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Abstract
We theoretically study the dynamical response of carbon nanotubes (CNTs) to the binding of
DNA in an aqueous environment by considering two major interactions in DNA helical
binding to the CNT side surface: adhesion between DNA nucleobases and CNT surfaces and
electrostatic interactions between negative charges on DNA backbones. The equilibrium DNA
helical wrapping angle is obtained using the minimum potential energy method. Our results
show that the preferred DNA wrapping angle in the equilibrium binding to CNT is dependent
on both DNA length and DNA base. The equilibrium wrapping angle for a poly(dT) chain is
larger than a comparable poly(dA) chain as a result of dT in a homopolymer chain having a
higher effective binding energy to CNT than dA. Our results also interestingly reveal a sharp
transition in the wrapping angle-DNA length profile for both homopolymers, implying that the
equilibrium helical wrapping configuration does not exist for a certain range of wrapping
angles. Furthermore, the resonant response of the DNA–CNT complex is analysed based on
the variational method with a Hamiltonian which takes into account the CNT bending energy
as well as DNA–CNT interactions. The closed-form analytical solution for predicting the
resonant frequency of the DNA–CNT complex is presented. Our results show that the
hydrodynamic loading on the oscillating CNT in aqueous environments has profound impacts
on the resonance behaviour of DNA–CNT complexes. Our results suggest that detection of
DNA molecules using CNT resonators based on DNA–CNT interactions through frequency
measurements should be conducted in media with low hydrodynamic loading on CNTs. Our
theoretical framework provides a fundamental principle for label-free detection using CNT
resonators based on DNA–CNT interactions.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Single-walled carbon nanotubes (CNTs) and single-stranded
DNA molecules are two types of one-dimensional nanostruc-
tures with comparable lateral dimensions. Recent studies
show single-stranded DNA can form stable negatively charged
hybrid structures with CNTs by wrapping around the CNT side
surface in a helical fashion [1, 2]. The helical binding of DNA
to CNT is ascribed to the formation of π stacking between
nucleobases and the CNT side surface, which is also modulated
by the repulsive electrostatic interactions between negative
charges on the phosphate group of the DNA backbone [3]. The

DNA–CNT hybrids provide an innovative venue for nanoscale
manipulation of DNA and CNTs, such as CNT sorting, sepa-
ration [1, 2] and patterned placement [4], DNA transportation
and thermal ablation treatment [5]. Moreover, CNTs have
recently received a lot of attention for their applications as
mechanical resonators, which exhibit high-frequency dynamic
ranges [6, 7] due to their high Young’s modulus and low density
properties [8]. The CNT-based high-frequency resonators have
been employed for label-free detection of various molecules
based on the resonant frequency shift upon molecular bind-
ing and/or adsorption [9–11]. A recent study by Zettl and his
coworkers [12] suggests the potential of CNTs as resonators for
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label-free detection of chemical molecules with a resolution of
a few atoms. Their results indicate that theoretical character-
ization of resonance behaviour of CNTs is essential for their
sensing applications. Only very recently, theoretical models
based on the continuum mechanics were developed for the
characterization of the resonance behaviour of CNTs [13, 14].
Coarse-grained models were also employed for the character-
ization of the resonant frequency shift of CNTs in response to
mass adsorption [15]. However, the resonance behaviour of
CNTs in response to biomolecular binding is little explored,
although CNT-based resonators hold the potential as sensors
for the detection of biomolecules such as DNA and/or proteins.

In this study, we theoretically investigate the role of the
helically wrapped DNA on the dynamical response of CNTs
in an aqueous environment based on a continuum model of
CNT–DNA hybrid structures. Considering the CNT as a
mechanical resonator, the binding of DNA introduces three
factors which affect the resonance of the CNT: (1) the increase
in the dynamical mass, (2) adhesion interactions between DNA
nucleobases and the CNT side surface and (3) electrostatic
repulsion between negative charges on the DNA backbone.
The DNA–CNT adhesion is primarily driven by van der
Waals interactions and hydrophobic interactions between DNA
nucleobases and CNT. Previous studies have shown that the
adhesion strength is nucleobase dependent [16–23]. For
instance, if we consider the binding energy between individual
nucleobase and CNT, the binding energy for adenines is
stronger than that for thymines. However, if we consider their
homopolymer chains, i.e. polydeoxyadenylate (poly(dA)) and
deoxythymidylate (poly(dT)), the effective binding energy per
base for poly(dT) is actually higher than that for poly(dA)
[16]. This is attributed to the fact that poly(dA) forms a
more orderly single-helical structure as a result of strong base-
stacking interactions between neighbouring adenines [24, 25],
while poly(dT) stays in a random-coil conformation with little
or no base-stacking interaction between thymines [26, 27].
Therefore, it is more readily for a poly(dT) chain to form
π stacking with CNT than a comparable poly(dA) chain,
because the adhesion interactions for the latter have to compete
with the stacking interactions. The helical wrapping of the
DNA on the CNT is also modulated by the electrostatic
repulsion between negative charges on the DNA backbone.
From an energy point of view, the DNA helical wrapping
reaches its preferred or equilibrium state when the potential
energy including both the adhesion and electrostatic energies
reaches a minimum. Regarding the dynamical response of
the DNA–CNT hybrid, the electrostatic interaction will vary
when the DNA–CNT hybrid is under a bended configuration
compared with its unbended configuration because the distance
between the charges on the DNA backbone depends on
the bending curvature. The variation of the electrostatic
energy will alter the repulsive electrostatic force applied to
the CNT, and thus affect the CNT’s dynamic behaviours,
such as its resonant frequency. The rest of this paper is
organized as follows: in section 2, we present a continuum
model of DNA–CNT hybrids, and analyse the equilibrium
configuration of helical wrapping of DNA on CNT. On that
basis, we study the resonance response of CNT to binding

Figure 1. Schematics of the CNT–DNA hybrid structure: (a) front
view; (b) side view; (c) expansion view of the DNA helix in (a)
(solid line). End positions of the dotted line such as A and A′

represent the same point on the DNA helix in (a).

of DNA (e.g. poly(dT) or poly(dA)) based on the variational
method with a Hamiltonian, which takes into account the CNT
bending energy as well as the interaction energy driven by
DNA wrapping. Section 3 presents the numerical results of
the equilibrium configuration and the resonance behaviour
of DNA–CNT hybrids. Finally, our study is summarized in
section 4.

2. Modeling

2.1. Equilibrium binding configuration of DNA–CNT hybrids

In order to find out the resonance behaviour of the CNT in
response to the DNA–CNT interactions, we need to first obtain
the equilibrium helical configuration for the DNA binding
to the CNT, which results from the competition between the
binding interaction between the CNT and the DNA chain and
the electrostatic interaction between electric charges on the
DNA chain. On the other hand, the confinement of the DNA
on the CNT will also affect the electrostatic interaction as
the distance between electrical charges is likely to change.
In our model, which is schematically shown in figure 1, the
CNT is considered as a uniform and dielectric rod of length
L and diameter d, which is valid for single-walled CNTs
with large band-gap [28], while the DNA is considered as a
continuous uniform flexible belt helically wrapped around the
CNT side surface with evenly distributed negative electrical
charges. The helical configuration of the DNA on the CNT
surface is described by rotation angle t . The rotation angle
interval �t per nucleotide is given by �t = λ/

√
a2 + c2 =

λ/a(1 + (tan(β))−2)−1/2, in which λ is the nucleotide length
(λ = 0.7 nm for both dA and dT), a is the radius of the
DNA helix, c is the helix pitch and β is the DNA helical
wrapping angle. Now, let us consider two randomly selected
electrical charges (mth and nth sites) on the DNA chain whose
coordinates are xk = a cos(k�t), yk = a sin(k�t) and
zk = ck�t (k = m or n), and the resulting vector rmn formed
by these two charge sites. The total electrostatic energy in the
DNA chain which is composed of N nucleotides in total is

2



J. Phys. D: Appl. Phys. 42 (2009) 145408 M Zheng et al

given by

Eelec =
N−1∑
n=1

N∑
m=n+1

q2

4π 〈εmn〉 rmnε0
, (1)

where q = 1.602 × 10−19 C is the electrical charge carried by
one electron, ε0 = 8.854 × 10−12 C2 N−1 m−2 is the vacuum
permittivity, rmn = |rmn| is the distance between the mth and
the nth charges and 〈εmn〉 is the average permittivity constant
given by

〈εmn〉 = εCNTlc + εwater (rmn − lc)

rmn

, (2)

where εCNT = 10 and εwater = 80 are the permittivity
coefficients for CNTs (considered as graphite) and water,
respectively, and lc is the length of the portion of the vector rmn

inside the CNT cylinder. It is noted that, for simplicity, our
model does not take into account counter-ions [16, 29] (such
as Na+) in the typical DNA buffer solution in the calculation
of the electrostatic energy. The existence of counter-ions
will reduce the effective charges on the DNA backbones and
therefore weaken the electrostatic interactions between DNA
nucleotides, indicating that the electrostatic energy predicted
by equation (1) is, to some extent, overestimated.

The binding energy between the CNT and the DNA chain
is given by

Ebind = −Nµ, (3)

where µ is the binding energy between the nucleobase and
the CNT. The equilibrium helical wrapping configuration
can be found from minimizing the potential energy per
unit CNT length with respect to the wrapping angle, i.e.
∂((Eelec + Ebind)/Nλ cos β)/∂β = 0. This leads to the finding
of the wrapping angle β in the equilibrium helical binding
configuration.

In our study, the DNA chain is assumed to bind the
CNT in a helical fashion. A very recent molecular dynamics
simulation study by Johnson et al [21] interestingly reveals
that DNA may take non-helical wrapping configurations in
DNA–CNT complexes, such as U-shaped loops. In order to
predict the equilibrium binding configuration for such non-
helical DNA–CNT hybrids, our model has to be carefully
revised to take into account the respective non-helical binding
shape of the DNA.

2.2. Bending of DNA–CNT hybrids

When the DNA–CNT hybrid undergoes a small or linear
bending motion, as illustrated in figure 2, we can reasonably
consider the adsorbed nucloebases on the CNT surface with
zero mobility if the resonant frequency of the CNT is assumed
to be much higher than the mechanical response of the
DNA chain to the electrostatic repulsive and the adhesion
interactions. The positions of the electrical charges on sites
m and n become m′ and n′ in the bended configuration as
shown in figure 2. Their distance in the bended configuration
is given by

rm′n′ =
√

(xn′ − xm′)2 + (yn′ − ym′)2 + (zn′ − zm′)2, (4a)

Figure 2. Schematic of the deformed CNT–DNA hybrid structure.
m′′ and n′′ are the projection of m′ and n′ on the curvature plane
OAB, respectively.

where

xn′ − xm′ = xn − xm,

yn′ − ym′ = (R − yn) cos θ − (R − ym) ,

zn′ − zm′ = (R − yn) sin θ.

(4b)

Here, the prime indicates the bended configuration, 1/R or
κ is the curvature for the bended CNT–DNA complex (i.e.
κ = 1/R = ∂2w(z, t)/∂z2, where w(z, t) is the bending
deflection) and angle θ is given as θ = κ(zn − zm). It is noted
that the binding energy between the DNA chain and the CNT is
independent of curvature κ in the bended configuration. From
equations (4a) and (4b), the distance between electrical charges
in the bended DNA–CNT complex can be rewritten as

rm′n′ = rmn

√
1 − Pmnκ + Qmnκ2, (5)

where Pmn and Qmn are defined as Pmn = ac2(�t)2(m − n)2

(sin(m�t) + sin(n�t))/r2
mn and Qmn = a2c2(�t)2(m − n)2

sin(m�t) sin(n�t)/r2
mn, respectively. The electrostatic

energy in the bended configuration can be approximated by

Eelec ≈
N−1∑
n=1

N∑
m=n+1

q2

4π 〈εmn〉 rmn

(
1 − Pmnκ + Qmnκ

2
)−1/2

=
N−1∑
n=1

N∑
m=n+1

q2

4π 〈εmn〉 rmn

[
1 +

Pmn

2
κ

+

(
3

8
P 2

mn − Qmn

2

)
κ2 + O

(
κ3

)]
. (6)

In equation (6), for simplicity, we assume that the average
permittivity in the bended configuration can be approximated
by that of the unbended configuration. The total potential
energy U for the DNA–CNT complex consists of the bending
energy of the CNT and the electrostatic interaction among
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electrical charges on the DNA, and is given by

U =
∫ L

0

(EI)0

2
κ2dz +

N−1∑
n=1

N∑
m=n+1

q2

4π 〈εmn〉 rmn

×
[

1 +
Pmn

2
κ +

(
3

8
P 2

mn − Qmn

2

)
κ2

]

=
∫ L

0

[
ξ + ψκ +

(EI)0 + η

2
κ2

]
dz, (7)

where (EI)0 is the bending modulus of the CNT, and three
newly introduced parameters (ξ , ψ , η) are given as

ξ = 1

L

(
N−1∑
n=1

N∑
m=n+1

q2

4π 〈εmn〉 rmn

)
,

ψ = 1

L

(
N−1∑
n=1

N∑
m=n+1

q2Pmn

8π 〈εmn〉 rmn

)
,

η = 1

L

(
N−1∑
n=1

N∑
m=n+1

q2

4π 〈εmn〉 rmn

(
3

4
P 2

mn − Qmn

))
.

(8)

The kinetic energy T for the CNT–DNA complex is given by

T =
∫ L

0

1

2

(
µCNT + µhydro + µDNAζ

√
1 + tan2 β

)

×
(

∂w

∂t

)2

dz, (9)

where µCNT, µhydro and µDNA represent the masses per
unit length for CNT, hydrodynamic loading and DNA
molecule, respectively, and ζ(z) = 0 or 1 is a quantity
indicating the presence of the nucleobase on the CNT surface.
The hydrodynamic loading effect arises from the aqueous
environment which surrounds the CNT resonator [30–33].
Previous studies [32, 33] suggest that the hydrodynamic
loading effect plays a more prominent role than the damping
effect in determining the resonance behaviour of CNTs in
aqueous environments. The hydrodynamic loading coupled
to the resonance behaviour of the CNT can be estimated by
[30–33]

µhydro

µCNT
=

(
1 +

4L

βrd2
√

ωn/ν

) (
ρwater

ρCNT

)
, (10)

where βr is a constant to satisfy the transcendental equation
arising from the CNT boundary conditions, ωn is the natural
frequency of the CNT given by ωn = (βr/L)2((EI)0/µCNT)1/2,
v is the kinetic viscosity of water at room temperature (v =
10−6 m2 s−1), ρwater = 1 g cm−3and ρCNT = 1.35 g cm−3 are
the densities of water and CNT, respectively, and d and L

represent the cross-sectional diameter and length of the CNT,
respectively. The resonant frequency of the CNT cantilever in
water is given by ωr = ωn(1 + µhydro/µCNT)−1/2.

For an oscillating system, the deflection w(z, t) can be
written in the form of w(z, t) = u(z) exp[iωt], where ω

and u(z) are the resonant frequency and its corresponding

deflection eigen-mode, respectively. The Hamiltonian H of
the CNT–DNA complex per oscillation cycle becomes

H =−ω2

2

∫ L

0

(
µCNT +µhydro +µDNAζ

√
1+tan2β

)
u2 dz

+
∫ L

0

[
ξ +ψ

(
d2u

dz2

)
+

(EI)0 +η

2

(
d2u

dz2

)2
]

dz. (11)

The variational method allows for obtaining the equation of
motion

−ω2

[
µCNT + µhydro +

(
µDNA

√
1 + tan2 β

)
· ζ (z)

]
u (z)

+
[
(EI)0 + η

] (
d4u

dz4

)
= 0. (12)

Now let us consider the Rayleigh–Ritz method in order to find
the resonant frequency ωdcc

r of the DNA–CNT complex (dcc).
The Rayleigh quotient R is defined as [34]

R=
∫ L

0

[
(EI)0 +η

](
d2v
dz2

)2
dz∫ L

0

[
µCNT +µhydro +

(
µDNA

√
1+tan2β

)
·ζ (z)

]
(v(z))2 dz

,

(13)

where v(z) is the admissible function that satisfies the essential
boundary conditions. If the admissible function is close to the
deflection eigen-mode u(z), then the Rayleigh quotient [34]
approaches the square of resonant frequency of the DNA–CNT
hybrid, i.e. R1/2 ≈ ωdcc

r . To find the resonant frequency, the
deflection shape of the CNT is assumed to follow a fourth-
order polynomial. For a cantilevered CNT, the normalized
admissible function v(z) is given by [35]

ν(z) =
√

45

104L

(
6

( z

L

)2
− 4

( z

L

)3
+

( z

L

)4
)

. (14)

Here, it is noted that v(z) satisfies the essential cantilever
boundary conditions, i.e. v(0) = v′(0) = 0, and v′′(L) =
v′′′(L) = 0 and

∫ L

0 [v(z)]2dz = 1.
From equation (13), the normalized resonant frequency of

the DNA–CNT complex can be obtained as

ωdcc
r

ωn
=

(
L

βr

)2
{[∫ L

0
[1 + (η/(EI)0)]

(
d2v/dz2

)2
dz

]

×
[ ∫ L

0

[
1 + (µhydro/µCNT)

+

(
(µDNA/µCNT)

√
1 + tan2 β

)
· ζ(z)

]
(v(z))2 dz

]−1} 1
2

.

(15)

If we consider a DNA chain with its length much smaller than
the CNT length, equation (15) can be approximated by

ωdcc
r

ωr
≈

√
(1 + (η/ (EI)0))

1 + (µDNANλ/(µCNT + µhydro)) [v (zDNA)]2 ,

(16)
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Figure 3. The dependence of the potential energy of the
poly(dT)–CNT structure per unit CNT length on the helical
wrapping angle for four different DNA lengths.

where zDNA is the midpoint position of the DNA along the
CNT. It can be easily seen that the resonant frequency shift
due to the DNA binding onto the CNT is attributed to the
electrostatic interaction represented by η/(EI)0 and the mass
effect of DNA, µDNA. It is noted that equations (15) and (16)
are also valid for the CNT in the fixed-fixed beam configuration
provided that an admission function v(z) satisfying the fixed-
fixed boundary conditions is used.

3. Result and discussion

We consider the following parameters in the simulations: dT
and dA have molecular weights of 305.901 Da and 314.911 Da,
respectively. The effective adhesion energy for dT-CNT is
3.3 kcal mol−1, while 2.32 kcal mol−1 for dA-CNT [16]. It is
noted that these values already take into account the percentage
of thymine or adenine bases which are not in π stacking with
the CNT surface. The diameter of the single-walled CNT is
assumed to be 2 nm and the lateral distance between the DNA
and the CNT or the distance between DNA phosphate atoms
and the CNT side surface is considered to be 1 nm [16]. These
parameters are used for all the simulations and discussion in
this paper, unless otherwise specified.

We first examine the equilibrium helical wrapping
configuration of poly(dT) and poly(dA) on the CNT. Figure 3
shows the dependence of the potential energy of the poly(dT)–
CNT structure per unit CNT length on the helical wrapping
angle for four different DNA lengths. Three groups of
behaviours are identified. When the DNA is very short (i.e.
N = 10, as shown in figure 3), the electrostatic interactions
among charges on the DNA backbone is weak compared with
the binding energy. The binding energy between nucleobases
and the CNT plays a dominant role in determining the DNA
helical wrapping configuration. As shown by the solid curve
in figure 3, no potential well exists for such a case and the
wrapping angle β− > 90◦ for minimum potential energy
(per unit CNT length) because the electrostatic interaction
becomes strongest at β = 90◦ and the corresponding spanning
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Figure 4. The dependence of the equilibrium helical wrapping
angles on DNA length for both poly(dA) and poly(dT).

length of the DNA in the CNT length direction approaches
zero. With the increase in DNA length (i.e. N = 27 and
40 as shown in figure 3), the potential energy curve indeed
displays a potential well with its minimum corresponding
to the equilibrium helical wrapping angles of 85◦ and 57◦,
respectively, for the aforementioned two cases. Our results
clearly show the trend that the equilibrium helical wrapping
angle becomes smaller with the increase in DNA length. It is
found that the equilibrium wrapping angle decreases to 3.5◦

when N = 100 (the dash-dot-dot curve in figure 3). This
is due to the fact that the electrostatic energy increases more
rapidly than the binding energy with the increase in DNA
length. This behaviour is also clearly illustrated in figure 4,
which shows the equilibrium helical wrapping angle as a
function of DNA length (i.e. the number of nucleotides N) for
both poly(dT) and poly(dA). Figure 4 interestingly displays
similar sharp transitions in the wrapping angle-DNA length
profile for both poly(dT)–CNT and poly(dA)–CNT complexes.
We believe that this observed transition represents different
binding mechanisms arising from the competition between the
adhesion and the electrostatic repulsion. Specifically, for a
short DNA chain, the binding energy (adhesion energy) plays
a key role in the DNA binding mechanism onto CNT, while
the electrostatic repulsion becomes a dominant factor for the
binding of a long DNA chain onto CNT. The transitions take
place at N = 46 for poly(dT) and N = 24 for poly(dA),
respectively. The angular change in this sharp transition is
approximately 39◦ for both molecules. This result importantly
indicates that the equilibrium helical wrapping configuration
does not exist for a certain angular range. Because the effective
binding energy for dT is higher than that for dA, the equilibrium
helical binding angle for poly(dT) is larger than that for
comparable poly(dA). For poly(dA), β gradually decreases
from 19.40◦ for N = 24 to 4.5◦ for N = 69, then drops rapidly
to zero for N = 78, indicating the electrostatic repulsive
interactions between DNA nucleobases cannot be balanced
by the adhesion interaction. For N � 78, the DNA chain
is likely in a straight line configuration on the surface of the
CNT, which minimizes the electrostatic interactions between
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charges. The preferred wrapping angle-DNA length profile
of poly(dT) displays a similar pattern as that of poly(dA), but
β in the former declines at a much slower pace, as shown in
figure 4. For poly(dT), our results show that β drops from
8.8◦ for N = 46 to 1.0◦ for N = 350, then reaches zero at
N = 400, as shown by the inset of figure 4. In addition,
figure 4 interestingly reveals that the difference between the
equilibrium wrapping angles for these two molecules of the
same length is quite small (<1◦) for N in the range between
46 and 69. This observation suggests that the dependence
of the equilibrium wrapping angle on the effective binding
energy is modulated by DNA length. It is likely that, for
46 � N � 69, the preferred wrapping angle is less sensitive
to the variation of the DNA binding energy, compared with
shorter DNA, i.e. 21 � N � 45, of which the equilibrium
wrapping angle curves display much larger deviations between
poly(dA) and poly(dT). It is noted that in the above analysis,
we ignore the lateral dimension (i.e. the width and thickness) of
the nucleotide, which will pose an additional constraint in the
DNA helical binding configuration. For instance, if we assume
the width of the DNA nucleotides is 0.5 nm and no overlapping
between nucleobases in the helical binding configuration, we
can obtain easily, from figure 1, that β < 90◦ − tan−1(π/8).

Regarding the resonance behaviour of the DNA–CNT
complex, we consider DNA–CNT complexes consisting of a
poly(dT) or poly(dA) homopolyer chain with N = 60 and
a nanotube cantilever with a length of 500 nm. The natural
frequency of the CNT cantilever in vacuum is 37.2 MHz.
The hydrodynamic loading on the CNT is obtained as
µhydro = 1.3 × 104µCNT. The resonant frequency of the
CNT cantilever in water without DNA binding is found to be
only 326 KHz, representing a significant reduction in resonant
frequency due to the hydrodynamic loading effect. The
corresponding equilibrium helical wrapping angles can be
obtained from figure 4 and are 6.25◦ for poly(dT) and 5.82◦

for poly(dA), respectively. If we examine the effects of the
electrostatic interaction in the DNA chain without considering
the DNA mass, the resulting resonant frequency shifts from the
resonance frequency of the CNT in water can be obtained from
equation (16) by considering µDNA = 0, and are found to be
1.83 Hz for poly(dT) and 1.82 Hz for poly(dA), respectively.
The almost identical resonance frequency shift is attributed
to the similar equilibrium helical wrapping angle for both
molecules at such length. We also calculate the resonance
frequency shift caused by the electrostatic interaction without
considering the hydrodynamic loading effect. Our results show
that the resonant frequency shifts are 208 Hz for poly(dT) and
207 Hz for poly(dA), respectively. Therefore, the effect of the
electrostatic interactions on the resonance behaviours of the
DNA–CNT is significantly attenuated by the hydrodynamic
loading effect in aqueous environments. It is noted that those
resonant frequency shifts caused by the electrostatic interaction
are positive (i.e. η > 0) and independent of the binding location
of the DNA segment on the CNT.

By taking into account the DNA mass, the resonant
response of the CNT cantilever in response to the respective
poly(dT) and poly(dA) binding are obtained using equation
(15) and are presented in figures 5. Figures 5(a) and (b)

show the normalized resonance frequency shifts of the CNT
cantilever upon DNA binding with and without considering
the hydrodynamic loading effect, respectively. Our results
show that the resonant response of the CNT to DNA–CNT
interactions is dependent on the location of the DNA chain on
the CNT, with more prominent effects when the DNA stays
closer to the free end of the CNT cantilever. Our results also
reveal that the role of the DNA dynamic mass in the resonance
behaviour of the DNA–CNT complex is strongly impacted
by the hydrodynamic loading effect. Specifically, with the
consideration of the hydrodynamic loading effect, the role of
the DNA dynamic mass in the resonance behaviour of the
DNA–CNT complex is comparable to that of the electrostatic
interactions, as shown by figure 5(a), while the DNA dynamic
mass plays a more prominent role in determining the resonant
frequency of the DNA–CNT complex than the electrostatic
interactions when the hydrodynamic loading effect is omitted
in the simulation (i.e. considering µhydro = 0 in equation (15)),
as shown in figure 5(b). Similarly, the resonant frequency
shift difference between the bindings of these two DNA
molecules to CNT, a key parameter for label-free detection of
biomolecules, is also greatly impacted by the hydrodynamic
loading effect, as shown in figures 5(c) and (d). Our
results reveal that when the hydrodynamic loading effect is
considered, the resonance frequency difference between these
two DNA–CNT complexes is significantly less than 1 Hz,
implying that this tiny frequency difference practically cannot
be distinguished by frequency measurements. However, the
resonance frequency difference is significantly higher if the
hydrodynamic loading effect is omitted. For instance, the
resonant frequency difference between the aforementioned two
DNA–CNT complexes is calculated to be 23.1 KHz if the
midpoints of DNA segments stay 400 nm away from the CNT
clamped end. Therefore, for such a case, the dependence of
the resonance frequency of the CNT–DNA hybrid on DNA
base can be readily captured through frequency measurements.
Moreover, the effect of boundary conditions on the resonant
frequency shift driven by DNA binding onto the CNT can be
easily recognized from equation (16). For a DNA chain of very
short length compared with the CNT, we take into account
two extreme cases: (i) DNA binding onto the clamped end
of the CNT and (ii) DNA binding onto the free end of the
CNT. The resonant frequency shift due to DNA mass can be
approximated, from equation (16), as

�ωdcc
r (zDNA) ≈ −µDNANλ[v(zDNA)]2

2(µCNT + µhydro)
ωr.

For case (i), i.e. zDNA = 0, the resonant frequency shift
becomes �ωr = 0 because of v(0) = 0, while for case (ii) the
resonant frequency shift reaches the maximum. This indicates
that the resonant frequency shift induced by DNA binding
onto CNT is also dependent on the boundary conditions. This
sheds lights on using CNT resonators for sensitive label-free
detection of DNA molecules.

It is noted that the analysis presented in this paper
regarding the dynamic response of the DNA–CNT complex
focuses on two major interactions: adhesion and electrostatic
interactions, while it neglects other factors such as the
DNA entropic elasticity and the enthalpy increase due to
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Figure 5. (a) and (b) The normalized resonance frequency shift as a function of the binding location of the DNA segment on the cantilevered
CNT. (c) and (d) The resonance frequency difference between the binding of poly(dT) and poly(dA) to the CNT. The hydrodynamic loading
effect is considered in the results shown in plots (a) and (c), while it is omitted in the results shown in plots (b) and (d).

the deformed CNT–DNA hybrid, which are considered to
play negligible roles in determining the DNA helical binding
configuration on CNT [16]. Similarly, the omission of counter-
ions in the current model is expected to have negligible impacts
on the resonant response of the CNT to the binding of DNA.

4. Conclusion

In this work, we study the dynamical behaviour of DNA–CNT
hybrids by considering the adhesion and electrostatic
interactions between CNT and two types of single-stranded
DNA homopolymer chains, i.e. poly(dA) and poly(dT).
The equilibrium DNA helical wrapping angle originates
from the competition between the adhesion and electrostatic
interactions and is obtained using the minimum potential
energy method. Our results show that the DNA wrapping angle
is dependent on both DNA length and DNA nucleobase, and
interestingly reveal a sharp transition in the wrapping angle-
DNA length profile. The resonant response of the DNA–CNT
complex is analysed based on the variational method with a
Hamiltonian, which considers the CNT bending energy, the
electrostatic interaction variation arising from DNA binding

onto the CNT. Furthermore, the closed-form analytical solution
for predicting the resonant frequency of the DNA–CNT
complex is presented. Our results show that the hydrodynamic
loading on CNT resonators in aqueous environments has
profound impacts on the resonance behaviour of DNA–CNT
complexes. Our results reveal that the dependence of the
resonant frequency of the DNA–CNT complex on DNA base
is significantly attenuated by the hydrodynamic loading effect
and is probably indistinguishable to frequency measurements
in aqueous environments. Our results suggest that the detection
of DNA molecules using CNT resonators based on DNA–CNT
binding interaction through frequency measurements should be
conducted in low hydrodynamic loading media, such as air and
water vapour. The results reported in this paper are useful for
understanding the resonant behaviour of DNA–CNT hybrids
and provide the fundamental principle for label-free detection
of DNA molecules using CNT resonators.
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