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Felix Bloch was born in Ziirich, Switzerland to Jewish parents Gustav and Agnes Bloch.
He was educated there and at the Eidgendssische Technische Hochschule, also in Ziirich.
Initially studying engineering he soon changed to physics. During this time he attended
lectures and seminars given by Peter Debye and Hermann Weyl at ETH Ziirich and
Erwin Schrodinger at the neighboring University of Ziirich. A fellow student in these
seminars was John von Neumann. Graduating in 1927 he continued his physics studies at
the University of Leipzig with Werner Heisenberg, gaining his doctorate in 1928. His
doctoral thesis established the quantum theory of solids, using Bloch waves to describe
the electrons.

He remained in European academia, studying with Wolfgang Pauli in Ziirich, Niels
Bohr in Copenhagen and Enrico Fermi in Rome before he went back to Leipzig assuming
a position as privatdozent (lecturer). In 1933, immediately after Hitler came to power, he
left Germany, emigrating to work at Stanford University in 1934. In the fall of 1938,
Bloch began working with the University of California at Berkeley 37" cyclotron to
determine the magnetic moment of the neutron. Bloch went on to become the first
professor for theoretical physics at Stanford. In 1939, he became a naturalized citizen of
the United States. During WW II he worked on nuclear power at Los Alamos National
Laboratory, before resigning to join the radar project at Harvard University.

After the war he concentrated on investigations into nuclear induction and nuclear
magnetic resonance, which are the underlying principles of MRI. In 1946 he proposed the
Bloch equations which determine the time evolution of nuclear magnetization. He and
Edward Mills Purcell were awarded the 1952 Nobel Prize for "their development of new
ways and methods for nuclear magnetic precision measurements." In 1954—1955, he
served for one year as the first Director-General of CERN. In 1961, he was made Max
Stein Professor of Physics at Stanford University.

http://en.wikipedia.org/wiki/Felix Bloch




1. Bloch theorem
Here we present a restricted proof of a Bloch theorem, valid when y/(x) is non-

degenerate. That is, when there is no other wavefunction with the same energy and
wavenumber as (x).

We assume that a periodic boundary condition is satisfied,
w(x+ Na)=y(x).

The potential energy is periodic in a period a,
Vix+a)=V(x).

We now consider the wavefunction y(x + a) . For convenience we rewrite this equation
as

y(x+a)=T(a)y(x).
Then we have

T(a)H (x, p)y (x)=H(x+a, p)y(x+a)
=H(x, p)y(x+a)
= H(x, p)T(a)y (x)

where the Hamiltonian is invariant under the translation by a.
H(x+a,p)=H(x,p).

This means that
T(a)H (x,p) = H(x,p)T(a).

Suppose that y(x) is the eigenfunction of H(= H(x, p)) with the energy E.
Hy(x)=Ey(x).

Then we have
T(a)Hy (x) = HT (a)y (x).

or

HI[T(a)y (x)]=T(a)Hy (x) = E[T(a)y (x)].



This means that 7'(a)y (x)is the eigenfunction of H with the energy E. Since w/(x)is
nondegenerate, (x +a) =T (a)y(x) is described by

y(x+a)=Cy(x),
where C is a constant. Similarly we have
w(x+2a)=Cy(x+a)=Cy(x)

w(x+3a)=Cy(x+2a)=CCW(x)=Cy(x)

w(x+ Na)=C"w(x)=w(x) (from the periodic condition).
Then we have
cV =1

Note that C is a complex number. |C|N =1or |C| =1.
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NGO =275 (s: integer)

or
925 2 27 i ka
N Na
where
k= 2—7zs and C=¢™
L

((Bloch theorem))

v (x+a) = ey, (x)
or

v (x+la) ="y, (x)
where / is an integer.

2. Brillouin zone in one dimensional system
We know that the reciprocal lattice G is defined by

G= 2—”71 , (n: integer).
a

When £ is replaced by £ + G,

i(k+G)a

Vig(x+a) ="y () ="y o (%),

since €% = ¢'*™ =1. This implies that y,,(x) is the same as w, (x).
Vi (X) =y, (x) .

or the energy eigenvalue of i/, , .(x)is the same as that of v, (x),

Eic=E.

Note that the restriction for the value of s arises from the fact that v, .(x) =y, (x).
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The first Brillouin zone is defined as |k| < — . There are N states in the first Brillouin zone.
a

When the spin of electron is taken into account, there are 2N states in the first Brilloiun
zone. Suppose that the number of electrons per unit cell is n. (= 1, 2, 3, ...). Then the
number of the total electrons is n.V.

(a) ne = 1. So there are N electrons. N/2N = 1/2 (band-1: half-filled)

(b) ne=2.2N/2N=1 (band-1: filled).

(c) ne=3.3N2N=1.5 (band-1: filled, band-2: half-filled).
(d) ne=4.4N/2N=2 (band-1: filled, band-2: filled).

When there are even electrons per unit cell, bands are filled. Then the system is an
insulator. When there are odd electrons per unit cell, bands are not filled. Then the system
is a conductor.

3. Bloch wavefunction
Here we assume that

y(x) = eikxuk (x).

Then we have

v, (x—a)=e"e ™y (x—a)=e"e"u, (x—a),

which should be equal to

—ika

ey () =e

—ikaeikxuk (x) ,

or
uk(x - a) = Mk(X),

which is a periodic function of x with a period a. The solution of the Schrodinger
equation for a periodic potential must be of a special form such that y,(x) =e™u,(x),



where u, (x+ a) =u,(x) . In other words, the wave function is a product of a plane wave

and a periodic function which has the same periodicity as a potential.
Here we consider the 3D case. The solutions of the Schrdodinger equation for a
periodic potential must be of a special form:

W, (r) =u, (r)e " (Bloch function),
where

u,(rN=u (r+T).
Bloch functions can be assembled into localized wave packets to represent electrons that
propagate freely through the potential of the ion cores. T is any translation vectors which

is expressed by T = mja;+tmaytnsas (n1, ny, n3 are integers, a;, a,, a3 are fundamental
lattice vectors). The function u, (r) can be expanded as follows. (Fourier transform)

u (r)= chfeeiier .
G

where G is the reciprocal lattice vector. We use the same discussion for the periodic
charge density in the x-ray scattering.

Then the wave function in a periodic potential is given by
v, (r)= Z:Ckfee"(k’e)'r = Cke’k'r + Ckfee’l(k’e)'r +...
G
or

_ i(k-2G)r i(k-G)r ik-r i(k+G)r i(k+2G)r
v (N =..+C_,ze€ +C € +Ce"" +C ge +Cyrc€ +...

or

W) = et Cso|[K—2G) + G 5|k —G)+ C |K)
+C6|K+G)+Cppp6 |k +2G) +...

using the Dirac ket vector.
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The eigenvalue-problem

Hw)=Elw). o Hy(x)=Ey,(x).
Ej is the eigenvalue of the Hamiltonian and has the following properties.

() B =Ey.q-
(i) E, =E .

The first property means that any reciprocal lattice point can serve as the origin of E.
The relation E, = E | is always valid, whether or not the system is centro-symmetric.

The proof of this is already given using the time-reversal operator. The proof can be also
made analytically as follows.

Hy, (x) = Ey,(x),

Hl//k*(x) = Ekl//k*(x) (I:I is Hermitian),
or

Hy ' (x)=E_ v (x).
From the Bloch theorem given by

w (x—a)= eiikaV/k (x),

or
v (%) = e, (x), and " (x) = e Fu, (x),
we have
l//k*(x _ a) — e—ik(x—a)uk*(x _ a) — e—ik(x—a)uk*(x) — eikal//k*(x) ,
or



v (x—a)=e"y (%)

Thus the wave functions y, (x) and y/_k*(x) are the same eigenfunctions of ﬁ(a) with

the same eigenvalue e . Thus we have

v, () =y, (x),
with
E =E,.

What does this relation mean?
v, (r)= Z:Ckfeei(k’e)'r =C ™" +C, ™ +...
G

l//k*(r) _ ZCK_G*e_i(k—G)T ,
G
or
* * i(k+G)- * i(k-G)-
W (r)= Zc—k—G e = Zc—k+G e,
G G

Then we have the relation

C—k+G* =Ci s>
or
Cie =Ciic-
4. Properties of energy band

(@) E =E ¢

We consider the case of an infinitely small periodic potential. The curve Ej is
practically the same as in the case of free electron, but starting at every point in reciprocal
lattice at G = (27/a)n (n: integer). We have Ey.g = Ej, but for the dispersion curves that
have a different origin.




Fig. The energy dispersion (Ex vs k) of electrons in the weak limit of periodic potential
(the periodic zone scheme), where E, = E, .. m—1. a—1. i—1. G—>2nn (n=0,
+1,£...).
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Fig.  The relation of E; = Ej in the reciprocal lattice plane. k = +r/a is the boundary of
the first Brillouin zone ([k|<r/a).

It follows that from the condition (E, = E ), in Fig., E(1) = E(2). On taking 6—0,
the group velocity defined by[E£(2) — E(1)]/26 reduces to zero (dE/dk—0). On applying
the periodicity condition E, = E, . this result can immediately be extended as follows.
dEJ/dk—0 at k=0, X2 7/a, +41a,.....

We now consider the value of this derivative at the Brillouin zone boundary.

From the condition £, = E ,, EQ3)=E4).
From the condition £, = E,_ ., EQ3)=E(5).
Therefore, we have E(4)=E(5).

On taking 6—0, the group velocity at the boundary of Brillouin zone is defined as
[E(5)—E(4)]/206, which reduces to zero (d£;/dk—0). In other words, the group velocity

(dEy/dk) is equal to zero at k=0, £G/2, =G, £3G/2, £2G.

5. Solution of the Schrodinger equation
5.1  Secular equation

We consider the Schrédinger equation of an electron in a periodic potential U(x) with
a period a.

[—2"’—”’—2 YU, () = By (). (1)
m dx

where



U(x) =Y Uge ™ [(G=n (2ma), n: integer)],
G
with
U, =U_,
V()= C, ;e =Ce™ +C, g+,
G

with

.
Cre=C,.,

2
Zh_ck—c(k ~G) e (ZUG,e‘iG"‘J(ZCkGei("‘“"] =EY C,_ze" " .
G 2m = . 4

Here we note that

(ZU e—zG YJ(Z I(k G)xj ZZU Ck G —th l(k G)x )

G

For simplicity, we put G"=G +G' or G'=G"-G
1= ZZUG"—GCk—Gei(k_G“)X _ ZZUG—G'Ck—G'ei(k_G)x ,
G o G G

where we have a replacement of variables: G"— G,G — G' in the second term.
Then the Schrédinger equation is

2
Zh_ k= G(k @) T ZZUG—G'Ck—G'ei(k_G)X = Ezck—cei(k_mx 5
2m — e 4

G

or
h? 5
[E(k —G) —EJC o+ ZUG—G'Ck—G' =0.
a
When k > k+G
(_k2 E)C, + ZUG ¢Crig-g =0.

10



2
Here we put A4, = ;l—kz :
m

[/11(70 —EIC, ;+ ZUG,G.C,(,G, =0,
el

or
[ﬂ’k—G - E]Ckfc (.t U—4GCk—SG + U—3GCk—4G + Ufzcckfsc + Ufcckfzc + Uockfc +
+ UGCk + UZGCk+G + U3GCk+ZG + U4GCk+3G + ) =0
(2)

When £ — k+ G in Eq.(2)

[ﬂ“k - E]Ck + ( + U—4GCk—4G + U—3GCk—3G + U—ZGCk—ZG + U—Gck—G + UOCk +

()
+ UGCk+G + UZGCk+2G + U3GCk+3G + U4GCk+4G + ) =0

When & —> k +2G in Eq.(2)

[ﬂ“k-v-G - E]Ck+G + ( + U—4GCk—3G + U—3Gck—2G + U—ZGCk—G + U—GCk + UOCk+G +

+ UGCk+2G + U2GCk+3G + U3GCk+4G + U4GC + ) =0

k+5G T e
4)
The secular equation is expressed by
Apizg —E Uy Uy Uy U sg Ulsg U_s6 Ciiso

Usg Apirg —E Uy Uy Uy Ui U.sq Ciize
Uz Ug Qg —E Ul Uy U U.ss Crig
Usg Uz Ug A —E Uy Uy Uy G =0,
U4G U3G Uzc UG /1k—G —-E Ufc Ufzc Ck—G
Usg Uis Usg Uss Ug g —E Uy Cizg
Usa Usg Uso Usg Ui Ug Ase —ENCise

with Uy = 0 for convenience, where we assume that Cyimg =0 for m = £4, £5, £6,....

5.2  Solution for the simple case
Now we consider the simplest case: mixing of only the two states: |k> and |k —G>

(k=ma. k-G = -ma, G = 2/a). Only the coefficients C; and C.¢ are dominant.
11



A—-E U c, \ (o
UG /11«—6 —E Cka 0 .
From the condition that the determinant is equal to 0,

(4 — EXN A, 6 _E)_|UG|2 =0,

or

o Athgt VG =26 +4U,[
. .

Now we consider that 4, = 4, . (|k| = |k - G| with k = 7/a, Bragg reflection)
(4 —E) =|Uq[ =0,

or
E=2,%|Ug|.

Note that the potential energy U(x) is described by

U(x)=U,+Uze ™ +Uze'™ =U +2Ucos(Gx),

where we assume that Ug is real:
U,=U_ =U_.

At k = G =27/a only the coefficients Cr.o¢ and Cj are dominant. In this case we have
the secular equation only for Cj.,¢ and Cy.

UzG ﬂ’k—2G -E Ck—ZG 0 .
The condition of det(M) = 0 leads to

A, —E U,
UzG ﬂkfzc -E

Since A, =4, ,., we have

12



(4~ E) ~|U | =0,
or
E=2%U,.

(a) U;<0;
For E=1, + |U G| =4, —U, (upper energy level)

o ol )-o)

Ck
Cic

or

=-1.

Then the wave function is described by
G
. . . . l‘(k—f)x .
Vi(x) = Ce™ +C, e =G [e™ — e ] =2iChe 2 sin( C;X) ,
or

Wi (x)|2 = 4|Ck|2 sin’ (%) (upper energy level).

For E=1, - |U G| = A, + U (lower energy level)

~U, Ug Y C. ) (0
U, -U,\c..) o)
G

Ck—G
The wave function is described by

or

=1.

G
) o ) o i(k——)x Gx
v (x)=C.e™ +C, "D =C[e" + ] =2Ce zcm@;L
or

|1//k (x)|2 = 4|Ck|2 cos’ (%) (lower energy level).

(b) U;>0

13



|1//k (x)|2 = 4|C k|2 cos’ (%) for E =/, +U, (upper energy level),

and

|1//k (x)|2 = 4|C k|2 sinz(%) for £ =4, —U, (lower energy level).

((Probability of finding electrons))
Comparison of the two standing wave solutions at k— 7/a is presented. Note that the
wave motion is in phase with the lattice.

\YYYNYYY

=2 -1

Fig. At k= n/a, Bragg reflection of the electron arises, leading to two possible charge
distributions fi(x) and f2(x). The case of Ug<0 (attractive potential due to positive
ions). fi(x) (red) probability of the wave function (lower energy level), f2(x) (green)
probability of the wave function (upper energy level), and the potential energy
U(x). The phases of fi(x) and U(x) are out of phase, while the phase of f>(x) and
U(x) are in phase. When the electrons are close to the ions located at the lattice
sites, the energy of the electrons becomes lower. When the electrons are far away
from ions, on the other hand, the energy of the electrons becomes higher. (see the
book of C. Kittel’ for more detail).

((Eigenvalue problem for the system with only Ug))

20

A\ ‘/\ /
]5 L
].0 L
5,

B 4 2 g 2 4 6

Fig. The energy dispersion curves of Ej vs k with Ug = -2 (red and yellow curves) and
with Ug—0 (blue curve). a—1. i—1. m —1. K = G—2x. There are energy gaps
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at k = £G/2 = £n/a for the energy dispersion curve with Ug = -2. The energy gap
is 2|Ug| there. Note that dEy/dk = 0 at k = G/2 = +n/a.

5.3. Eigenvalue problem for the system with Ug, Usg, Usg, Usg, Usg, and Uss

100

0

8

-, . e S N, -, e
-15  -10 =5 5 10 15

Fig.  The energy dispersion of Ej vs k for free electrons (in the limit of weak potential)
and the Bloch electrons with Ug, Usg, Usg, Usg, Usg, Usg (Ug—=-2, Uyg—-2
Usg—-2, Usg—-2, Usg—-2, Usg — -2) in the extended zone scheme. a—1. i—1.
m —1. K= G—2x There are energy gaps with 2|Ug|. 2|Uagl, 2|Usg|, 2|Usal, 2|Usgl
2|Usg|, of at the Brillouin zone (k = m/a).

5.4  Energy dispersion curves in different scheme zones

The above results on the energy dispersion relation are summarized as follows. Three
different zone schemes are useful. (a) The extended zone scheme where different bands
are drawn in different zones in wavevector space. (b) The reduced zone scheme where all
bands are drawn in the first Brillouin zone. (c) The periodic zone scheme where every

15



band is drawn in every zone. The formation of energy bands and gaps are generated. The
main effects are at the zone boundary of the Brillouin zone.

Extended zone
scheme

Reduced zone
scheme

N

-3n/a -2n/a -n/a 0 n/a 2n/a 3n/a
k

Fig. Three zone schemes for the 1D system. Extended zone scheme. Reduced zone
scheme. Periodic zone scheme.

5.5  Bragg reflection at the boundary of the Brillouin zone

The Bragg reflection occurs when the degeneracy condition E(k) = E(k-G) or |K-G| =
Ik|. This condition is equivalent to the condition 2k-G = G>. For the 1D system the Bragg
reflection occurs when k£ = £G/2 = £ m/a, or at the zone boundary of the first Brillouin
zone. For the 2D system, the boundaries form lines in the reciprocal lattice plane. The
degeneracy condition |K-G| = |k| geometrically means that k lies on the perpendicular
bisector of the reciprocal lattice vector G. For the 3D system, the Bragg reflection occurs
when K is located at the zone boundary surfaces of the first Brillouin zone.

5.5.1 1D system:
For For the 1D system this condition at the zone boundary at k = G/2 = +7/a.

16



fone boundary

-2ina

;pIa 1] ”'ma 2pla

Fig.  Condition of the Bragg reflection for the 1D case. |k| = |k - G|. G =2n/a. kK’ =k —
G.

5.5.2 Ewald's sphere

The electron behaves like x-ray as a wave inside the crystal. It undergoes a Bragg
reflection when the wavelength is A = 27/k at k = n/a (the boundary of the Brillouin zone).
When the electron has the wavevector k, it also has the wavevector &' = k£ + G. Then the
standing wave can occurs when these two waves with k =+7/a are superimposed. The
resulting wave does not propagate inside the crystal. In other words, the group velocity at
k =+x/a is equal to zero.

We consider the Bragg reflection using the Ewald sphere. k and k' are the
wavevectors of the incident and outgoing electrons. The origin of the reciprocal lattice
plane is located at the end of the wavevector K (the point A). In this Fig. the green lines
show the Bragg planes at G = 0 (the point A) and G = -24/a (the point B). Since the
lattice is one-dimensional, the reciprocal lattice form a plane at kx = 27m/a. The Bragg
reflection can occur only at

in this figure.

17



2r
G (IGl=—)
a

\

- —~ e = »0—Origim-of RL
k' (Ik'|=;) o k (|k|=;)

From this we can define the Brillouine zone for the one dimensional case as follows.

| k K'
| O G=2rn/a
k=G/2

Fig.  The first Brillouin zone. |k|[<7/a. The Bragg condition (K - k' = G) is satisfied only
at k ==r/a. The blue line are the boundary of the first Brillouin zone.

k' k |
G=—2n/a O |
k=G/2

Fig.  The first Brillouin zone. |k|[<7/a. The Bragg condition (K - k' = G) is satisfied only
at k = -7/a. The blue line are the boundary of the first Brillouin zone.

5.5.3 2D system:

The Bragg reflection occurs when K is on the zone boundary of the first Brillouin
zone. G:(k-G/2) = 0. In other words, G is perpendicular to k-G/2. This implies that K is at
the zone boundary of the first Brillouin zone for the Bragg reflection.

18
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Fig. Condition of the Bragg reflection for the 2D case. |k| = |k — G|.

6 Kronig Penny model as an application of the Bloch theorem
6.1  Secular equation

Here we consider a Kronig-Penny model. Using this model we can get an exact
solution for the Schrodinger equation of an electron in a periodic potential. The potential
is defined by

U(x)=Uj for —b<x<0 and U(x)= 0 for 0<x<a (the periodicity, a+b).

19



Fig. Square-well periodic potential where a =b =1 and U, = 1.

We now consider a Schrodinger equation,

_§_£7Wuﬁlmmwﬁ=EW@L
m dx

where E'is the energy eigenvalue.
(1) U(x) = 0 for 0<x<a
w,(x) = 4™ + Be ™, dy,(x)/dx =iK(A4e™ — Be™),
with E=h*K*/2m.
(i1) U(x) = U, for -b<x<0
w,(x)=Ce?% + De %, dy,(x)/dx = O(Ce? — De™®"),
with
U,-E=0Q/2m.
The Bloch theorem can be applied to the wave function

ik(a+b)

y(x+a+b)=e"""y(x),

where £ is the wave number. The constants 4, B, C, and D are chosen so that y and dy/dx
are continuous at x = 0 and x = a.
(a) Atx =0,

A+B=C+D,

iK(A—B)=0(C-D).

(b) Atx =a,
y(a)=e""""y(-b), or  y(a)=e"""y,(-b),
y'(a)=e"""y' (-b), or  y'(a@)=e"“"y,'(-b),
or

20



AeiKa +Be—iKa — eik(a+b)(ce—Qb +DeQb) ,
Z-K(AeiKa _ Be—iKa) — Qeik(aer) (Ce—Qb _ DeQb) .

The above four equations for 4, B, C, and D have a solution only if def[M]=0, where the
matrix M is given by

1 1 -1 -1
iK —iK -0 0
M = ok ok _ o Obrikarh)  _ Obrik(a+h)

iKe'X  _iKe ke _Qe—Qb+ik(a+b) QeQb+ik(a+b)

The condition of det[M] = 0 leads to
cos[k(a+b)] = cos(Ka)cosh(Qb) + %sin(Ka) sinh(Qb) .

The energy dispersion relation (£ vs k) can be derived from this equation.

6.2 Energy dispersion relation
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Fig.

Plot of energy E vs wave number £ in the Kronig-Penny model (periodic zone
scheme). a=2,56=0.022. K = Je. 0 =+100-¢ .0<e<30. U, = 501" /m. .
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