’Z) =l//k(x’y,z) s
wi(x,y+L,2) =y, (x,»,2),
v (x5, y,z+ L) =y, (x,y,2).
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The wavefunctions are of the form of a traveling plane wave.

() =e"", (4)
with

kx = (2n/L) nx, (nx =0, £1, £2, £3,.....),

ky = (2n/L) ny, (ny =0, 1, £2, £3,.....),

k.= Q2n/L) nz, (nz=0,£1, £2,£3,.....).

The components of the wavevector k are the quantum numbers, along with the quantum number
ms of the spin direction. The energy eigenvalue is

h2 2 2 2 hz 2
(k) =—:/k, +ky +k)=—Kk". (%)
2m 2m

Here

P () = 2V, (1) = k(). ©)

So that the plane wave function ,(r) is an eigenfunction of p with the eigenvalue 7k . The

ground state of a system of NV electrons, the occupied orbitals are represented as a point inside a
sphere in K-space.

Because we assume that the electrons are noninteracting, we can build up the N-electron
ground state by placing electrons into the allowed one-electron levels we have just found.

14.  The Pauli’s exclusion principle

The one-electron levels are specified by the wavevectors k and by the projection of the
electron’s spin along an arbitrary axis, which can take either of the two values +//2. Therefore
associated with each allowed wave vector k are two levels:

k,T>, k,¢>.

In building up the N-electron ground state, we begin by placing two electrons in the one-electron
level k£ = 0, which has the lowest possible one-electron energy €= 0. We have

r 4z, sV

N=2 Lk =
Qzy 3 "7 37

k.
Density of states
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There is one state per volume of k-space (277/L)°. We consider the number of one-electron
levels in the energy range from ¢to etde; D(¢)de

L3
D(g)de = 2——Azc>dk,

(27}

where D(g) is called a density of states. Since k=(2m/h*)'*\Je, we have
dk =(2m/h*)"*de /(24/¢) . Then we get the density of states

D(g):zL(zmj Je .

72_2 hZ

15.  Time dependent perturbation: selected examples
Using the following formula, we solve several problems.

PO 4
) ! Vi@t !
c. =(—)|dt'e "V (t
. = h)t{ i (1)

] t
6 = D Jde[dre v, )¢V, (1)
)

mto

2
t

jei”ﬁ" (f|V(@")i)dr!

ty

: 2 X
P> f)=2le," () =27

15.1 A linear harmonic oscillator is acted upon a uniform electric field which is considered to
be a perturbation and which depends as follows on the time:

£(t)= Ao
Jrr

where 4 is a constant. (Since the action of a uniform field is equivalent to a shift of the
point of suspension, this problem can be solved not only by perturbation theory, but also
exactly). Assuming that when the field is switched on (that is, at ¢ = -0) the oscillator is
in its ground state, evaluate to a first approximation the probability that it is excited at the
end of the action of the field (that is, at # = +).

((Solution))
The total pulse Po is defined by
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P = jeg(t)dt = e I exp[—(é)z]dt =eA = const .

Vrr 2,

Po is classically transferred to the system by the electric field. A = Po/e.
I:[ _ 1 ~2 1 2A2 Y ~
h=—p +t-—mw,x", H, =—e&x (e<0),
2m 2

Hy|n)=E,"

n

),

with

E"" =(n+= )ha)o,

Fll|n> = —e&fc|n> =(—e¢) /2’:&) (\/;|n —l>+«/n +l|n + l>).

The probability for a transition from the state |n> to the state |k> is equal to

2
P(n— k)= fkﬁ“(r)\ exp(la),mt )k|A|n)dr

-0

3

where
) (0)
ho, =E" -E".

n

F0r|n>:|0>,

v e[ o
(k|H,|0) = —e&(k[2]0) = (—e&) T (k1) = (—e&) —meoék’l'

So the matrix element is not zero only if k = 1.

2

PO —>1)= ‘c f%)\ jexp(mmz )(1|H,]0)dr!

or
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P 2

[explio )z (t)at!

—00

2 1 én
PO—>D=lc, )| =—
‘ / ‘ " 2ma,

b

or
> | >
PO =le, " 0f =53 [explian, 02k
or
P(0—>1)= ‘cf“)(t)‘2 = R exp[— (@7)’ I+ erf[i _ ia’i) ’ .
8mhaw, 2 T 2
When t—o0,

2

> P w,,7)’
P(0—1) :‘cf(l)(t)‘ = 2m70‘1a) exp[—( 13 ) ].
0

For a given Po, the probability for excitation decreases steeply with increasing effective duration
of the perturbation z. If @,,r >>1, this probability is very small and we are dealing with a so-

called adiabatic perturbation.

(b)

1 2 P,
li ) =limA———e "7 1= 46(t) =—L6() .
lime(0) = limf A= )= 450) =250

Then we have

2 2

Bn
2mao,

t 2

j exp(im t")S(t')dr!

—00

5
mha,

|
PO =0 =7

The criterion of applicability of perturbation theory is that the probability for excitation should
be much smaller than 1.

2

it

PO=D=5 e
0

<<1

3

or
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2

L <<ha,.
2m

15.2  Solve the preceding problem for a field which varies as follows,

e(t) =

+7t’
and which corresponds to a given total classical imparted impulse P.

((Solution))

()=

2+t ’

P = jw es(t)dt = eA:[O S di=ed—,
or
A hr
en
P(0—1,7) :‘c (1)(1‘)‘2 _ 1 eh jexp(ia) z')g(f)dt'2
’ 4 n 2may, |2, 10
2 2 0 . ' 2
P(0—> 1t = o0) = 1} T J- esz(lwlgt)dl"
2 mha, |?, t“+r

((Residue theorem))

We use the upper-half plane of the complex plane. There is a simple pole at z=iz.

© . t' _
[ LU 4y o iResfic) = 271 SEED) T ey,
t +7 2it 3

—00
Then we have
2

PO—>1Lt=mw)= h exp(—2w,,7) .
2mha,
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15.3  Solve the preceding problem for a field proportional to
e(t)= Ae™'* for £>0.
corresponding to a given total classical imparted impulse P.

((Solution))

0 0

P, = Ieg(t)dt = jeAe"”’dt =eAr,

0 0
or
A="0
er’
Nk
P(O—)l)=‘cf (t)‘
1 e [? ’
e
=— exp(im, t')e(t")dt’
Hmwj pliwe(t)
e >
=— A’ exp(im, t)e " " dt’"
P Ymaw, ‘l‘ pliw, ')
or
2 © 2
PO - 1) = =2 [exp(iay,r—t'/ )d| = —2 I —
2r°mha, |y 27 mha)o‘—ia)lo +1/z“
or
2
PO—->1)= b 12 - |-
2mhoy\ 1+ o, 7
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APPENDIX

Equivalence of the probability amplitude in the Dirac picture and Schrodinger picture
|w1 (t)> = ch (t)|n> , (Dirac picture)
|l//S (t)> = Zan (t)|n> (Schrodinger picture)

Here we show that

¢, =la, 0

We note that
|l//1 (t)> = eXp(éﬁot)| Vs (t)> .

Then we get

¢, ()= (nly, ()

= <n|exp(%l:[0t)|l//s (t)>
= exp(% E,)(n|y (1))
= exp(%Eﬂl‘)an ()

or

e, =la, .
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