Problem and solution
Problem F.IV.9
A. Rigamonti and P. Carretta, Structure of Matter,
An Introductory Course with Problems and Solutions (Springer, 2007).
(Date: November 10, 2019)

Consider an ensemble of N/2 pairs of atoms at S = 1/2 interacting through a Heisenberg-like
coupling K 3‘1 -3‘1 with K>0. By neglecting the interactions among different pairs, derive the

magnetic susceptibility. Express the density matrix and the operator S’Z on the basis of the singlet
and triplet states. Finally derive the time-dependence of the statistical ensemble average

<§lz (t)S’lZ (0)> , known as auto-correlation function.
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|+ +> is the eigenket of H with the eigenvalue
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|— —> is the eigenket of H with the eigenvalue

In the subspace of |+ —> and |— +> , the matrix H _, is expressed by
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We note that
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We also define the unitary operator
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The density operator is given by
5= exp(-fH)
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where Z is the partition function
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The autocorrelation function
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where §lz(t) is the spin operator in the Heisenberg picture,
S7(0) = exp(% H)S/ exp(—%lflt) .
Thus we get
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where §lz is the spin operator in the Schrodinger picture.
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Then we have
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((Mathematica))
Here we show a different approach by using Mathematica. In this calculation, we use
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“MatrixExp”. In this case, we directly use the basis of {|+ +>

1 0 0 O

e 0 -1 2 O
Clear["Global *"]; H=a 0 2 -1 0
O 0 0 1

{{al Or Or O}r {Or —dy 28., O}r
{Or 28., —dy O}r {Or Or OI a}}

Z = Tr[MatrixExp[- H] ]
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P = p MatrixExp[-B H] // Simplify
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Eigensystem[H]

{{_38—/ a, ay a}r {{Or _11 1/ O}r
{o, o, o, 1}, {0, 1, 1, 0}, {1, 0, O, O}}}

hl = MatrixExp[% H t] ; h2 = MatrixExp[ _ﬁ—l H t] ;
I2 = IdentityMatrix[2]; oz = PauliMatrix[3];

A
sl = E KroneckerProduct[oz, I2];

A
s2 = E KroneckerProduct[I2, oz];

pl= Tr[p .hl.sl1l.h2.s1l] // Simplify
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