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I. Motivation

The electromagnetism is one of the most important courses in an undergraduate physics
curriculum. It forms one of the core pillars of classical physics alongside mechanics and
thermodynamics. Understanding the behavior of electric and magnetic fields is crucial for an
comprehensive understanding of physical phenomena.

In 1986, I (M.S.) started to teach physics courses at SUNY at Binghamton (Binghamton
University, BU). I have taught classical mechanics, statistical thermodynamics, and quantum
mechanics in undergraduate physics courses. However, until 2023, surprisingly to me, I have no
opportunity to teach electrodynamics in undergraduate physics courses. In Fall semester of 2023,
I finally had an opportunity to teach Phys.332 (Electrodynamics II) and Phys.331
(Electrodynamics I, Spring, 2024), using the famous textbook, Griffiths, Introduction to
Electrodynamics, 4™ and 5™ edition (Cambridge University Press).

It seems to me that many students of my class have difficulty in understanding the mathematics
(in particular, vector analysis) such as Laplace’s equation with spherical coordinates and
cylindrical aa well as Cartesian coordinates. Fortunately, I am so familiar with the use of
Mathematica (version 14) and enjoy in calculating vector analysis very much with Mathematica.
SUNY system which our BU belongs to (about 50 Universities and Community colleges) has a
license for the use of Mathematica from Wolfram. So, students at Binghamton University can get
the latest version of Mathematica Program in free. So, I strongly suggest my students to use
Mathematica program in calculating vector analyses, including Grad, Curl (Rot), Div, Laplacian,
and so on.

What is the motivation for us to write this article? During my class, one of students asked me
how to calculate a scalar differential operator which is defined by a scalar differential operator

PC[U,V] = (ll V)V >

where u and v are vectors. That expression appeared in the Maxwell stress tensor. As far as I know,
there is no such an operator in standard Mathematica program. So, I wrote a Mathematica program
(module) to calculate the scalar differential operator in Cartesian, cylindrical, and spherical
coordinates for students, and made sure it works. After that, I think that students understand how
to calculate the scalar differential operator in three coordinates (see later for detail).

Since then, I became familiar with the name of the scalar differential operator. In order to get
more detail about this, I checked the Google web sites, and asked what is the scalar differential
operator? How can it be used in physics, in particular electrodynamics? I realized that this operator
is called a Feynman subscript notation in vector product. I found that Richard P. Feynman showed
how to use this operator in his lecture (Feynman’s lectures on Physics, vol. II, Chapter 27; Field
energy and Field momentum). Fortunately, we can also listen to his lecture on the web site with
his own voice (exciting). In fact, I listened to his lecture very carefully (originally presented at



January 31, 1963). He clearly mentioned “1881” when he explained the scalar differential equation
(time around time 13 minutes 26 sec after the start).

So, I promptly asked Open Al ChatGPT;
((AI)) My question

Is it true that J.W. Gibbs gave an lecture on vector analysis at 1881? I found that Feynman
referred to 1881 in Feynman's lectures on Physics vol 2 Chapter 27 audio (1963).

((AI)) Reply

Yes, J. Willard Gibbs did give lectures on vector analysis around 1881. Gibbs, a pioneering
American scientist, significantly contributed to the development of vector analysis, which is a
branch of mathematics that deals with vectors and vector-valued functions. The reference you
mentioned, from Richard Feynman's "Lectures on Physics," Volume 2, Chapter 27, indeed notes
that Gibbs was involved in the development of vector analysis during the late 19th century. While
Feynman might have mentioned 1881 specifically, Gibbs's work on vector analysis spanned
several years around that period. Gibbs began giving a course on vector analysis at Yale University
in 1881. His notes from these lectures were later published as "Elements of Vector Analysis" by
his student, Edwin Bidwell Wilson, in 1901. This work played a crucial role in popularizing and
formalizing the use of vector methods in physics and engineering. Therefore, it is accurate to say
that J.W. Gibbs was lecturing on vector analysis around 1881, and Feynman's mention in his
lectures is consistent with historical accounts.

So I understand that the vector analysis which Feynman used in his book, was originally
discussed by Prof. Gibbs at Yale University between 1881 and 1884.

2 Brief profiles of Feynman, Gibbs, Wilson; Comment from Joe Heafner

((Richard P. Feynman))
Between 1961 and 1963 Richard Feynman set out to record the lectures he gave to his

freshman and sophomore introductory physics classes at Caltech. At the time, modern theories like
those of relativity and quantum mechanics were exciting students and propelling them to pursue
the study of our Universe’s fundamental nature.



Fig.1
Richard Feynman talking with a teaching assistant after the lecture on “The Dependence of

Amplitudes on Time, Robert Leighton (left) and Matthew Sands (right) in background, April 20,
1963.

https://www.feynmanlectures.caltech.edu/

((Josiah Willard Gibbs))

Fig.2
Josiah Willard Gibbs (February 11, 1839 — April 28, 1903) was an American scientist who made
significant theoretical contributions to physics, chemistry, and mathematics. His work on the
applications of thermodynamics was instrumental in transforming physical chemistry into a
rigorous deductive science. Together with James Clerk Maxwell and Ludwig Boltzmann, he
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created statistical mechanics (a term that he coined), explaining the laws of thermodynamics as
consequences of the statistical properties of ensembles of the possible states of a physical system
composed of many particles. Gibbs also worked on the application of Maxwell's equations to
problems in physical optics. As a mathematician, he created modern vector calculus
(independently of the British scientist Oliver Heaviside, who carried out similar work during the
same period) and described the Gibbs phenomenon in the theory of Fourier analysis.
https://en.wikipedia.org/wiki/Josiah_Willard Gibbs

Josiah Willard Gibbs and his contemporary, Edwin Bidwell Wilson, were both prominent
figures in the fields of mathematics and theoretical physics during the late 19™ and early 20™
centuries. They collaborated on several works, and Wilson often contributed to the development
and dissemination of Gibb’s ideas. The lecture notes of Gibbs was edited by Wilson in 1901 when
he was 22 years old.

((Edwin Bidwell Wilson))
Edwin Bidwell Wilson (April 25, 1879 — December 28, 1964)
At Yale, Wilson worked under the supervision of Josiah Willard Gibbs and compiled an

important textbook on vector analysis from Gibbs' lecture notes. Gibbs died when Wilson had just
turned 24, but he exerted a strong influence on Wilson through his early supervision and through
Wilson's experience compiling Gibbs' notes. Wilson became an Assistant Professor of
Mathematics at Yale in 1906, then Associate Professor of Mathematics at Massachusetts Institute
of Technology (MIT) in 1907, then Professor of Mathematics in 1911, then Head of the Department
of Physics in 1917, and then Professor of Vital Statistics at the Harvard School of Public Health in
1922.

((Note from TensorTimes@2024 by Joe Heafner))
Did Feynman Invent Feynman subscript notation?
https://tensortime.sticksandshadows.net/archives/718
When we checked the web site about the Feynman’s subscript notations, we found a very

interesting article by Joe Heafner. A part of the article is reproduced here.

Feynman explains that the subscripted V can be manipulated as though it were a vector (it is
not) according to the rules of dot products (commutative), cross products (anticommutative), triple
scalar products (cyclic permutation, swapping dots and crosses, etc.), and triple vector products
(BAC-CAB, Jacobi identity, etc.) The strategy is to end up with only one vector (the one
corresponding to a subscript) immediately to the right of each correspondingly subscripted V .
Then you drop the subscripts, and you should have a valid vector identity. In the audio version of
this lecture, Feynman comments that he doesn’t understand why this technique isn’t taught. It was
never shown to me as either an undergraduate or graduate student. I suspect it’s treated as “one of
those things” students are simply assumed to pick up at one point or another without it ever being
explicitly addressed (much like critical thinking is treated).



The issue here, for me, is whether or not Feynman invented this way of manipulating vector
expressions. After all, the notation carries his name so it might be reasonable to assume he invented
the underlying method. My research shows that a very similar methodology is documented in the
very first (as far as I know) textbook on vector analysis, Wilson’s Vector Analysis: A Text-Book
for the use of Students of Mathematics and Physics. This is the famous work based on Gibbs’
lecture notes and is the definitive work on contemporary vector analysis.

This brings to my mind the question of whether or not Feynman was aware of Wilson’s
textbook and this method documented therein and decided to change the nature of the subscript to
show what is differentiated rather than what is not. I don’t see how there is any way to know for
sure, but it’s an interesting question in my mind because I suspect many students are not aware of
Wilson’s textbook.

3. Overview: Feynman (Gibbs) subscript notations in vector products
Here we explain the detail of the Feynman (Gibbs) subscript notations in vector products and
its application in vector analysis.

V-(uxv)=V_-(uxv)+V_ -(uxv)
=u-(vxV, )+v-(V, xu)
=—u-(V,xv)+v-(V xu)
=—u-(Vxv)+v-(Vxu)

where V | - (ux v) is the same as V - (u x v) with u is kept constant during calculation.

Vu-v)=V, (u-v)+V (u-v)
=[(u-V,)v+ux(V, xv)]+[(v-V u+vx(V_ xu)]
=(u-V)v+(v-Vu+ux(Vxv)+vx(Vxu)

where (u-V)v is called a scalar differential operator.

Vx(uxv)=V x(uxv)+V xuxv)
=(V, - viu—(V, - )v+(V_-viu—(V_ -u)v
=(v-Voyu—-(u-V )v+(V, -viu—(V_ -u)v
=(v-Viu—-(u-V)v+(V-viu—(V-u)v

In this article, we have discussed the following things
(@) We will briefly summarize the discussions given by Gibbs (1881-1884) and Feynman
(1963).
(ii) Construction of Mathematica Programs for the scalar differential operators in terms of
three coordinate systems



(iii) We will make proof that Feynman (Gibbs) subscript notations are mathematically valid
using the Mathematica program based on Cartesian coordinates.

(iv)  Application-1
We show that the magnetic field due to constant magnetic moment m and the electric field
due to the constant electric dipole moment p can be expressed by

B =VxA

dipole dipole

Hy r
=—V(mx—
4 ( r3)

H r-
=——"(m-V)—
472( )r3

Hy r
=20 Pm,—
yy dl r3]

and

E =-VV

dipole dipole

r
—_ Vip -
dre, P r )

1 r
=— V)=
dre, P )r3

1 r
- Plp,—
dre, P r3]

Clearly, B, and E, , can be expressed by the scalar differential operator.

) Application II: Magnetic and electric force (Purcell)
The force on the constant magnetic moment m under the presence of an external magnetic field
B is given by
F,=(m-V)B=P[m,B].

The force on the constant electric dipole moment p under the presence of an external magnetic
field E is given by

F, =(p-V)E=PF][p,E].

(vi)  Using the scalar differential operators in terms of three coordinate systems, we solve
typical problems in Arfken’s book,

4. From the lecture of Gibbs on vector analysis (1881-1884): Summary



Here we just show how the subscript notations in vector products were discussed in Gibbs in
his lectures on vector analysis. A part of Gibb’s book is reproduced here, although some revisions
are added by us.

4-1 Discussion by Gibbs (1): 73

73: 1t frequently happens, as in the case of the application just cited, that the operators V, V-,
Vx, have to be applied to combinations of scalar functions, vector functions, or both. The
following rules of operation will be found useful. Let u, v be scalar functions and u, v vector
functions of position in space. Then

Va-v)=(v-Vu+-V)v+vx(Vxu)+ux(Vxv) 41)
V-(uxv)=v-(Vxu)—u-(Vxv) (42)
Vx(uxv)=(v-V)u-v(V-u)—(u-V)v+u(V-v) (43)

The proofs of the formula may be given most naturally by expanding the expressions in terms of
three unit vectors i, j, k (Cartesian coordinates)

4-2  Discussion by Gibbs (I1):74

74. The notation V  (u-v) will be used to denote that in applying the operator V to the product
(u-v), the quantity u is to be regarded as constant, That is, the operation V is carried out partially
upon the product (u-v). In general, if V is to be carried out partially upon any number of

functions which occur after it in a parenthesis, those functions which are constant for the
differentiations are written after the parenthesis as subscripts. Gibbs proved that

Vu-v)=V (u-v)+V (u-v). 41y

The formula given above may be written in the following manner, as is obvious from analogy with
the corresponding formula in differentials;

V-(uxv)=V_-(uxv)+V_-(uxv). 42y
and
Vx(uxv)=V xuxv)+V xuxv). 43y

Take for instance (43)’. Expand V x(uxv) formally.



V, x(uxv)=V_ viu-(V, u)yv,

where it must be understood that u is constant for the differentiations which occur in V. Then in

the last term, the factor u may be placed before the sign V. Hence

V. x(uxv)=uV -v)—(u-V )v
=u(V-v)—(u-V)v
=u(V-v)~P[u,v]

In like manner

V x(uxv)=(v-V )u—=(V_ -u)v
=(v-Viu—(V-u)v
=P[v,u]-v(V-u)

Hence,

Vx(uxv)=V x(uxv)+V x(uxv)
=(v-Voyu—-(u-V )v-v(V_-u)+u(V, -v)
=(v-Viu—-(u-V)v—-v(V-u)+u(V-v)
=P[v,u]-Pu,v]-v(V-u)+u(V-v)

4-3  Discussion by Gibbs (11I):75
75. There are number of important relations in which the partial operation V (u-v) figures.

ux(V,xv)=V,(u-v)—(u-V,)v, (46)
or

V,(u-v)=@-V)v+ux(Vxv), (46)’
or

u-V)v=V, (u-v)+(Vxv)xu, (46)”

This proof of this relation may be given by expanding in terms of i, j, k (Cartesian coordinates). A
method of remembering the result easily is as follows. Expand the product
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ux(Vxv).
Formally as if V, u, v were all real vectors. Then
ux(V xv)=u-v)V, —(u-V )v

The second term is capable of interpretation as it stands. The first term, however, is not. The
operator V has nothing upon which to operate. It therefore must be transposed so that it shall have
u-vas an operand. But u being outside of the parenthesis in ux(V, xv) is constant for the

differentiations. Hence
(U-V)V, =V, (-v),
and
ux(V xv)=V (u-v)—(u-V )v. (46)
If u be a unit vector, say a, the formula
@-Vyv=V_(a-v)+(Vxv)xa, (47)

expresses the fact that the directional derivative (a-V)v of a vector function v in the direction a
is equal to the derivative of the projection of the vector v in that direction plus the vector product
of the curl of v into the direction a.

S. From the book of Feynman on Feynman’s lectures on Physics vol.2 Chapter 27.

Here we just show how the subscript notations in vector products were discussed in Feynman’s
lectures on Physics. A part of Feynman’s book (vol.2 Chapter 27) is reproduced here, although
some revisions are added by us.

5.1  Detail of Formula-1
In his book, Feynman explained his subscript notations using the formula 1 given by

V-(uxv)=V_ -(uxv)+V_-(uxv). (27.10)

The moment we do that, we do not have to keep the order straight any more. We always know that
V., operates on u only (constant v) , and V  operates on v only (constant u). In these

circumstances, we can use V as though it were an ordinary vector. (Of course, when we are



finished, we will want to return to the “standard” notation that everybody usually uses.). So now,
we can do the various things like interchanging dots and crosses and making other kinds of
rearrangements of the terms. For instance, the last term of Eq. (27.10) can be rewritten as

V., -(uxv)=v-(V xu)
=(V,xu)-v

[You remember that a-(bxe¢)=b-(cxa)]. And the first term of Eq. (27.10) is the same as

V,-(uxv)=u-(vxV )
=—u-(V, xv)
=—(V,xv)-u

It looks freakish, but it is all right. Now if we try to go back to the ordinary convention, we have
to arrange that the V operates only on its “own” variable. The first one is already that way, so we
can just leave off the subscript. The second one needs some rearranging to put the V in front of
the v, which we can do by reversing the cross product and changing sign

Now it is in a conventional order, so we can return to the usual notation. Equation (27.10) is

equivalent

V-(uxv)=4+V, -(uxv)+V_ -(uxv)
=—u-(V,xv)+v-(V xu) (27.11)
=—u-(Vxv)+v-(Vxu)

(A quicker way would have been to use components in this special case, but it was worth taking

the time to show you the mathematical trick. You probably won’t see it anywhere else, and it is
very good for unlocking vector algebra from the rules about the order of terms with derivatives).

5.2 Detail of Formula-2
We start with

Vu-v)=V, (u-v)+V (u-v)

V , (u-v) will be used to denote that in applying the operator V to the product (u-v), the quantity

u is to be regarded as constant. That is, the operation V is carried out only partially upon the
product (u-v). In general, if V is to be carried out partially upon any number of functions which
occur after it in a parenthesis, those functions which are constant for the differentiations are written
after the parenthesis as subscripts.

Vu-v)=V, (u-v)+V (u-v),
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with
ux(V,xv)=V (u-v)—(u-V )v,
vx(V xu)=V _(u-v)—(v-V )u,

using the usual vector formula

ax(bxec)=(a-c)b—(a-b)c
=b(a-c)—c(a-b)

Thus, we have

Vu-v)=V, (u-v)+V (u-v)
=[(u-V )v+ux(V, xV)]+[(v-V )u+vx(V xu)]
=(u-V)v+ux(Vxv)+(v-Viu+vx(Vxu)
=(u-V)v+(v-Viu+ux(Vxv)+vx(Vxu)
=Plu,v]+P[v,ul+ux(Vxv)+vx(Vxu)

Note that one can find the scalar differential operators P[u,v] and P[v,u] in V(u-v).
Plu,vl=(u-V)v, Plv,u]=(v-V)u.

5.3 Detail of Formula-3
We start with

Vx(uxv)=V x(uxv)+V_ x(uxv).

Using the formula in vector analysis,

ax(bxc)=(a-¢)b—(a-b)c
=b(a-c)—c(a-b)

we get

V, x(uxv)=(V, -viu—=(V_ -u)v
=—(u-V )v+(V, -v)u

and
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V x(uxv)=(V, -viu—(V_-u)v
=(v-V)u—-(V, -u)v

where we use
(V, Vu=(v-V)u=(v-Vu=P[v.ul,
V, - w)v=(-V ) )v=(-V)v=Plu,v].
Combining with these equations, we have

Vx(uxv)=V x(uxv)+V_ x(uxv)
=V, viu—=(V, - w)v+(V_-viu—(V, -u)v
=V, - viu-(u-V ) )v+(v-V  u—(V, -u)v
=(v-Viu—(u-V)v+(V-viu—(V-u)v
=—Plu,v]+P[v,u]l+(V-v)u—(V-u)v

Note that one can find the scalar differential operators P[u,v] and P[v,u] in Vx(uxv).
6. Overview on Proof of Formula and Gibbs with the use of Mathematica
Here we prove three formula related to the Feynman (Gibbs) subscript notations using

Mathematica. For the sake of simplicity, we use the vector analysis based on the Cartesian
coordinates.

We introduce u and v in cartesian coordinates as follows

(a) Space-independent vectors:
u,,, = (u,,, Uy Uy, ), Vo = Vore Vo Vo)
(b) Space-dependent vectors:
u, =, (x,,2), u,(x,,2), u.(x,y,2))
and
v =0, (5, 2), v, (%, 9, 2), v (x, 9, 2))
When we calculate, for example,
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V, x(uxv),

Instead we calculate V x(u,,, xv,,), since u is constant vector [independent of r = (x, y,z) ]. After

calculating this, the space independent vector u,,, is replaced by the space dependent vector u,,.

(c) Definition of a scalar differential operator (Cartesian coordinates) in Mathematica
The scalar differential operator Pcl[u,v]=(u-V)v which is defined in this article in the

Cartesian coordinates.

Pcdu,v]=wV,+uV +uV_)v
=u,V,v+uV v+u Vv

=u D[v,x]+u D[v,y]+u_D[v,z]

75 Proof using the Mathematica

In this note, we will present Mathematica programs how to calculate (u-V)v in three kinds of
coordinates, cartesian coordinates, cylindrical coordinates, and spherical coordinates. Note that at
this moment we do not know that the useful program for the calculation of (u-V)v may be
available from any possible program sources from Wolfram. If it is available, this note is not so
significant, we think. Anyway, we will show our Mathematica program to evaluate the Feynman
(Gibbs) subscript notations in vector products for there coordinate systems.

((Mathematica))

We use the Mathematica program, in order to give proof of formula obtained by Gibbs and
Feynman.
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Clear["Global "];

SetCoordinates [Cartesian[Xx, y, z]1];

ux = {1, 6, 0};

uy = {6, 1, 0};

uz = {6, 0, 1};

r={x,Yy, z};

R = '\/ (r.r} 3

Lap := Laplacian[#, { X, V¥, 2z}, "Cartesian"] &;

Gra:=Grad[#, { X, ¥, 2z}, "Cartesian"] &;

Curla:=Curl[#, {X, Yy, z}, "Cartesian"] &;

Diva :=Div[#, {X, ¥, z}, "Cartesian"] &;

Pclu_, v_] := (u1] <D[v, x] +u[2] ~D[v, y] +u[[3] ~D[v, z]);

u@ll = {uelx, ully, uelz};

voll = {vO1lx, vOly, vOlz};

ull = {ulx[x, y, z], uly[x, y, z], ulz[X, y, z]};

vll = {vIX[X, ¥, z], V1y[X, ¥, z], V1Z[X, Yy, Z]};

rulel = {u@lx -» ulx[x, y, z], udly » uly[x, vy, z],
uelz - ulz[x, y, z]};

rule2 = {vO@1lx » v1x[X, y, z], vOly - vly[X, Vy, Z],
velz »vl1z[x, y, z]};

(1-1) Proof

(v-V)u=(v-V)u=P[v,u]
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tl = Pc[vOl1l, ull] //. rule2 // Simplify

viz[x, y, z] ulx‘®*®¥ [x, y, 2] +
Vly[XJ yJ Z] uj'xie,l,el [XJ yJ Z] +V1X[XJ yJ Z] U1xl’e,el [XJ yJ Z]J
viz[x, y, z] uly‘®®? [x, y, z] +viy[x, y, z] uly‘®*®? [x, y, 2] +
vix[X, y, z] uly‘t-®® [x, y, z], viz[x, y, z] u1z®®d [x, y, z] +

viy[x, Yy, Z] iz ) [X, ¥, 2] +VIX[X, Y, Z] Lz S (X, Y, Z]}

t2 = Pc[v11, ull] // Simplify
iz, v, 2] kB %, 'y, 2] +

viy[x, y, z] ulx‘®®® x, y, z] + vix[x, y, 2] ulx‘?-9® [x, y, z],

viz[x, y, z] uly‘®®Y [x, y, z] +viy(x, y, z] uly'®*? [x, y, 2] +
VXX, Vs 2] Uty [, ¥, 2], 2%, ¥, 2) w2l %, ¥, 2] +
VAY[X, ¥ 2] 0iz®0P) (v, 2] cvax[x, ¥, 2) w1259 1x, v, 2]}

t12 = t1 - t2 // Simplify
{0, 0, 0}
(1-2) Proof
(u-V)v=@-V)v=~Plu,v]
tl = Pc[u@ll, vi1l] //. rulel // Simplify
jodzx; v, 2) vBxPO3x, 4 2] +

uly(x, y, z] vix'®*® [x, y, z] +ulx[x, y, z] vix*®® [x, y, z],

U1Z[X: Y, 2] Vly:e’e,lI [X, Y5 Z] +u1y[x, Y, Z] Vlyie"l,el [X: Yy, 2] +
uj'x[x-' yJ Z] V1y1,e,e‘ [XJ yJ z]’ UIZ[XJ y-‘ z] Vlz’0)0’1I [XJ y-‘ z] e
SR, ¥ 2] Wiz e, v, 2] S UIRIR, ¥ 2) M2 g, 2] )

t2 = Pc[ull, v11] // Simplify
futz 1%, ¥ 2] X' 1%, 3, 2] +
uly(x, y, z] vix'®%® [x, y, z] +ulx[x, y, z] vix*®® [x, y, z],

ulz[x, ¥, z] viy'%®Y [x, v, 2] +uly([x, ¥, 2] viy'®>® [x, ¥, 2] +
U1X[XJ yJ Z] Vlyilje,el [XJ yJ Z]J UIZ[XJ y’ z] Vlze’e-']" [XJ yJ z] +

uly[x, y, z] viz'®%? [x, y, z] + ulx[x, y, 2] viz s 2]}

(1,0,0)
[

t12 = t1-t2 // Simplify
{0, 9, 9}
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(i)

Vo(uxv)=V_ -(uxv)+V_ -(uxv)
=u-(vxV, )+v-(V, xu)
=-u-(V,xv)+v-(V_ xu)
=—u-(Vxv)+v-(Vxu)

(2-1) Proof

Vi(uxv)=V_ -(uxv)+V_ -(uxv)

t1 = Diva[Cross[u@ll, v11]] //. rulel // Simplify

ulx[x, y, z] (vly;e,e,v (X, Vs 2] _vlz(®1.@) [

ulz(x, y, z] (v1x‘e,1,e] —————
uly (X, y, z] (;_le:e,e,l‘ [

X, ¥, 2]) +
ol [X: Y, Z]\l +

%, ¥ 2] + V12020 [%, y, 7])

t2 = Diva[Cross[ull, v@11]] //. rule2 // Simplify

VEX[%; 3, 2] (=Uly%SV 5 i, 2]+ 012900 ey, 2]}
viz[X, Y, 2] (:—ulxje’l’e‘ [X, ¥, 2] +uly®®® [x, y, 2]) +
VI Vs 2] (a9 5, v, 27 < upz @081 1z, v, 27)

t3 = Diva[Cross[ull, v11]] // Simplify

—uly[Xx, y, z] vix'®®Y x vy, 2] +

ulx[x, y, z] viy'*®Y [x, y, 2] -viz[x, y, 2] ulx'**% [x, y, 2] +

VIX[X, Y, Z] (:-uly‘o'e’l‘ [X, ¥, 2] +ulz'®®® [x, y, 2] ) +

ulz[x, y, z] vix‘®%9 x, y, z] —ulx[x, y, z] v1z'®2® [x, y, 2] +

viz[x, y, z] uly'*®® [x, y, z] +vly[x, y, 2] (ulx®®Y [x, y, z] -u1z®®? [x, y, 2]) -
ULZ [, ¥y 2] VAN 0 (%, Y, Z) <ULy, ¥ 2) Azt I, i, 2]

t4 = t3- (t1+t2) // Simplify
e

(2-2) Proof

V,-(uxv)=u-(vxV, )=-u-(V,xv)
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t1l = Diva[Cross [u@11, v11]] //. rulel // Simplify

U1X[X} y: Z] (ley:e’e’ll [ (0,1,0) [

X, Y, 2] -viz
(0,1,0) [

\
X, ¥, 2]) +
o0 x, y, 2]) +

R e, 2

ulz(x, y, z] (vix

uly[x, y, z] (-vix

X, Y, z] -Vvly

(0.8,1) 1y, y, 2] +Vvi1z

t2 = —ull.Diva[v1l] // Simplify

—{UlX[X, Y, Z], U1y[xa Y, Z] K U1Z[X, Y, Z] } ®

(VEz [x, o, 2] vy i, i 2] N I, 2))
t12 = t1 - t2 // Simplify
o
(2-3) Proof
V,-(uxv)=v-(V_xu)=v-(Vxu)

t1 = Diva[Cross[ull, v@11]] //. rule2 // Simplify

VIX[X, ¥ 2] [-uly®?" [x, ¥, 2] +u229Y [x, v, 2]) +
ViZ[X, ¥ Z) (-uix!®L® [x, y, 2] + udy®®® [x, y, 2]) +
viy[x, ¥, 2] (ulx®® [x, y, 2] -u12"%9 [x, y, 2])

t2 = vil.Curla[ull] // Simplify

VIX[X, ¥, Z] (-ulyie’e’l' [X, Y, z] +ulz'®1® [x, y, z]) +
VIZ[X, ¥, 2] (-ulx'®S9 [x, y, 2] + iyt [x, g, 2]) +
viy(x, y, z] (uix'®®? [x,y, z] -u1z®%® [x, y, z])

\

t12 = t1-t2 // Simplify
]

(2-4) Proof

V-(uxv)=—u-(Vxv)+v-(Vxu)
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t1 = Diva[Cross[ull, vi1]] // Simplify

~uly[x, y, z] vix'*®Y [x, y, z] +

ulx[x, y, 2] viy'®®¥ [x, y, z] -viz[x, y, 2] ulx'®*® [x, y, 2]
VIX[X, Y, Z] (;-uly:e’e’l‘ [X, ¥, 2] +ulz®*¥ [x, y, 2]) +

ulz[x, y, z] vix'®%® [x vy, z] -

ulx[x, y, 2] viz‘®%® [x, y, z] +viz[x, y, z] uly'®®® [x, y, 2] +
Vly[X, Ys Z] (U1x:e,e,1‘ [X: Y Z] - uj-z:l’e,a‘ [X, Y, Z] ,\J -

ulz[x, y, 2] viy%9 x, y, z] +uly[x, y, 2] viz®%% [, y, 2]
t2 = -ull.Curla[vll] +vi1l.Curla[ull] // Simplify
VIX[X, Y, Z] (}-uly'e’e’l‘ [X, ¥, 2] +ulz(®%® [x, y, z]) +

i, ¥ 2] [vayoY x, 3 2] - 259 e, g, 2] +

viz[x, y, z] (-ulx(®1:9 [x, y, z] +uly!1-9® [x, y, 2]) +

vly [X, Y, 2] (ulx‘e’e’l‘ [Xs ¥ 2] =iz e, 5, 23] +

ulz(x, y, z] (vix'®*® [x, y, z] -viy*®® [x, y, z]) -

uiy (%, ¥y 2) [vix® 1, ¥, 2] =vlz*% 0,y 2))

t12 = t1-t2 // Simplify

0
(iii)
Va-v)=V (u-v)+V_(u-v)
=ux(V,xv)+(u-V )v+vx(V_ xu)+(v-V )u
=[(@-V)v+ux(Vxv)]+[(v-V)u+vx(Vxu)]
=(u-V)v+(v-Viu+ux(Vxv)+vx(Vxu)
(3-1) Proof

Va-v)=V, (u-v)+V (u-v)
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t1 = Gra[ull.v11l] // Simplify

(1,0,0
l[X.v Y, 2] +

(1,0,0
’[X: Yy, 2] +
X»‘ y’ z]’

{VlX[X, Y, z] g P [Xs ¥, 2] +VIY[X, y, z] uly

viz[x, y, z] ulz‘?:9:® [x, y, z] + ulx[x, y, 2] vixX
uly[x, y, z] viy*®® [x, y, z] +ulz[x, y, z] viz
vIX[X, ¥, 2] olx®U% e, v, 2] + viy [, ¥, 2]yt S0 ey, 2] +
viz([x, ¥, z] ulz‘®1:® x, y, 2] + ulx[x, y, z] vix{®®® [x, y, z] +
uly[x, y, z] viy'®*® [x, y, 2] +ulz[x, y, 2] v1z'®%® [x, y, z],
vix[x, ¥, 2] ulx'®®V [x, y, 2] +viy[x, y, 2] uly'®®? [x, y, 2] +
vizix; v, 2] slz'®R) 5, v 2] + s ¥, 2] vax®e:Y) 1x, v, 2] +
X, ¥, 2] Ay 9Ret) 1%, 88, 271 +ABLZ[X ¥, 2] wEz S0t 1y, 21]

(1,0,0)
[

t2 = Gra[u@ll.v1l] //. rulel // Simplify

{uix[x, y, z] vix%®% [x, y, 2] +
uly[x, ys Z] VnylJe,e‘ [X5 Y, 2] + U1Z[X, Ys Z] Vlzjlje,el [Xs Y5 2],
ulx[ag, ¥, 2R e, 3. 2] +uly o, 3 2TV e, 3, 2] +

(0,1,0) (0,0,1)
[ [

X, Y, Z] +
X, ¥, 2]}

Xs Vs 2]y ULIX[X, ¥V, 2] VIX
X5'¥i; 2] +udz Xy V2] viz

ulz[x, y, z] viz

uly[x, y, z] viy' o H |

(0,0,1)
[

t3 = Gra[ull.v@11l] //. rule2 // Simplify

[vix[x, y, z] ulx'*®® [x, y, 2] +

viy[x, y, z] uly®®® [x, y, z] +viz[X, y, 2] ulz X5 ¥y 215
vIX[x, ¥, 2] ulx'®%® [x, y, 2] +viy[x, ¥, 2] uly'®*® [x, y, 2] +
viz[x, y, z] ulz®%® x, y, 2], vix[x, y, z] ulx'®®Y [x, y, z] +
viy[x, ¥, z] uly'®®d x,y, z] +viz[x, y, z] u1z'®®¥ [x, y, z]}

(1,0,0)
[

t4 = t1- (t2 +t3) // Simplify
{0, 0, 0}

(3-2) Proof

V,u-v)=ux(V, xv)+@-V )v
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t1 = (Cross[u@ll, Curla[vll]] +Pc[u@ll, v11]) //. rulel // Simplify

Jule (%, 'y, =] VR

uly[x, y, z] vly
ulx[x, y, z] vix'®1® |
ulz[x, y, z] vlz
uly[x, y, z] vly

X, Y, 2] +

(1,0,0) (1,0,0)
[ [

X, ¥, z] +ulz[Xx,y, z] vliz
(0,1,0) [

X’ y-‘ Z]J
X, Y5 Z] +

[Xs ¥ 2] +
N e, 20

X, ¥, 2] +uly[x, y, z] vly
©.1.8) 1x, v, 2], ulx[x, ¥, 2] vlx
X, ¥, z]+ulz[x,y, z] vliz

(0,0,1)
(0,0,1)
[

t2 = Gra[u@1l.v1l] //. rulel // Simplify

fom e, s TSt

X, Y, 2] +
uly[x, y, z] viy‘%:@:® [x y, 2] +ulz[x, y, z] v1z3:®:® [x, y, 2],
ulx[x, y, z] vix'®%® [x, y, 2] +uly[x, y, 2] viy'®*? [x, y, 2] +
ulz[x, y, z] viz‘®1:® [x, y, z], ulx[x, y, z] vix'®®V [x,y, z] +

uly[x, y, z] Vly{e’e,ll (X, ¥, 2] +Ulz[X, Yy, Z] AL A [X, Y, Z]}

t3 = t1-t2 // Simplify
{0, 0, 0}

(3-3) Proof

V.(u-v)=vx(V xu)+(v-V )u

tl = Cross[vO11, Curla[ull]] //.rule2 // Simplify

{viy(x, ¥, 2] (-uix(®2-®) [x, y, 2] + uzy®-®®) [x, y, 2]) +
4

viz[X, Yy, 2] (_ulee,e,L (X, Y, Z] 1 [X5 Y, ]\]:
)

viz[x, y, z] (-uly(®®?) [x, y, z] +ulz(®1:® [x, y,

\

+

VIX[X, Y, z] (ulx'®*® [

z]
X Y, Z] _U1y{1’0’0‘ [X: Ys Z] \l ]

viy[X, Y, 2] (uj-y‘:e’e’ll [X, Y, Z] ~ R (X, Y, z],' w

VIX[X, Y, 2] (u1x'®-®1) [ B0 e v 2

\

Xs ¥s'2Z] -U12Z

t2 = Pc[vO11, ull] //. rule2 // Simplify
(0,0,1) [X, Y, Z] =
(0,1,0) [

{viz[x, y, z] ulx
vly[X, y, z] ulx we.0) |
viz[x, y, z] uly!®®d
ViX[X, Yy, z] uly

vliy[X, Yy, z] ulz

X, ¥, 2] +VIX[X, Yy, z] ulx
(0,1,0) [

X, Y, 2],
X, Y, 2] +
(0,0,1) [X_, y, Z] x

% 23}

X5 ¥s 2] +VIy[X, ¥, 2] uly
1.0,0) 1%y, 2], v1Z[X, Y, 2] ulz

(0.2.8) [y, y, 2] +VIX[X, ¥, 2] ulz

(1,0,0)
[
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t3 = Gra[ull.v@11l] //. rule2 // Simplify

(1,9,0
"Xy ¥ 2] +

vy %, yo 2] ulyte®R pu, v, 2] +vizin, §. 2) WIzH00 [, g, 2],
VIX[X, ¥, 2] ulx'®®® [x, y, z] +viy[x, y, z] uly'®®® [x, y, z] +
viz([x, y, z] ulz‘®:%® [x, y, z], vix[x, ¥, z] ulx{®®V [x,y, 2] +
vy Xy ¥ 2] 0l v 7] e vim R, v 2] 0220 e, v, 21 ]

{vix[x, y, z] ulx

t4 = t3- (t1+t2) // Simplify
{0, 0, 0}

(3-4) Proof

Va-v)=(u-V)v+(v-Viu+ux(Vxv)+vx(Vxu)

t1 = Pc[ull, v11] +Pc[v1l, ull] +Cross[ull, Curla[vl1l]] +
Cross[vll, Curla[ull]] // Simplify

{VlX[X, Y, z] uliag RS [X, ¥, 2] +VIY[X, Y, Z] U1yi1’e’e] (X, ¥, 2] +
viz[x, y, z] ulz'¥:® [x, y, z] +ulx[x, y, z] vix‘':®® [x,y, 2] +
uly[x, y, z] viy'»®® [x, y, z] +ulz[x, y, z] v1z'*®® [x, y, z],

viX[X, ¥, 2] ulx‘®%® [x, y, z] +viy[x, y, 2] uly‘®*® [x, y, z] +
viz[X, Yy, z] ulz'®%® [x, y, z] +ulx[x, y, z] vix'®® [x,y, z] +
U1y[XJ y’ z] Vly XJ y’ z] TU1Z[X3 yJ Z] VlZ XJ y’ Z])

VIX[X, Y, z] ulx'®®Y diacadl MR

viz[x, y, z] ulz U [a 30 2] +
]
X, Y, z]j

(0,1,0) (0,1,0)
( [

[X, ¥, 2] +V1y[X, ¥, 2] uly
(0.0.1) [x, y, 2] +UlX[X, ¥, 2] VIX

©0U [x, y, 2] +ulz[x, y, 2] viz

U1y[X, Y, Z] Vly (0,0,1) [

t2 = Gra[ull.v11l] // Simplify
10,0) | 1,0,0)

X, Y, 2] +V1y[X, y, z] uly'
(1,0,0) [

{vix[x, y, z] ulx' X, Y, 2] +
vlz[x, y, z] ulz X5 Vs Z] +UIX[X; V5 Z] vix(1-6-@) [X5:¥5 Z] +
uly[x, ¥, z] viy'®9 [x, y, 2] +ulz[x, y, 2] vaz"*9 [x, y, 2],

viX[x, y, z] ulx'®®® [x, y, z] +viy[x, y, z] uly'®*? [x, y, 2] +

viz[x, y, z] ulz‘®:1® [x, y, z] + ulx[x, y, 2] vix‘®1:® [x, y, 2] +

uly[x; ¥, z] viy'®L® [x, y, 2] + Wiz][x, ¥, z] V22909 [x, y; 2],

VIX[X, y, 2] ulx'®®Y [x, y, 2] +v1y[x, y, 2] uly'®®Y [x, y, 2]
viz[x, y, z] u1lz'®®Y [x, y, z] +ulx[x, ¥, z] vix'®®Y [x,y, z] +

uly (X, y, z] viy'*®Y [x, y, z] +ulz[x, y, ] viz X, ¥, 21}

(0,0,1) [

t3 = t1-t2 // Simplify
{0, 0, 0}
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(iv)
Vx(uxv)=V x(uxv)+V_ x(uxv)
=V, - vu—=(V,-u)v+(V_ -viu—(V, -u)v
=(v-Vou-(u-V)v+(V, -viu—(V, -u)v
=(v-Viu—(u-V)v+(V-viu—(V-u)v

(4-1) Proof

Vx(uxv)=V x(uxv)+V_ x(uxv)

t1l = Curla[Cross[ull, v11]] // Simplify

(0,0,1)
[

{viz[x, y, z] ulx @.0,1) ¢

X, Y, 2] —ulz[X, Y, 2] ViX (6:6,1)

X, Y, 2] +ulx[x, y, z] vlz Xy N5 Z] #
vy X, ¥s 2] w0 1x, w20~ vx(x, ¥, 21 (82 [k, v, 2] culy® 0 o, , 2)) -
Uiy [x; ¥ 2] vl [x, 2] < 0Ex DX, ¥ 2] vay w9, 2],

viz[x, ¥, 2Puly'®®D b, y; 2] -ulz(x, ¥y, 2] vy SRy [x, w, 2] +ulyix, ¥, 2] VA2 e, 50, 2] -
vIy[X;, ¥, z] (ulz®%Y [x, y, 2] +ulx-0R [x, y, 2]) +VEX[X, ¥,2] ulyS0® [x, v, 2] +

uly[x, Y, Z] le.’l,e,er [X: Y, Z] = U1X[X: Y, Z] Vlyzl)e,e‘ [X: Y, Z],

viy[x, y, 2] ulz'®%% [x, y, 2] +ulz[x, y, 2] viy'**® [x, y, 2] -uly[x, y, 2] v12'*%9 [x, y, 2] -
VEZTX, ¥ 2] (Uay' O x, v, 2]+ W g, 2)) SRR, ¥, 2] 01209 x, y, 2 4
WLZ[X, ¥, 2] VIEP9) [, ¥, 2] ~ulx[®, ¥, 2] vaz 20 1%y, 27}
t2 = Curla[Cross [u@11l, v11]] //. rulel // Simplify
{-uiz[x, y, z] vix®®Y [x, y, 2] -
w5 2] vt [, w2 X 30 2 (w2200 s, 2) vy ey, 200
—ulz[x, y, z] viy'®®V [x, y, z] +uly[x, y, 2] (viz®®V [x, y, 2] + vix82®) [x, y, 2]) -
ulx[x, y, z] viy‘*-%® x, y, z], -uly[x, y, z] v1z'®1® [x, y, z] +
ulz[x, y, 2] (viy®2 [x, y, 2] +vix229) [x, y, 2]} ~ulx[x, y, 2] viz &0 [x, y, 2]}

t3 = Curla[Cross [ull, v@11]] //. rule2 // Simplify

[uiz[x, ¥, 2] nlaf%9 [, ¥, 2] +

(0,1,0) (0,0,1)
[ [

Vly[X, Y Z] ulx X Ys Z] ) ]
vz [x, ¥, 2] udy ) o, 3, 27 VYT ¥ 2] (2008 (R, v, 2] B0 [y, 2]) +

VIX[X, Y, 2] "‘:I-y“l’e’ey (X, ¥, 2], VIY[X, Y, 2] itz %20 [X,y, 2] -
viz([X, Yy, 2] (ley‘eal’ex (X, ¥, 2] + Ul (=048 (X, Y, 2] :l +VIX[X, Y, Z] plig [X5 Y, Z]}

X, ¥, 2] -VIX[X, Yy, 2] (ulz

X s 2] +uly®® |

t4 = t1- (t2+t3) // Simplify
{0, 0, 0}
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(4-2) Proof

V. x(uxv)=(V, -viu-(V, -u)v
—
=V, vu-(u-V,))v
=(V-viu—(u-V)v

t1 = Curla[Cross [u@ll1, v11]] //. rulel // Simplify

{~uiz[x, 3, 2] vIx®%Y [, v, 2] -
ULy X, ¥ 2] vax®2% [, ¥, 2] + WIX[X, ¥, Z) (vaz®oY [k, y, 2] «v2y"*1O e v, 7)),
-ulz[x, y, z] vly das [X, ¥, 2] +Uly[X, Y, Z] (Vlz:e’e’l‘ [X, ¥, Z] + el %9 (X, ¥, Z]\i -
Uulx[X, y, z] Vly‘l iBe) [X, ¥, 2], —uly[X, ¥, Z] Vlzve’l,e‘ [Xs ¥s 2] +
ulz (0,1,0) (1,0,0) \ (1,0,0)
[X, Y, 2] (»Vly [X, ¥, 2] +VIX [Xs Y, 2] ) -ulx[x, y, z] vlz [Xs5 ¥s Z]}
t2 = (Diva[v11] u@ll - Pc[u@1l, v11]) //. rulel // Simplify
[~z x, ¥, 2gnenx'Rt gy, 29 -
uly (X, Yy, z] L [X, ¥, Z] +UlX[X, Y, Z] (Vlz:e’e’l} [X, ¥, 2] +V1y' R [X, ¥, Z] \| >
~ulz[x, y, z] viy'®®Y [x, y, z] +uly[x, y, 2] (viz'®®Y [x, y, z] + vix®®® [x, y, 2]) -
Uulx[x, y, z] Vly‘l = [X, Y, 2], —Uly[X, ¥, 2] Vlz{e)l'e‘ [X, ¥, 2] +
ulzix, ¥, 21 {vit®S [, , 2] +0an®%® [x, y, 21 ) -ulxix, ¥, 2] V12" Ix, ¥, 21 }
t3 = -Pc[ull, v11] + (Diva[v11l]) ull // Simplify
{~uizix, ¥, 2] vig®=V [z, ¥, 2] -
uly[x, y, z] vix' SHEN [X, ¥, 2] +UlX[X, Yy, Z] (Vlz‘:e’e’l‘ [X, ¥y, 2] +Vvly' i [X, Y, Z] j':
-ulz[x,y, z] vly ] (X, Y, 2] + uly[x Y, Z] (Vlzve’e’l‘ [X, Y, Z] + VIX' ) [X, ¥, Z]\l -
ulx(x, y, z] viy®® [x, y, 2], -uly(x, y, 2] v1z®¥ [x, y, 2] +

(0,1,0 (1,0,0)

2
[X: Y, ] + VIX =)

UlZ[X, Ys Z] (Vly [X.v Ys Z]" _U1X[X: Ys Z] viz [X, Ys Z]}

t1-1t2 // Simplify
{0, 0, 0}

t1-1t3 // Simplify
{0, 0, 0}

(4-3) Proof
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V. x(uxv)=(V, -viu—(V_-u)v
—
=(v-V)O)u—-(V, -u)v
=(v-Vju—(V-u)v

t1 = Curla[Cross [ull, v@11]] //. rule2

(0,0,1) [ (0,0,1) [

X, Y, 2] +
PO s o 20
X, ¥, Z] -
(1,0,0) [X, y" Z],
X, Y, Z] -
X, Y, Z]]

{vlz[x, Yy, 2] ulx X, Y, 2] -vIX[X, Yy, z] ulz

©1.9) 1%, ¥ 2] —WAX[X: ¥5 2] Uly
(0,0,1) [

vly[X, ¥, 2] ulx
viz(x, y, z] uly'®®¥ [
VIV [X, ¥, 2] ulX
-vlz([X, Yy, z] uly
vliz[x, y, z] ulx

X, Y, 2] -vly[X, Yy, z] ulz
(1.8,8) 1y, vy, 2] +VIX[X, ¥, 2] uly
X, ¥, 2] +Vly[X, Yy, z] ulz
XV Z] = VX[ Vs 2] ulz

(0,1,0) (0,1,0)
[ [

(1,0,0) [ (1,0,0) [

t2 = (Pc[vO1l1, ull] - Diva[ull] v@11) //. rule2 // Simplify

(,0,1) (0,1,0)
[ [

X, ¥, 2] +V1y[X, y, z] ulx

wibeot, ¥aoz) [uiz'S%Y 1%, v, 2] =02y e 2, 25,
SON I, Y, 2] -Vl [X, Y, 2] (w12 @0

{vlz[x, Y, z] ulx X Vo Z] =

(1.6.0) (%, y, 2]) +

X, ¥, 2] +ulx
Xy Vi Z1is VIY[Xs Vs Z] UlZ Xy Vs Z] =

Xe ¥a 2] +ullx B b, w23 svixix, 3, 2] ulz

viz[x, y, z] uly
Wi, ¥, 2] miyt 0.1,0) ¢

viz[x, Yy, z] (uly'®®® |

\

CLRY e ) |

t3 = Pc[v11, ull] -Diva[ull] v11 // Simplify
0,0,1) [

{viz[x, y, z] ulx' X, ¥» 2] +VIY[X, ¥, 2] ulx‘®%9

v, ¥ 2] (P20 [x, w ) +uly e [y, 30,
SON X, Y, 2] -Vl [X, Y, 2] (w12 @0

\

X, ¥, 2] -

(1,0,0)
[

viz[X, Y, z] uly X, Y, 2] +ulx X, ¥, 2]) +

(1,0,0) [ (0,1,0)

V1X[X) y) Z] U1y X-‘ yJ Z]J V1y[XJ yJ z] U1z [X’ y) z] -

viz(x, y, z] (uly'®® [x, y, 2] +ulx®®® [x, y, 2]) +vix[X, y, 2] ulz‘ %0 |

X, ¥, 2]}

t1l-1t2 // Simplify
{0, 0, 0]

t1-t3 // Simplify
{0, 0, 0}

(4-4) Proof

Vx(uxv)=(v-Vu—(u-V)v+(V-v)u—(V-u)v
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t1 = Curla[Cross[ull, vi1]] // Simplify

(0,0,1) (0,0,1)

{vlz[x, Yy, z] ulx [X, ¥, 2] —ulz[Xx, Yy, 2] viX

(0,0,1)

[X, ¥, 2] +

(0,1,9)

ulx[x, y, z] vlz [X5 ¥, 2] +V1Y[X, Yy, 2] ulx [X, Y, 2] -
vix(X, y, 2] (u1z'®®V [x, y, 2] +uly®t® [x, y, 2]) -

uly(x, y, 2] vix'®2% [x, y, z] +ulx(x, y, 2] viy'®*+? [x, y, z],

VIZ[X, ¥ Z)uEy SN I, v 2] -ulZ[X, ¥, Z]vay' S Ix, v, 2] +

uly(x, y, z] viz'®®¥ [x, y, 2] -

vly[Xx, ¥, 2] | ulz (€.8,1) x, y, 2] +ulx129 [x, y, 2] ) +

VIX(X, ¥, 2] uly BP9 [x, y, 2] s uly(x, v, 2] VX2 [x, y, 2] -
ulx[x, y, 2] viy*®9 [x, y, 2], viy[x, y, 2] u1z®%® [x, y, 2] +
ulz[X, y, z] vly @10 x, y, z] -uly[x, y, 2] viz'®+¥ [x, y, 2] -
viz[X, Y, Z] (uly (0.1.8) 1%, y, 2] +ulx199 [x, y, z] ) +

VIX[X, ¥, 2] ulz‘?:®® [x y, 2] +

ulz[x, y, z] vix 2R [ Y5 Z] =UIX[Xs5 V5 Z]) vlz(1-9.9) [X, ¥, z]}

t2 = Pc[v11, ull] -Pc[ull, v11] + (Diva[v11l] ull) - (Diva[ull] v11) // Simplify

(0,0,1) (0,0,1

{vlz[x, Yy, z] ulx [X, ¥, 2] —ulz[X, y, z] viX [X, Y, 2] +
ulx[x, y, z] viz'®Y [x, y, z] + viy[x, y, z] ulx®1-® [x, y, z] -
vix(X, y, 2] (u1z'®®V [x, y, 2] +uly®H® [x, y, 2]) -
uly[x, y, z] vix'®*9 [x, y, z] + ulx[x, y, 2] viy'®+® [x, y, 2],

viz(x, y, z] uly'®®Y [x, y, 2] -ulz[x, y, 2] viy'*®Y [x, y, 2] +

uly[x, y, z] viz'®®V [x, y, 2] -

viy(x, ¥, 2] (2% [x, g, Z7 +0ix®S0 1x, g, 2] )+

VIX[X, ¥, 2] uly 29 [x, y, 2] s uly[x, y, 2] vIX29 [x, y, 2] -
ulx[x, y, z] vly 1:0:9) [Xs Vs 25 VAV X5 s Z]] ulz‘@-1.9 (X, Y, 2] +
vlzix, ¥s zhvay' % [x, v, 2] - uiy[x, ¥, 2] viz®H% 0,y 2] -
VAZ[X, ¥ Z) {uly™™ & [, ¥, 2] +udet%® oo, w27 =+

viX[x, y, z] ulz‘®:®:® [x, y, 2] +

uiz([X; ¥y 2]l [x, v, 2] —ulkx, ¥; 2] vz Ry, 2]}

tl-t2 // Simplify
{0, 0,0}

In summary, we can make proof of the formula derived by Gibbs and Feynman.

8. Application: Two examples: Force on electric dipole moment in homogeneous electric
field and the magnetic moment in homogeneous magnetic field

In maser; a electric dipole moment (NH3) passing through an inhomogeneous magnetic field,

undergoes a force given by F, =V(p-E) . In Stern-Gerlach experiment, magnetic spin (magnetic

moment) passing through an inhomogeneous magnetic field, undergoes a force given by
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F,=V(m-B).

In quantum physics, the Stern—Gerlach experiment demonstrated that the spatial orientation
of angular momentum is quantized. Thus an atomic-scale system was shown to have intrinsically
quantum properties. In the original experiment, silver atoms were sent through a spatially-varying
magnetic field, which deflected them before they struck a detector screen, such as a glass slide.
Particles with non-zero magnetic moment were deflected, owing to the magnetic field gradient,
from a straight path. The screen revealed discrete points of accumulation, rather than a continuous
distribution, owing to their quantized spin. Historically, this experiment was decisive in convincing
physicists of the reality of angular-momentum quantization in all atomic-scale systems.

The experiment is based on the interaction of particles with magnetic fields. When a charged
particle with a magnetic moment passes through a non-uniform magnetic field, it experiences a
force due to the gradient of the field. This force, proportional to the magnetic moment and the
field gradient, causes the particle’s trajectory to deviate.

9. Application: Purcell’s discussion on the force on magnetic moment
We consider a magnetic moment m in the presence of a magnetic field B. The potential energy
of this system is given by

U =-m-B.

mag
The force exerted on the magnetic moment is

F =-VU =V(m-B).

mag mag
We note that the force Fimag can be rewritten as

F,.,=V(m-B)

(1)
=V (m-B)+V,(m-B)

When m is constant and B depends on the position vector r, we get

Fmag = Vm (m ’ B)
2
=(m-V)B+mx(VxB)

Here we note that V x B is given by the Maxwell’s equation as
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VxB=pu,J+¢, %—]f) . (Ampere-Maxwell law)

If we deal only with static setups where aa—];: =0 and J = 0, the force Fnag can be obtained as

F, =(m-V)B
= P[m,B]

where (m-V)B is a scalar differential operator.

10.  Purcell’s discussion on the force on electric dipole moment in electric field £

How about the force on the electric dipole moment in the presence of electric field E ? We
consider an electric dipole moment p in the presence of a magnetic field E. The potential energy
of this system is given by

U

elec

=—p-E.
The force exerted on the electric dipole moment is

F

elec

=-VU,, =V(p-E).

elec

We note that the force F, can be rewritten as

elec

Felec = V(p ’ E)
=V,(p-E)+V(p-E)

When p is constant and E depends on the position vector r, we have

Felec = Vp (p ’ E)

)
=(p-V)E+px(VxE)

Here we note that V xEis given by the Maxwell’s equation as

VxE = —Z—]? . (Faraday law)
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If we deal only with static setups where 88_]: =0, the force can be obtained as

Felec = (p : V)E
=F[p.E]

According to this equation, an electric dipole moment aligned with the field is pulled in the
direction of increasing field strength, whereas an electric dipole moment aligned against the field
is pushed in the opposite direction. (H.C. Ohanian).

11. ((Feynman)): energy conservation law with Poynting vector
Here we follow the discussion of Chapter 27 vol II (Feyman’s Lectures on Physics) on the
energy conservation law. We start with

J-E=E-(LV><B—€08—E)
Hy ot
:LE-(VXB)—gOE-a—E)
Hy ot

where E is the electric field, B is the magnetic field, J is the current density. We note that

VA(ExB)=V_ - (ExB)+V;-(ExB)
=B- (Vo xE)+E - (BxVy)
=B (Vo xE)-E-(V,xB)
=B (VXE)—-E-(VxB)

So that,
E-(VxB)=B-(VxE)-V-(ExB).
Thus, we have

J0E
ﬂo(J'E):E'(VXB)_EOﬂOE'E

=B-(V><E)—V-(E><B)—€OIUOE-88—];:
OB OE

=—V.(ExB)-B-—— E-—
(ExB) o Eoly o
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The Poynting vector and energy density are defined by

S = iE xB, (Poynting vector)
Hy
r ., 1 _, :
u=—¢gE"+—B" , (energy density)
2 2u,

The energy conservation law:

J.E:_iv.(EXB)_LB.a_B_EOE.a_E
Hy Hy ot ot
:—V-S—a_u
ot
or
J-E+V-S+a—u=0.
ot

12. Maxwell stress tensor (Griffiths)

The Maxwell stress tensor (named after James Clerk Maxwell) is a symmetric second-order
tensor used in classical electromagnetism to represent the interaction between electromagnetic
forces and mechanical momentum. In simple situations, such as a point charge moving freely in a
homogeneous magnetic field, it is easy to calculate the forces on the charge from the Lorentz force
law. When the situation becomes more complicated, this ordinary procedure can become
impractically difficult, with equations spanning multiple lines. It is therefore convenient to collect
many of these terms in the Maxwell stress tensor, and to use tensor arithmetic to find the answer
to the problem at hand. In the relativistic formulation of electromagnetism, the Maxwell's tensor
appears as a part of the electromagnetic stress—energy tensor which is the electromagnetic
component of the total stress—energy tensor. The latter describes the density and flux of energy
and momentum in spacetime. (Wikipedia)
https://en.wikipedia.org/wiki/Maxwell stress tensor

((Griffiths))
Force density:

f=pE+JxB.

Using the Maxwell’s equation
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or

1 E
p:‘C“OV'Ea J:_VXB_EOa—,

Hy ot

we have

f=go(v-E)E+i(vXB)xB—goaa—ExB.
t

Hy
Here we introduce the Poynting vector § as

SziExB.

Hy
The time derivative of ExB is

g(ExB)za—ExB+Exa—B
ot Ot Ot

:a—ExB—Ex(VxE)
Ot

oB :
where we use the Faraday’s law, VxE = R So, we can rewrite f as
t

f =50[(V-E)E—E><(V><E)]—€O%(EXB)

+[(V-B)B-Bx(VxB)]-—(V-B)B

Hy Hy

=go[(v-E)E—Ex(VxE)Hi[(v-B)B—Bx(VxB)]—go%(ExB)

Hy

where we use
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V.B=0, —(V-B)B=0

Hy
and

6—E><B=2(E><B)+E><(V><E)
Ot ot

Now we use the formula
Va-v)=u-V)v+(v-Viu+ux(Vxv)+vx(Vxu)

When u=v=E,

%VEZ =(E-V)E+Ex(VxE)
or

Ex(VxE)=%VE2—(E-V)E
Similarly, when u=v =B,

%VBZ =(B-V)B+Bx(VxB)
or

Bx(VxB)=%VB2—(B-V)B
Thus, we have

f :—gO[Ex(vXE)—(V-E)E]—i[Bx(vXB)—(v-B)B]—go%(ExB)

Hy

= —go[%VEz —(E-V)E—(V -E)E]—i[%VB2 —~(B-V)B-(V-B)B]-¢, %(EXB)

Hy
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or

f= —V(%gOEz + 21 Bz)+go[(E-V)E+(V-E)E]+i[(B-V)B+(V-B)B]—go%(ExB)

Hy Hy

=—Vu —gouog—?JrgO[(E-V)E+(V-E)E]+%[(B-V)B+(V-B)B]

or

f+goy0% = —Vu +go[(E-V)E+(V-E)E]+L[(B -V)B+(V-B)B]

Hy

Clearly we find two terms related to the Feynman (Gibbs) subscript notation in Maxwell stress
tensor. Thus, we have

oS
Eoldy E +f
— &, [(E-V)E +E(V-E)]+——[(B-V)B+B(V-B)]
Hy

v g
2 2,

=1

Note that the i-component of the vector 7 is defined by
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1= [6,(EV ,E+EV E j]+i(3 VB +BV B)]
J Hy

—%V,.(gOEZ +iBz)

Hy

1
=Y [&(EV E,+EV E,) +;(ij]3,. +BV B)]+
J

0
—1V,.(50E2 +iBz)
2 Hy
=V [&EE LY, (15 EHLBZ)]
O T T oy

1 1 1
=YV [¢,(EE ——=6E")+—(BB,——5,B’
; ][ O( i—j 2 i ) ILlO( i 2 ij )]

- ZV]-T,-]-
J
where =1 (x), 2 (y), and 3 (2).

i

T=YTee, (Maxwell stress tensor)
i

V'f = kaTij(ek 'ei)ej

i,j,k
= Z kajak,iej
i,j,k
= ZVI.Tijej
1]
or
V1), = sz];f
and
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Using the tensor, we get the final results

or
((Mathematica))
We prove the above result using Mathematica.
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Maxwell Stress Tensor using Mathematica (Cartesian coordinates)

Clear["Global™ "];
SetCoordinates[Cartesian[x, y, z]];

ux = {1, 0, 9};

uy = {0, 1, 0};

uz = {0, 0, 1};

r={X,Y, z};

R = 1/ (r.r);

Lap := Laplacian[#, { X, y, z}, "Cartesian"] &;
Gra :=Grad[#, { X, Y, z}, "Cartesian"] &;
Curla := Curl[#, {X, y, z}, "Cartesian"] &;
Diva :=Div[#, {X, ¥y, z}, "Cartesian"] &;
Pc[u_, v_] ¢= (u[1] xD[v, x] +u[2] <xD[v, y] +u[3] D[v, z]);

Es = {Ex[X, ¥, 2], Ey[X, ¥, 2], EZ[X, ¥, 2] }; Bs = {BX[X, ¥, z], By[X, ¥, z], Bz[X, Yy, z]};
1 | P N
Tij =80EiEj+_BiBj_5ij(E€0E +2—B )

A H,

F, =¢,[(E-V)E+ E(V-E)]+L[(B-V)B+ B(V-B)]

Ho
vEep s L pyy
2 21,
T= Z Tee, (Maxwell stress tensor)
iJ
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V-T=YV,T (e e)e,

i.jk

= Z VkY:j(Sk‘,ej

i.j.k

= Z ViIe,
ij

=2 ViT e,
J i

- Z AJeJ
J

A4,=(VD),=> VT,

1 1
Us[E1_, B1_] := — (ee E1.E1 + — B1.B1|;
2 uo

1
Fs = -Gra[Us[Es, Bs] ] +€@ (Diva[Es] Es + Pc[Es, Es]) + —0 (Diva[Bs] Bs + Pc[Bs, Bs]) //
H
Simplify;

1
T[i_ ,J »,E1_,B1_] :=€0 EI[i] EI1[j] + — BI[i] BI[Jj] - KroneckerDelta[i, j] (Us[E1, B1])
ue

Al1-D[T[1, 1, Es, Bs], x] +D[T[2, 1, Es, Bs], y] +D[T[3, 1, Es, Bs], z] // FullSimplify;

A2 =D[T[1, 2, Es, Bs], x] +D[T[2, 2, Es, Bs], y] +D[T[3, 2, Es, Bs], z] // FullSimplify;

A3 =D[T[1, 3, Es, Bs], x] +D[T[2, 3, Es, Bs], y] +D[T[3, 3, Es, Bs], z] // FullSimplify;

Fs[1] // Simplify
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(0,0,1)

1
— (€@u@EZ[X, Yy, 2] EX X, ¥, 2] +

L0
€@uOEX([X, ¥, 2] Ez2'®%Y [x,y, 2] +By[X, ¥, 2] Bx'®*® [x, y, 2] +
€EQLUOEY[X, Y, 2] Ex(®-1.€) [X, Y, 2] +e@QUOEX[X, Y, Z] E ° o [X, ¥, 2] +
BX [X, ¥, 2] (Bz ©:0:3F e, w5 2 +By' %1% (3, 7, 2) +Bx [X, ¥, 2]) -
By [x, ¥, z] By'*%® [x, y, 2] +Bz[x, y, 2] (Bx®*¥ [x, y, 2] -B2{+%® [x, y, 2] ) +
€@uLOEX[X, y, 2] Ex%% [x, y, 2] -
€@uOEy[X, y, z] Ey®? [x, y, 2] -c@uLOEZ([X, y, 2] E2*:%9 [x, y, 2])

100\

Al // Simplify

k-t (Bx[x, y, z] (Bz' (@.8.1) 1x, y, z] + By
ue
BY (X, ¥, z] (Bx'®*"® [x, y, z] -By X, ¥, 2]) +
Bz [y ¥5 21 fBRYSY %, 5, 27 < B 1x,5, Z]) +
€00 (Ex[X, y, z] (Ez'*%Y [x, y, z] +Ey'*"® [x, y, 2] + Ex'
Ey[%; ¥ 2] (B, ¥, 2] =By
EZ[%, ¥, Z) (Ext%% 5, y, 2] - E2%9 1%, v, 1)) )

@.1.0) [x, y, z]+Bx1°°'[x,y,z])+

(1,0,0)
[

A0 s, W 2Y) <

X, ¥, 2]) +

A2 // Simplify

n _— ,
- (BZ [X: Y, Z] (By‘e’e’ll [X: Y, Z] _lee’l’e‘ [X: Y, Z]\l +
ue ‘ '
By [X, ¥, z] (BZIO,O,L (X, ¥, 2] +By{0,1,0| [X5 Y, 2] +Bx( 189 (X5 Y, Z]\l i
BX[X; ¥ 2] (-Bx'% [x, y, 2] + By x, v, 21 ) +
€0 u0 (Ez[x, y, z] (Ey'®®Y [x, y, z] -E2®1% [x, y, 2]) +
IR, ¥ 2] {Ex*%0 . 5, 2]« EySY 1, ) ExINE)

Ex[X, ¥, 2] (-Ex'**® [x, y, 2] +Ey"*? [x, y, 2])))

[X, ¥, 2]) +

A3 // Simplify

1 ; ; ;
— (By[x, y, 2] (-By'®®V [x, y, 2] +B2'%%® [x, y, 2]) +
Lo ‘ '
Bz[X, Yy, z] (’BZ{O,O,l\ (X, ¥, Z] +By{0,1,9| [X,y, z] +Bx' ) [X5 ¥, Z]\l +
Bx (X, y, z] (-Bx'*®Y [x,y, 2] +Bz"%¥ [x, y, 2]) +
€0 .0 (Ey [X5 ¥, Z] ( Ey’ s (X, Y, 2] + Bz et (X, ¥, Z] \I =
B[00 ¥a BY (EEP0) g, 5, 1BV 5, , 2]+ EygtsER

Ex[x. ¥, 2) (-Bx"%Y [, ¥, 2) +E2%"° %, ¥, 2]} ])

[X5 Y, Z]\) £
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Fs[1] - A1 // Simplify
0
Fs[2] - A2 // Simplify
(]
Fs[3] - A3 // Simplify

0

13.  Application: Vector potential due to magnetic moment
Here we discuss the magnetic field due to the magnetic moment. The vector potential due to the

magnetic moment m is

= _#o mxrzﬁzmxf‘.

4 4rr

dip
So that, the magnetic field due to the magnetic moment is

B, =VxA

dip dip
= :‘—;v x(mx FL;)
- ﬁﬁ(m .#)F —m]
((Proof))

We use the Feynman subscript notation

Vx(uxv)=V x(uxv)+V x(uxv)
=(V, - vu—=(V,-u)v+(V_-v)u—-(V_ -u)v
=(v-Vo)u—(u-V )v+(V, -v)u—=(V_ -u)v
=(v-Viu—-(u-V)v+(V-v)u—(V-u)v

which is exactly the same as the formula of vector analysis,
Vx(uxv)=(v-Viu—(u-V)v+u(V-v)—v(V-u)

We now calculate the magnetic field B with
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and

Vx(mxA)=(A-Vim-(m-V)A, +(V-A )m—(V-m)A,
=—-(m-V)A +(V-A)m
=—F.[m,A ]+ (V-A)m

So that, we have the magnetic field due to the magnetic dipole moment

Bdipole = V X (m X Al)
=—P[m,A ]+(V-A )m
=—FP[m,A]
= ASB(m r)r—mr’]

A7y
where

V-A =0,

and
~P[m,A,]=-2[3(m -r)r -mr?].
4rr
In summary, the magnetic field due to the magnetic moment is given bt

B, =2 P[m,~]= - (m.v)~
r iy r

dipole — Ar
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Fig.3 StreamPlot. Magnetic field distribution due to the magnetic moment m (= m,z) along the

1 Il'l(]m(] — =
Z axis. (47[)—a.a 1.

How about the interaction between magnetic moment m, and m,, where m, is at the origin
and m, are located at r ? The interaction energy is given by
U=-m, B,

Hy

=-m, - i [3(m, -r)r—m,*]

__Ho
4rzr’
Hy

= 3 [ml ‘m, _3(m1 1’;)(Inz ’ f)]
drr

[_3(m1 : r)(m2 : 1‘) + (ml : mz)rz]

where

40



B, = ‘u"s [3(m, -r)r-m7’]
4rr

(@) Cartesian coordinates

Magnetic field due to magnetic moment (Cartesian

coordinates)

ml = {mx, my, mz};

X ¥y z
M={5 52 B)

R R R
Diva[Al] // FullSimplify

(4]

-Pc[ml, A1] // FullSimplify

{(3x (myy+mzz) +mx (2x*-y*-2%)) / (X +y*+2%)°2,
(3y (mxx+mzz) -my (x2-2y2+22)) / (x?+y?+22)%2,
(3 (mxx+myy) z-mz (x*+y*-22%))/

<X2 4 yZ n ZZ)S‘Z}

(2). Spherical coordinates

Magnetic field due to magnetic moment (spherical coordinates)

uoe
ml = {m@ Cos[6], -mO@Sin[6], 0}; Al =

s (1,0, 0
e

-Pc[ml1, Al1] // Simplify

{me U@ Cos[6] mOuOSin|[O] 0}
3

b
2r? 473

((Note)) You need to use the Mathematica based on the spherical coordinates (main program
shown later)

14.  Application: Electric field due to electric dipole moment
The electric potential due to the electric dipole moment p is
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y=_LPT_
dre,r

So that, the electric field is obtained as

1

4re,

E, =-VV=-

V(p%).

dipole
Using the formula

r r
V(P'r—3)=vp(P'r—3)
r r
=P[p,—]+px(Vx—=)
r r

r
=Pc[pa_3]
r

since Vx L} = 0. The electric field E due to the electric dipole moment p is

r dipole
1 r
E,..=——P[p,—]
dipole 472'(90 G p 7"3
So that the electric field E,,,, and B, , have mathematically the same structure in mathematics.

15.  Ascalar differential operator JJAB=A-V)B:

In this section, we make a Mathematica program to evaluate the scalar differential operator
(AVB
In terms of three coordinate systems (Cartesian, Cylindrical, and Spherical coordinates)

(a) (AVB: Cartesian coordinates
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(AV)B=(4V_ +4V +A4AV_ )Bx+Bj+B.2)
=4V, +AV, + AV )BX)+(AV, +4V +A4V_)B,)
+H(AV,+ AV, + AV _)B.2)
=(4,V )(BX)+(AV )BX)+(AV_ )B.X)

+(AV B, Y)+(AV )B,Y)+(AV.)(B,))
+(AV N(B.2)+(4,V )(B.2)+(A.V_)(B.Z)
=(AV B)i+(AV B)i+(AV_B,)%

X XX

+(AV _B)y+(AV B)y+(AV_B)y

x Xy yoyoy z Yy

+(A,V,B.)2+(A,V B.):+(AV_B.)z
=(AV B +AV B +AV B)i

X XX z zZX

+(AV B, +AV B +A4AV _B)y

X xy

+(A,V,B.+AV B +AV_B)z

X X z z z z

Here we use the definition of differential operator for the Cartesian coordinates

oD vl gl
ox ' oy Oz
We note that
in—Vyi—Vzizo,
vx‘)’}: y)’}: zj} =O’
V.= Vyé =V.z=0
(A.V)B:(AYEBY+A iBY+AZEBY))E
tox Y oy oz
0 0 0 R
+(A —B +A —B +4 —B
A Bt A Bord o By
+(AYEBZ+A iBZ+AZEBZ)2
" ox " oy Oz

((Mathematica))
For simplicity we define the

Pclu_, v_] := (u[1] ~D[v, x] +u[2] “D[v, y] +ul[3] ~D[v, z]);
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(b) (AV)B: Cylindrical coordinates

(AV)B=(A4,V,+ A4,V ,+AN B p+B,p+B.%)
=(AV, + AV, + AV )B,p)+(AV + AV, + AV )B,p)
+(A,V ,+A4,V,+4V_)(B.2)
= (4., XB,p)+(4,V,)(B,p)+(4A.V.)B,p)
HAN )Bi) +(AV,)(Bh)+(AV.)(B,p)
+(A,V )N(B.2)+(4,V ) (B.2)+(4.V.)(B.2)
=(AV B )p+(4,V,B)p+(4V_B,)p

+(A,V B,)$+(A,V B+ (AV B¢

+(A4,V ,B.)z+(4,V ,B.)z+(A.V_B.)z
+(4,B,)V p+(4,B)Vp+(A.B,)V_p
+(A,B,)V ¢+ (4,B,)V ,0+(A.B,)V ¢

+(A4,B,)V z2+(A4,B)V 2 +(A.B,)V_zZ

Here we use the definition of differential operator for the Cylindrical coordinates

S WA}
op ¢ 0z
We note that
r=pp+zz=p(Cosgx+singy)+zz, A=A, p+A,p+Az.

The relation of p, gg, z with x, p, Z is as follows,

b:a—r:c0s¢fc+sin¢)7. é:la—r:—sin¢£+cos¢ﬁ, z=2,
op p o
and
vp,sziAzo, vpéziko, vpéziézo.
op op op
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Thus, we have

(AV)B=(AV B )p+(4,V,B)p+(AV.B,)p

ppTp z zop
+(A,V B,)p+(A,V B+ (AV B¢
+(A4,V B.)z+(A4,V,B.)2+(AV_B.)z

PPz
+(4,B,)V ,p+(4,B,)V ;¢
=(AV B )p+(4,V,B)p+(AV_B,)p

+(4,V B)p+(AN ,B,)p+(AV _B,)j
+(A4,V B.)z+(A4,V,B.)2+(AV_B.)z

P pTz

1~ l .
+(A¢Bp);¢ _(A¢B¢);p

or

(AV)B=[(4,V,B,)+(4,V,B )+(AV B )—(A¢B¢)i][)

P pp 2V zp

1.~
H(4,V ,B,)+(4,V ,B,)+(4A.V_B))+ (A¢Bp);]¢

+{(4,V B.)+(4,V,B.)+(AV B

P p Tz z ' 2z

with
vof oyl g0
7 op o¢p 0z
((Mathematica))
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Pclu , v ] :=Modu1e[{Jp, 3¢, Iz, hi},

ul2]
Jp =ul[1] ~D[Vv[1], p] + D[v[1], ¢] +u[3] ~D[v[1], z] -

1
— uf[2] ~v2];
o

J¢ = u[[1] ~D[v[2], P] + <121 D[vI2], ¢] +ul3] ~D[v[2], z] +

1
— ull2] ~v[1];
P
uf2

Jz = u[1l] ~D[v[3], p] + I D[v[3D, o]+

o
u[31+D[VI3D, 215 hi={Jp, 39, Iz}];

(c) (AVB: Spherical coordinates

(AV)B=(AV, +4,Y,+ AV )(B,i+B,0+B,p)
=(AV, + AV, + ANV VB, +(AV, + 4V, + AV ) B,0)
+(AV, + 4V, + A,V ,)(B,P)
HAV,)(B,0) +(4,Y,)(B,0) +(4,V )(B,0)
HAV B+ (A4,Y (B, +(AV,)(B,H)
=(AV,B )7 +(4,V,B,) +(AV B,)F
+(4V,B,)0+(A,V ,B,)0 +(4,V ,B,)0
HAV,B,)§+(4,V,B,)§+(AV B)d
+(4,B)V, 7 +(4,B)V 7 +(4,B,)V ;7
+(4,B,)V,0+(4,B,)V ,0+(4,B,)V ,0

+(A,B)V,§+(4,B,)V s+ (A,B,)V ¢

Here we use the definition of differential operator for the Cylindrical coordinates

g o2 g lo g1 a2
rsin@ o¢

We note that
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r =17 =r(sin @ cos ¢x + sin @sin @y + cos 60,
The relation of p, gg, z with x, p, Z is as follows,

. or . A A A
r:a—:s1n<9c0s¢x+s1n¢9s1n¢y+cosé’z,
r

9212—2: cos @ cos gx + cos Osin gy —sin Oz,
r

1 or A A
— =—singx+cosgy,
rsin0 0¢ P+ cosgy

6=

z=rcos@—-0sind,

and

1 n c Ao
—(cosBcosgx+cosfsin ¢y —sin 62)
r

v,0-194
r 06

L (-sinfcos gx-sin@sin ¢y —cos H2)
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So that,

or

Vb=

(AV)B=(AV B

cotd

(-sin @x + cos @)

cotd »

¢

r

1 0 -
——¢
rsinéd 0¢

- 1 (cos@x +sin ¢y)
rsin @

1

rsiné

(sin 67 + cos 60)

—l(f +cot 80)
r

V,B)i+(4,V B ) +(AV B )P

+(4V,B,)0+(A4,V ,B,)0+(AV ,B,)0

+(4V,B)$+(4,V ,B,)p+(A,V B,

+(4,B)20+(4,8)1
r r

cot@ -

¢

1,
—(4,B,)—1+ (A¢B.9)
r r

—(A¢B¢)%(f +cot 6)
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1 1

(AV)B=[(4,V,B)+(4,V,B)+(4,V,B,)- (AHBH); - (A¢B¢);]f

r r r

+[(ArVrBH)+(AHVHBH)+(A¢V¢Bg)+(AHBr)l—(A¢B¢)lcot9]é
r r
1 cotd_ »
+[(ArvrB¢) + (AHVHB¢) + (A¢V¢B¢) + (Ag)ﬁBr); + (A¢Be) , ]¢
with
v ol gl g1 o
or 00 rsin@ o¢
((Mathematica))
Pclu , v ] :=Modu1e[{]r, Jo, J4, hl},
2 2 3
Ir = u[A] - DIVIAL, rl+ —X D{v], 6] - ot v2] + —t _ prypag, 6] -
rsSin[e]

1
— ull3] ~VvI3T;

r
uf[2] ~v[1] u3]
+

1 D[v[2], ©] +
r rSin[e]

uf2
Je = u[1l] xD[v[2], r] + D[vI2], ¢] -

1 Cos[6]
— uf[3] ~v[3] 5
r Sin[e]

= D[v[3], e] + ... D[vI3D, 4]+
rSin[e]

Jo = u[l] «D[v[3], r] + 4

3 1 -
BT gy —P cosge; ha = 03, 36, 3]
r rSin[e]

16. Example from exercises
We solve typical problems of Arfken using Mathematica discussed above.

(a) Cylindrical coordinates
((Arfken 3-10-17))

A calculation of the magnetohydrodynamic punch effect involves the evaluation of
(B-V)B. If the magnetic induction B is taken to be
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B=¢—B,’

1
o)
Show that

1
(B-V)Bz—p;Bj

((Solution))

Bl = {0, Bo[p], ©}; Pc[B1l, B1] // Simplify

{_Bcb[o]z

; ,e,e}

which is equal to (B-V)B = —,05LB¢2 :
P

(b) Spherical coordinates
((Arfken 3-10-26))
With 4 any vector
(A-VIr=A
Verify this result using spherical polare coordinates.

((Solution))

Al = {Ar[r, 6, ¢], AO[r, 6, ¢], Ap[r, 6, ¢]}; rll={r, 0, 0}; Pc[Al, rll]

{Ar[r, 0, ¢], AO[r, 6, ¢], AD[r, 6, ¢]}

17. Scalar differential operator: Formula
Here the formula which we obtain are listed here.

(A-V)B=mr""'7.
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So that, we have

(7-V)r=0,
7 Vyer=r,
(7-V)r=0,

(r-Vr=rr=r,
(r-V)r'7 =2r°%.

((Note-1)) n: integers

~

r
n . n
V_n__ n+1r__ n+2r’
r
Vxr=0,

n+1):0'

V() = Vx(—
r r

((Note-2)) n: integers

vy =L vsifxvl
r r r

=—1rxV—

((Mathematica Program)) Spherical coordinates
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Mathematica Program

Feynman’s subscript identities in vector product (spherical coordinates)

er
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Clear["Global™ "];
SetCoordinates[Spherical[r, 6, ¢1];

ux = {Sin[6] Cos[¢], Cos[©O] Cos[¢], -Sin[d]};
uy = {Sin[©] Sin[¢], Cos[O] Sin[4], Cos[¢]};
uz = {Cos[©], -Sin[6], 0};

ur = {1,0,0};

X = rur.ux;

y =rur.uy;

Z S rursuz;

Lap := Laplacian[#, { r, 6, ¢}, "Spherical”] &;
Gra :=Grad[#, {r, 6, ¢}, "Spherical"] &;
Diva := Div[#, {r, 6, ¢}, "Spherical"] &;
Curla :=Curl([#, {r, 6, ¢}, "Spherical”] &;
Pclu ,v ] := Module[{]r, Je, 3¢, hl},

ul[2] u
Jr = u[1] < D[v[I1], r] + D[v[1], ©] -

2
Je = uf1] »D[v[2], r] + vzl

D[v[2], €] +

[2]

vI2] +

uf3]
rsin[e]

uf2] ~ vl1] ul3]
+

| 2
1 Cos[O]
— u[[3] ~v[3] H
r Sin[6]
2 3
3¢ = u1] ~D[vI3], r]+ i D[vI3], O] + _ury
rSi
2
ul[3] via Cos[6]; hl= {3r, JO, J¢}];
rSin[6]

FIGS[a , b ] := (Pc[a, b] +Cross[a, Curla[b]]) + (Pc[b, a] +Cross[b, Curlala]l]);

FIDC[a , b ] := -a. Curla[b] +b. Curla[a];
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i
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Feynman ‘s subscript identities in vector produdl
Ps[AB]=(A-V)B
Grad[A.B]=FIGS[A,B]
FIGS[A,B]=(A-V)B+Ax(VxB)+(B-V)A+Bx(VxA)
Grad[A.B] is equal to FIGS[A,B]
Al = {Ar[r, 6, ¢]1, AO[r, 6, ¢], Ad[r, 6, ¢]1}; Bl = {Br[r, 6, ¢], AO[r, 6, ¢], Ad[r, 6, ¢]};
j11 = FIGS [Al, B1];
jl1-Gra[Al.B1] // FullSimplify
{0, 0, 0}

Pc[Al, B1] // FullSimplify

1 . A
[= (-nolr, 6, 012 +A0lr, 6, 0] Csclo] Br®* [r, 6, 6] +

r
re(r, e, ¢] (-Ae(r, 6, 6] +Br®»»?[r 6, 6]) +rAr(r, 6, 61 Br %% [r, 6, 6]),
1 / 2 (0,0,1)
- (-A@[r, 8, ¢]“ Cot[8] +AQ[r, B, @] Csc[8] AB™™" [r, B, @] +
&

AS[r, 6, ¢] (Brir, o, 0] +A6®1% [r, 6, 6]) +rAr(r, 8, 0] 6% [r, 0, ¢]),
1, , S .
- (aolr, 8, 0] (Br[r, 6, 6] +AS[r, 8, 0] Cot[6] +Csc[6] A [r, b, ¢]) +

As[r, 6, 0] A0 *H% [r, 6, 0] +rAr(r, 6, 6] A0 [r, 6, 6]) |

Example
S1={r;0,0};

Pc[S1, S1]
{r, 9, 0}

$2= {1, 0, 0}; Pc[S2, 52]
{0, 0, 0}

((Arfken))  Application (solving problems in Arfken)

(a) ((Arfken 3-10-23))
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3.10.23 A rigid body is rotating about a fixed axis with a constant angular velocity w. Take @ to
be along the z-axis. Using spherical polar coordinates,

(a) calculate v=w x r.
(b) calculate V x v.

ANS. (a) v=eywrsin.
(b) Vxv=2w.

W1l = {wCos[6], -wSin[6], ©0}; R11 = {r, @, ©}; vll = Cross[W1l, R11l]
{0, 0, rwSin[B]}

Curla[vll]

{2wCos[6], -2wSin[6], 0}

(b) ((Arfken 3-10-26))
3.10.26 With A any vector,
A-Vr=A.

(a) Verify this result in Cartesian coordinates.
(b) Verify this result using spherical polar coordinates. Equation (3.156) provides V.

Al = {Ar[r, 6, ¢], AO[r, 6, ¢], A¢[r, 6, ¢]1}; rll={r, 0, 0}; Pc[Al, rll]
{Ar‘[r‘, e: o] > A@[r‘, e) o] > AO[I", e) o:l ]
18.  Examples: Spherical coordinates

(a)  ((Arfken 3-10-26))
With A any vector

(A-VIr=A
Verify this result using spherical polare coordinates.

((Solution))

Al = {Ar[r, 6, ¢], A6[r, 6, &1, Ad[r, 6, ¢1}; rll={r, 0, 0}; Pc[Al, rll]
{Ar[r, 0, ¢], AO[r, O, ¢], Ap[r, 6, ¢]}

()  ((Arfken 3-10-37))
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An electric dipole of moment p is located at the origin. The dipole creates an electric
potential at r given by

p-r
dre,r’

y(r)=

Find the electric field, E=-V/(r) atr.

((Solution))

pl Cos[O]
Yl = ——— ; E11 = -Gra[¥1]
4w e0r?

‘—pl Cos[8] plSin[8]
1 3

‘2nrico ’ 4r7r’e0

(c) ((Arfken 3-10-35))
A certain force field is given in spherical coordinates by

2P ~ P .
rc—fsg+0—3$m9 r>P/2
r r

F=

(a) Examine V xF to see if a potential exists.

(b) Calculate (ﬁF-dr for a unit circle in the plane # = 7 /2. What does this indicate
about the force being conservative or nonconservative?

(c) If you believe that F may be described by F =-V i/, find . Otherwise simply

state that no acceptable potential exists.

2P1 P1
F11 = { — Cos[€], — Sin[e€], 0}; Curla[F11l] // Simplify
r r

{e,‘ e) 0}

A1l = {F1[r], @, ©}; Bll= {G[r], ®, ©}; Pc[All, B11]

{F1[r]1G'[r], 0, 0}

19. CONCLUSION

Using Mathematica, we show that the Feynman (Gibbs) subscript notations are mathematically
correct. Here we only show the case of Cartesian coordinates. We also make programs of these
expressions in terms of three coordinates such as cylindrica; coordinates and spherical coordinates
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as well as the Cartesian coordinates. During the above discussions, we realize that Feynman
(Gibbs) subscript notations in vector product plays significant roles to understanding the essential
concepts in electricity and magnetism;

The energy conservation with Poynting vector,

The magnetic force due to the magnetic moment.

The electric force due to the electric dipole moment.

The magnetic field from the vector potential due to magnetic moment.
The electric field from the electric dipole moment.

XA W~

Magnetic field due to the magnetic moment and electric field due to electric dipole
moment. The mathematical structures are the same and expressed by scalar differential
operator.

7. Maxwell’s stress tensor (actually, the derivation of this formula is our first motimation).
Using the Mathematica, one can calculate a scalar differential operator

Pc[ll,V] = (U'V)V >

in terms of Carteaian, Cylindrical, and Spherical coordinates.

REFERENCES

Mathematica (version 14.0).

R.P. Feynman, R.B. Leighton, and M. Sands, 7he Feynman Lectures on Physics volume II (Basic
Books, 2010)

E.M. Purcell and D.J. Morin, Electricity and Magnetism, 3™ edition (Cambridge University Press,
2013).

D.J. Griffiths, Introduction to Electrodynamics, 5th edition (Cambridge University Press, 2024).

J.D. Jackson, Classical Electrodynamics, 3™ edition (Wiley, 1998).

G.B. Arfken, H.J. Weber, F.E. Harris, Mathematical Methods for Physicists; A Comprehensive
Guide, 7" edition (Elsevier, 2013).

Edwin Bidwell Wilson, Yale Bicentennial Publications, Vector Analysis: A Textbook for the use
of Students of Mathematics and Physics, Founded upon the Lectures of J. Willard Gibbs
Ph. D. (New York: Charles Scribners’ sons, London, 1901).

H.C. Ohanian, Classical Electrodynamics, 2™ edition (Infinity Science Press LLC, 2007).

Tai L. Chow, Introduction to Electromagnetic Theory; A Modern Perspective (Jones and Bartlett
Publishers, 2006).

J.R. Reitz, F.J. Milford, and R.W. Christy, Foundations of Electromagnetic Theory, 3™ edition
(Addison Wesley1980).

TensorTime@2024 by Joe Heafner

57



Did Feynman Invent Feynman subscript notation?
https://tensortime.sticksandshadows.net/archives/718
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