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30.1 Clebsch-Gordan (CG) Coefficient
Let J, and J, be the two angular momenta, and let

~ ~

[J,,3,]1=0,
or

[3.3,;1=0. (.j=xY.2)
Define the total angular momentum
J=3,+3,,
where

312| b m1> = hzjl(jl +1)| I m1>

jlz| jl' m1> = hm1| jl’ m1>

jli| jl’m1> = h\/ LU+ -m(m i1)| J,m; i1>
Similarly,
3|1y} =12, (J, +1)| Jpm,)

j22| jz’m2> :hm2| jz’m2>

3, im,) = 13, (i, +1) —my(m, £2)| j,, m, +1)

We now consider a new ket defined by
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|j1’ j2;m17m2>:|jl’ml>®|j2’m2>

The total angular momentum: commutation relation

323,43,
[3,,3°1=13,,3,"1=0

((Note))
[3,,3°1=03,+J,,,31=13,,,3.°1=0
[3,2321=—3.231=-(32 3,13, +3,[3.2,3,1)=0
[32,321=[3,2+3,2+J3,.2,31=0

Furthermore, jlz and 522 commute with jz.

[‘]12"]2]:[‘]22"]2]:0:

but not with J2.
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Since
[32,3,1=13%,3,1=[3%3,1=[3,>.3,/1=13,2.3,1=[3,>.3,1=0,
We have simultaneous eigenkets of J2,3,%,3,%,J,
We use
| ks o3 §,m)
to denote the basis.
3 by Jor Jum) = 12, (1, + ) iy, Jo: Jom)
3.7 Iy i §om) = 27§, (3, + D] s Joi Jum)
3% ki b Jsm) = 02 §(5 + 1)y, Jos Jom)
3, v Bor om)=1m| j, j,; j,m)
Here we have the relation

|j1’ Jas j’m> = ZZ| b jz;m1’m2><j1' jz;m1am2|j1’ J; j1m>

m.m;

where we use the closure relation.

ZZ| jl’ jz;ml’m2><jl’ j2;m1’m2|:1 .

m.m,

(J1» J2; MM, | jy, Jp; §.m): Clebsch Gordan co-efficient

30.2 Properties of CG co-efficient
(1)  The co-efficient vanishes unless m = mq+mo.

((Proof))
Note that

(jz _jlz _jZZ)| jl’ JZ’ j!m>:0
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(i imyum, 3, =3, = 3, s, Jps Jom) =0
or

(M=m, =m,)(Jy, Jpi My, M, |y, J,i §,m) =0
Form-m,—m, =0,

(Jp Jormy,m, | gy, s jm) =0
(2)  The CG co-efficient vanishes unless

i —Ll<i<i+i

triangle inequality, which tells us the possible range of values of j when we add two
angular momenta j; and j, whose values are fixed.

((Proof))
For a proof of the triangle rule, let us consider the possible values of m. Since m = m;

+my, its maximum value is jy + jo. The value is realized for the single state | j;, j,; j;. J)-
The total J of this state is j = j;+ j,. The next highest value of m, j; + j,-1 is realized for
the linear combinations of two states in the uncoupled representations; |jl, k-4 j2>
and |jl, IR —1>. One of the linear combinations belongs to j = j; + jo and the second
onetoj=jy+jp-1.

For m = j1 + Jo - 2, there are three linear combinations of the three uncoupled states;
|j1’ jz; jl -2, j2>’ |j1’ jz; j1 -1 jz —1>, and |j1’ jz; jl’ jz - 2>, corresponding to three ij,j =
itz i=hitiz-Landj=jp +jp- 2.

If we continue this process, we can see that each time we lower m by 1, a new value

of j appears. The argument continues until we reach a stage where we can no longer go
one more step down in one of them to make new states. We assume that j;>j,.

J=ir+iom=j1+jo j1 +io-1, .y -(1 + J2)
J=htiz-Lm=jp+jo-1 j1 +jo-2,..-(j1 + j2 -1),
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Here we show that if the triangle rule is valid, then the dimension of the space
spanned by {|j,, j,; j,m)} is the same as that of the space spanned by{| j;, j,;m;,m,) }.

For the (m4, m,) way of counting, we obtain N = (2j; +1) (2j,+1).
As for the {j, m) way of counting, note that for each j, there are (2j+1) states.

According to the inequality (|j, — j,| < j < j, + j,), j runs (we assume j;>j,) from j; - j, to
J1tia

jitia IRap o
N= > @2j+D= D @2j+D- D.(2j+1)
J-=J-1*J-2 j=0 j=0

:(j1+ jz +1)2 _(jl_ j2)2
= (2j1 +1)(2j2 +1)

((Note))
D; x Dy, =Djj, +Djijea T+ By

where
D,.p: i =it m=jg +jo, J1 +J2-1, ..., -(1 +2),
Dy i=iitizim=j1 +jo-1,jg +j2-2, ., (1 +j2-1),
B, 0 d = la-dals m =1 - Jal, 11 - J2l-1, ooy -lin - Ja2l,

The CG coefficients form an unitary matrix. Furthermore, the matrix elements are taken
to be real by convention. A real unitary matrix is orthogonal. We have the orthogonal
condition.

(i o 5om) dos By my) = (i i mumy | ds 3om) = (i Gsmymy| gy, s §om)
Closure relation

(oo Jor M0 gy Gy’ my) = 3 (s By My [y, o 5ol o §om| Jyy Joimy'my)

im

—

Z<j1’ jz;m1’m2| jl! jz; jvm><j1’ jz;mll’m2'| jl’ jz; j)m>
J,m

0,

my,m"~'m,,m,’
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or

2 (s B My my | g, o o)l B my'smy | s, Joi §om) = 8 G, iy

J,m

Similarly,

2 dimumy |y, s 3om)Cl B memy [ dy, s J'am) = 8, 16,

my,my

As a special case of this, we may setj=j', m'=m=mq + my.

ZKjl’ jZ;ml’mz| jl! Jz’ j!m>‘2 =1

m,m,
m=m, +m,

which is just the normalization condition of | j,, j,; j,m).
30.3 Recursion relation-1 for the CG co-efficients

((First step))

L dmy =+ o0 Xl imymy )b doimy'my' i, s m)

JGFMGEm+1)]jy, 1o Jm+1)

= DG FmO G M) G my =L m, )y, o mymy | i, J; ,m)
m'm,’
m'+m,'=m

+ o F M, )y M+ i, Boimy s M1y, Jpimy'sm, |y, Joi J,m)]

((Second step))
Next step is to multiply by <j1, Joimy, m2| on the left and to use orthonormality.
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or

or

VGFm)GEm+D) (G dpsmym, [y, Jp; jm1)

= Z[\/(him1l)(j1im1l+1)<j1’ jz;m11m2|j1’ jz;ml'ilv m2'><j1’ jz;mll’mzl| jlv jz; j'm>
my',my’
m;'+m,'=m

e F M, )y £ M+ D) (i B memy |y, B my' s my 1), Joimy'um, |y, Joi J,m)]

\/(J Fm)(j+ m+1)<j1' jz;m1’m2| b o j:mi1>

= 2 INGFM) £ M +DS, o (o domy M|y Jr §om)

mymy
m; '+m,'=m

+ \/(Jz + mz')(jz * m2'+1)5m1,m1'5m2,m2'i1< jl’ j2;m1" m2'| jl’ JZ1 J!m>]

VGFMGEM+D) (G jpimy,my| gy, i o m£1)

= YL F (M F D)y £ (M F) L (G G FLM| g, 3 §,m)

+Li, F (M, FO (i, = (M, F) +1( s, Josmy,m, 1 i, 5 Jom)

((Note)) We use a more convenient expression

\/(j$m+1)(jim)<jl, jz;m11m2| b J2s j'm>

= VO Fm (G £m)(Jy, Jim FLm, |y, ;. mFD)

+ U, Fmy +2)(J, £ M)y, Jpimym, 71 jy, 3 . mF2)

This recursion relations are related to the CG coefficients at (mq, my), (m;F 1, my), and
(m1, my ¥+ 1), where my+my = m.

Addition of angular momentum 7 12/23/2010



(my.ma) {rnq,mz+1)

{mq-1,ma;

Je

fmyq.ma-13 (mq,ma) (mq+1,ma)

30.4 Recursion relation-2 for the CG co-efficients

I B bm)=9% 3] ju doimy'smg ) by Joi ' mg'| i, s o)

P2=32+32+23,3,,+3, 3, +3,.J,,

I iy, dps Bsm) = 12§+ )|y Jpi §om)

ij| jl’ jz;mllim?.l><j1’ jz;m1I’m2I| jl’ jZ; j’m>

Ao Ao P A A
= Z(Jl +‘]2 +2‘]11‘]22+‘]1+‘]2—+ 17‘]2+)
m,my’
m;'+m,'=m

><| jl! jz;mll’m2'><j1’ jz;m1'1mzl| j11 jz; j,m>
Here
DA +3,2 23,3, dmm ) Bsme o my i By §om)

my\my*
m,'+m,'=m

=n’ Z{Jl(Jl +1) + jz(jz +1) + 2m1.m2.)}
m',m,’

m1'+ m, '=m

><| b jz;m1"m2'><j11 jz;m1'1m2'| b Jos j:m>
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> 3 do + 3030 b my m Y B my o my| iy By §om)

=n’ z{\/(h o mll)(jl + mll""l)\/(jz + mzl)(jz o m2'+1)
”hf:%zzm
><| jl’ jz;mll"'lv m2'_1><j1' jz;ml"m2'| jlv jz; j, m>
+h2 z{\/(h + mll)(jl - m1'+1)\/(jz - mz')(jz + mzl+1)
x|y dos My =L m, (s, doi My my'| gy Jos Jom)
Note that

<j1’ jz; m, m, | jl! jz; m’, mzl> = §ml,m1'5m2,m2'

We multiply the above equation by bra (j;, j,;m;, m, |

{J(J +1)_ jl(jl +1)_ jz(jz +1)_2m1m2)}<j1’ j2;m17m2|j11 jz; j,m)

= \/(Jl -m, +1)(j1+m1)\/(j2 +m, +1)(j2 _m2)<j1: jZ;ml -1 m, +1| jl’ jz; j:m>

+\/(j1 +m +1)(]1 _ml)\/(jz —m, +1)(j2 +m2)<j11 jz;m1+1v m, _1| j1' jz; j:m>

This recursion relations are related to the CG coefficients at (mq, m,), (m;-1, my+1), and
(mq+1, m,-1), where my+my = m.
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(mq-1,mz+1}

{rnq.mz)

(i +1,mp-11

D, xD, =D;.;, +Djj,a + Qh—izl

For fixed j, m=j, j-1, ..., -].

In the (m;, my) plane, we plot the boundary of the allowed region determined by
ml<i,  Iml<i,
my+my=m

The J; recursion relation tells us that the co-efficient at (mq, my) is related to those at
(m1-1, my) and (mq, my-1). Likewise, the J_ recursion relation (lower sign) relates the
three co-efficients whose mq, m, values are given in Fig.

(Recursion relations + Normalization conditions)—uniquely determine the CG co-
efficients.

|I1’|2; j’m> :|j,m> = Zcml,mz Il’m1>||2’m2>

m,,m,
m,+m,=m

30.5 CG values
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j1 =12, jo =12 (|Im| <1/2,|m,|< 1/2)

D,,xD,,=D+D,

i j=1
m=mq+m,
Mz
'
102,002 102112
Ja
e TN
- forbidden
=102 2102 nz-w
m=-1 =0 m=1
1 1\[1 1
23
‘1§F_§+1_§P1>
2'2/12" 2/ 2" 2/|2'2
NG (m=0)
1_1\1 1 (m=-1)
2 2/|2 2

(i) j=0(m=0)

111 1) 1 1\v1 1
2'2/12" 2/ (27 2/|2'2

V2

(m=0)

30.6 CG values
=Ljp=1 (lmll < :I-'lmzlS 1)

D, xD; =D, +D, +D,

(i)i=2(ml<2)
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m:m1+ mo

mz
F
-1,12 0,13 1.1
=2
-1, 0,07 1,0}.‘ my
m=1

L1 A1 S K0T S A1

m=2 | m=1  m=D
111)[1,1) (m =2)

111)1,0) \/+§| 1,0)|11) m=1)
111)[1,-1) + 2|1,3>6|1,o> +[1,-1)1.1) m=0)
1,0)|1-1) j§|1,—1>|1,o> (m=-1)
|1,-11,-1) (m=-2)

Symmetric for the particle exchange

(i) j=1(Im<1)

Mz
F
=113 0,13

-1.07 0,0} 01,03

- T4
rm=1
0,-11 1-1)
rm=-1 m=0
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11)/1,0) - |1,0)[1,1)

=1
NGl (m=1)
111)[1,-1) - [1,-1)1.1)
=0
7 (m=0)
1,0)|1-1) - |1,-1)[1,0)
=-1
NGl (m=-1)
Anti-symmetric for the particle exchange
@iy j=0(m=0)
mz
SR |
0.0 - 1

|11)[1,-1) -[1,0)[1,0) +|1,-1)|1,1)
V3

Symmetric for the particle exchange

30.7 CG values
i1 =2j2=1(m|<2,m,|<1)

D,xD;,=D;+D, + D,

(i)ji=3(Im <3)

m=mq+ my
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=21 =110 (0,1 1,14 21
m=3

-2,00 -1, (0,0 (1,0 {E,EIL my

m==2

=210 =110 1) 11-1] (210

m=-3 m=-2 m=-1 m=0 m=1

(i)j=2(Im<2)

(iii) j = 1 ((Iml <1)

s F210 1,10 (0,13

i-1,0) (0,03 1.0 .

ia-13 i1-1 i2-13

Im=-1 m=0 m=1

30.8 Addition of orbital and spin angular momentum
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We consider one electron with the orbital angular momentum L (typically | = 1, p
electron)and the spin angular momentum S. The total angular momentum J is an addition
of Land S.

=L +S

[N

D x Dy, =Dy + Dy

30.9 J.recursion
We use the J. recursion for the diagram below.
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k5
=+
o
S

(m1+1,mp-2)

JG+m+DG-m) iy, jpimy,m, |y, dys o m)

=+ My + = m) (G G My +1m, |y, s o m+1)

+\/(j2 +m, +1)(j, _m2)<j1’ Jo;my, m, +l| b o j'm+l>

We note that

Addition of angular momentum 16 12/23/2010



(i By m, +1 Jy, o3 o m+2) =0

Then we have

JG+m+DG-m) (i, Bpimemy | iy, Jy; jom)

= U+ m + Dy =M (G Joimy +Lm, |y, o5 j,m+1)
We assume that

=1 =112, j=1+1/2

mi=m-1/2, my;=1/2

Then we have

1 1 , .1 11]. 1 1
\/(I+E+m+1)(l+§—m)<hzl,12=E;m—§, jl=|,12=§;j=|+§,m>

N |~

A 1
=, j,==:j=l+=,m+1
h P 5 J 5 >

1 1./. .1 11
= /l+m+=)(l-m+= =l j,==m+=,=
\/( S 2)<Jl o=2im oo

or

This procedure can be continued until m =1+ 1/2.
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[ ) o [ ) o [ )

e e e AR e

AN . AN AN s,

' N ' N ' N ' R ' .

. ¢ : . ! 3 . . . .

[ ] \‘ [ ] \~ [ ] [N [] “ s “
' ' ' ' '

[ Jsa . J e

12)3- (mx&ﬁr *

o

\, >51,/2>J m

.‘ —
‘s J+ : [] [] ‘s + :~s ‘]+ :
‘s‘ : ~~s : ‘e : *e : Q‘, :
\‘ ' ‘\ ' ‘\ : ‘\ : ‘.‘ :
Ly | Ly | L3 | &1 &1
[ ) [ ) [ ) [ ) [ )
Then we have
h= IJ—i —EEJ =] 3 i=l+sm
! 22 2’2 27 o7 2’
l+m 1 l+m 3
N Y N S I 1 1 1
- 3 5 Jl:I’JZZE’mJF?E h |,JZ—E,J=I+§,m+2
l+m+—|l+m+—
2
lemas lemes |
+m+5 +m+— +m+E 1 51| 1
= 3 5 7 h=l1],= E +EE I I,12:5,1=I+—J,m+3
I+m+§ l+m+=|1l+m+—
We choose
. . 1 1. . 1 1
<Jl:|’12:E;IyE lelaJZZE;J:|+—,I+E>:1
Then we have
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N| -
N| -

=1 j=im-
1=h =5

| 1
h=t=tijtelm)o] 2
vty 2’ 21 +1
30.10 J. recursion

We use the J. recursion for the diagram.

JG=m+2)G+m) iy, Jimem, |y, Gy .m)

:\/(jl_ml+1)(jl+ml)<jl’ jZ;ml_l’m2|j1’ P j,m_1>

+/(Jo =My +D)(Jp +My) (o Joimym, =1] jy, o5 j,m—1)
We assume that

=1 =172, j= 1+1/2

mi=m+1/2, m,=-1/2

Then we have

11

2 1./. .1 . 1. 1
\/(I—m+§)(l+m+5)<hzl,]2:E;m+—,—— jl:|,12:§;j:|+§,m>

1 L/ 1.1 1]
:\/(I—m+§)(l+m+5)<h:|,Jzz?m ,

or

This procedure can be continued until m = - - 1/2.
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We choose

j—|j—£._|_£'_
S

Then we have

T P |
S R R

L=l ==+ m)=
P 2’

30.11 Derivation of Clebsch-Gordan coefficient)
We assume that

|j=1+1/2,m)=a|lm =m-1/2,m =1/2)+ glm =m+1/2,m =-1/2)

|j=1-1/2,m)=y|m =m-1/2,m =1/2)+5|m =m+1/2,m =-1/2)
where ¢, S, 5, and dare real. The normalization condition:

o’ + =1

72 +6° =1

The condition of the orthogonality:
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ay +po=0

We already know that

/ 1

l+m+=

a= 2
21+1

We want to determine the values of g, y and o. To this end, we assume that

a =C0S4,
p=sind

y=co0s(@+x/2)=-sind,6 =sin(f+n/2)=cosf

y
A
B(y,0) A, B)
72
1»
o > X

Since
a’+ p7 =1

we have
1 1
l+m+—= l-m+=
f=11- 2 _ 2
21+1 21+1
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Then we get

l+m+1/2 l-m+1/2
:5: _—, — —y = - @ @
“ V2041 P=r=\"o1

The final result is

[j=1+1/2,m)= '*;i”ﬂ m =m-1/2,m, =1/2)
'_;‘Ii/ﬂ m =m+1/2,m =-1/2)
[j=1-1/2,m)=— %|m,:m—1/2,m5:1/2>

I+m+1/2|

l+m+1/2
[j=t+1/2my=|V _2+1 |
l-m+1/2

V 21 +1
_/I—m+1/2
lj=1-1/2,m)= 2l+1
/I+m+1/2

21 +1

30.12 Mathematica: The use of Standard Conventions of Edmonds
It is much easier to calculate the Clebsch-Gordan co-efficient by using Mathematica.

m, =m+1/2,m =-1/2)

or

Fig.j=1+1/2andj=1-1/2.
ClebschGordan[{l,m-1/2},{1/2,1/2} {1+1/2,m}]

(-1)*™N1+2m+ 21
N2 +4l
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Since | is an integer and m is an half-integer, we have (-1)*™" =—-1. Then « is

simplified as

J14+2m+ 2l
N2+ 4]

ClebschGordan[{l,m+1/2},{1/2,-1/2} {l1+1/2,m}]

_(=D)*™Py1-2m+ 2l
V2 +4l

B=

or

ﬂ_«/1—2m+2I
- V2 +4l

ClebschGordan[{l,m-1/2},{1/2, 1/2} {I-1/2,m}]

_ Ni-2m+2I
4 V2+4

ClebschGordan[{l,m+1/2},{1/2, -1/2} {1-1/2,m}]

V1+2m+ 2l
Jo+al

((Note)) Clebsch-Gordan coefficient with l and s =1

Dy x Dy = Dy4q +Dy +Dy g

ClebschGordan[{l,m-1} {1, 1},{1+1,m}]

DX m+ 11+ m+1

\/5\/1+I\/1+ 2l

ClebschGordan[{l,m}{1, 0},{l1+1,m}]

(D)X™ D J1—m+ 11+ m+]
Vi+141+2l '
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ClebschGordan[{l,m+1},{1, -1} {I+1,m}]

)X ™ —m+1y1-m+]
NEN N

ClebschGordan[{l,m-1} {1, 1},{l,m}]

CAmtlV1-m+]

\/E\/I—\/l+ 2l

ClebschGordan[{l,m},{1, 0},{l,m}]

m

JIVi+ 21

ClebschGordan[{l,m+1},{1, -1}.{I,m}]

()™ y—m+ 11+ m+1

\/§\/l—\/l+ 21

ClebschGordan[{l,m-1}{1, 1},{I-1,m}]

J-m+1J1-m+]
V211 + 21

ClebschGordan[{l,m},{1, 0},{I-1,m}]

emriml
NN

ClebschGordan[{l,m+1},{1, -1},{I-1,m}]

Jm+ld1+m+l

V2IVi+ 2l

30.13 Sodium D lines
The sodium D lines correspond to the 3p — 3s transition. In the absence of a
magnetic field B, the spin orbit interaction splits the upper 3p state into 2P, and 2Py,

terms separated by 17 cm-1. The lower 2Sy/, has no spin-orbit interaction.
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A=589.0 nm
A=588.6 nm

231/2

The electron configuration of Na is (15)2(2s)2(2p)6(3s)!. For the electron with 3s state (l
=0,s=1/2)

Do X D1/ = D12
Thus we have j = 1/2. The state is described by 25y ,.
|j=1/2,m=1/2)=|m =0,m =1/2)
|j=1/2,m=-1/2)=|m =0,m, =-1/2)
For the electron with 3p state (1 =1, s = 1/2)
D1 X D12 = Dgp2 + D12
Thus we have j = 3/2 and j = 1/2. The state is described by 2P5/, and 2Py,

|j=3/2,m=-3/2)=|m =-1m, =-1/2)

1=3/2,m=-1/2)= 2 m =0,m,=-1/2 +i m=-1Lm,=1/2
3 V3

|j:3/2,m:1/2>:i3|mI :1,m5:—1/2>+\/%|m| =0,m, =1/2)

|j=3/2,m=3/2)=|m =1m, =1/2)

Addition of angular momentum 25 12/23/2010



|j=1/2,m :—1/2>:%|m, =0,m, =_1/2>_\E|m' =-1m,=1/2)
lj=1/2m =1/2>=\/§|m, —1m, =—1/2>—%|m| —0,m, =1/2)

The Lande g-factor

_§+s(s+1)—l(l+1)
72 2j(j+1)

Table
Term J I S d;
2Py, 3/2 1 12 4/3
2P1 /9 1/2 1 1/2 213
281/ 1/2 0 1/2 2

D, line (589.6 nm)
2P112 —> 281/
D, line (589.0 nm)
2P312 — 28112
The Zeeman energy for the magnetic moment;

gJMBBjZ
/)

A, -
~ B -, . .
Hio|j.m) = S22 5, ,m) = g,p1,8m1 j,m)

The spectra can be understood by applying the following selection rules on j and m:

There rules have to be applied in addition to the usual ones for | and s namely
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Al=+1
As=0

There are no selection rule for m; and mg here because |, and s, are not constants of the
motion when | and s are coupled by the spin-orbit interaction.

A4j = 0 transitions are forbidden when j = 0 for both states, and Am = 0 transitions are
forbidden in a 4j = 0 transition.

Table: Anomalous Zeeman effect for the sodium D lines. The energy shifts are quoted in
units of pgB.

AE(D7) = 93,m(=3/2) ugB - g1om(= 1/2)ugB
= [(4/3) Mj=3/2 - 2mj= 1/2]UEB
AE(D1) = 91/oM; = 1/2(upper) UgB - g1/om; = 172 (lower)pgB

= [(2/3) mj=1/2 - 2mj= 1/2]HBB

m;Upper mlower Am; AE(D) AE(D,)
3/2 1/2 1 1

1/2 1/2 0 -2/3 -1/3
1/2 -1/2 -1 413 5/3
-1/2 1/2 1 -4/3 -5/3
-1/2 -1/2 0 2/3 1/3
312 -1/2 1 1

In the normal Zeeman effect, we observe three lines with an energy spacing equal to
pgB. In the anomalous effect, there are more than three lines, and the spacing is different

to the classical values: in fact, the lines are not evenly spaced. Furthermore, none of the
lines occur at the same frequency as the unperturbed line at B = 0.

APPENDIX

Mathematica: CG efficients
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jl=land j2=1

Clear["Global " %"]

CGli_, m_, j1_, 3§21 :=

Sum[ClebschGordan[{j1, m1}, {j2, m-ml}, {j, m}]l a[j1, ml] b[j2, m-ml],
{ml, -j1, j1}]

CG[2, 2,1, 1]

ClebschGordan::phy: ThreeJSymbol[{1, —1}, {1, 3}, {2, —2}] is not physical. >

ClebschGordan:phy: ThreeJSymbol[{1, 0}, {1, 2}, {2, —2}] is not physical. >

all, 1] b[1, 1]

CGr2, 1, 1, 1]
ClebschGordan::phy: ThreeJSymbol[{1, -1}, {1, 2}, {2, =1}] is not physical. >
a[l, 1] b[1, 0] ajfl, 0] b[1, 1]

N : NF3

CG[2, 0, 1, 1]

a[l, 1] b1, -1 | a[l, -1] b1, 1]
a[l, 0] b[1, O
NG + [ 1 bl 1+ NG

wWInN

cG[2, -1, 1, 1]

ClebschGordan:phy: ThreeJSymbol[{1, 1}, {1, =2}, {2, 1}] is not physical. >
a[l, 0] b[1, -1] afl, -1] b[1, O]
+

V2 2
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