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Here we discuss the bound states in a three dimensional square well potential. The
potential depends only on the radial co-ordinates.

1. Schrodinger equation for the finite spherical well

A VD)

_VO
The Hamiltonian for the finite spherical well is given by
2 2
H=P 0D v,
2u 2ur

with the radial momentum

hlo

,=———T.

I ror
V(r) is the potential energy for the spherical well

V(r)=-V, forr<a, V(r)=0 for r>a.

Then the Schrodinger equation can be written as
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/| 62 hzl(l + 1)

___8 Sry(D]+——=w () +V (N (r)=Ey(r)
where

E<O
and

Py () =T r L) =1 ()]

iror 1ro ror

(1) For r<a,

e ot 2D ) vy = ey
or

Lt - 2 E v =0
We put

Fy(r) =u(r)
or

%u(r)—l(ul)u(r) > (E +Vu(r)=0 (for r<a).
(11) r>a,

g—;u(r) '('“) u(r )+ A Eu(r)=0 (for r>a).
2. | =0 case

We consider the case when | = 0, for which there is no centrifugal barrier.

dz U0 =~ ZE(E +Vu(r) = K, "u(r) (r<a)
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d’ 2u )
—u(r)=——-Eu(r)y=q-u(r r>a
gz V(N =-— 7 BN =qu(n) (r>a)
where
thz h2q2
E+V,=—", E=- .
2u 2u

This leads to the condition that
(k@) +(qa)’ = i_l—‘jvoa2
The solution of u(r) is obtained as
u(r) = Asin(k,r) (r<a)
u(r)=Cexp(-ar)  (r>a)
The continuity of u(r) and u'(r) at r = a leads to
Asin(k,a) =Ce™*
Ak, cos(k,a) =C(-q)e ™
From these two equations, we have
ga = —k,acot(k,a)
We assume that
ga=y, k,a=x

Then we have

y =—Xcot(X),
x> +y’ = il—élvoaz =r’

(1)

)

)

4

Figure shows a plot of Egs.(3) and (4) in the x-y plane. There are no bound states for
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Fig.

| = 0. A plot of y=—Xcot(x) and x> + Yy’

2 =r’. x=k,a. y=0a. The
thZ
intersection of two curves leads to the solution (graphically solved). E =— 5
y7,
The curve [ y = —Xcot(X) ] crosses the Y=0 line at X = 7/2, 34/2, 57/2.
There is no bound state for

2NV a: (Y
=l
h 2

) 2wv,a’ (3z)
—| <—x<|—=].
2 h’ 2

There is a single bound state for

There are two bound states for

2 2 2
(] ot 2]
2 h 2
3. Solution for r<a with finite |
We solve the differential equation for r<a
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L ((E))
dr? u(ry r’

u(r) +il—/;(E +Vu(r)=0 (for r<a).

or

d—zzu(r) ik 2D =0
dr r

where the wave number K is defined as

2
E+VO=§l—k2.
Y7,

Now we introduce a dimensionless variable p,
p=kr
Then we have

d> Id+D

[
d,02 p2

+1u,,(p)=0

The solution of this differential equation is obtained as
U ()= Api (p)+ Aoy (p)

where the spherical Bessel function and spherical Neumann function are defined by

ii(p)= —2”J (p),
Yo I+E
. T
n(p)= 2 1P

Note that n,(p) becomes infinity in the limit of p — 0. So we choose the first term
R () =Aji(kr).
where IR, (r)=u,,(r) and &, is constant.

((Mathematica))
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Clear["Global "] ;
eql=y""[x] + (1- L(I;(—;l) ) y[X] =03

DSolve[eql, y[x], X]

{{y[x]—»VGZBesselJ[%

(1+2L), x} C[z]}}

<1+2L>,x} Cr1] +

VGZBesseIY[%

((Note))
We note that

J 1(p) 5
u(p) ocJZJH;(m =i =\Epj.<p)

Thus we have

R(r) =

(_ U(p) = Ji(p).
r o p

3. Solution for r>a with finite |
We solve the differential equation for r>a

2
d u(yJU+DMU+2ﬂEMU 0 (for r>a).
where
2
E= —h—K2
2p

where x is the wavenumber.

|u+n

j—zu(r>+[<ix>2 L RS
r

Now we introduce a dimensionless variable p,

=ikr
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Then we get

d? I +1
4o uk,l(p)+[1_—( t )]UkJ(p):O
% P

The solution of this differential equation is obtained as

Ry (r)=B,"j(ixr)+B,'n,(ixr)
=B,h," (ixr) + B,h,* (ixr)

where hl(l)(x) and hl(z)(x) are the spherical Hankel function of the first and second kind.

h"(x) = \/ZH B0 =) +in (%)
2X I+

h|(2)(x) = \/%H |(+2)1(X) = J(X)—=in,(x)

The asymptotic forms of hn(l)(x) and hn(z)(x) are given by

" i(x-lz/2)
h( (X) ~ -l D
X
o Si(x-17/2)
CTE T L —
X

in the limit of large X. Then we get

i(ixr—l7/2) g(-xr-ilz/2)

h, " (ixr) ~ —i— =—
IkT KT

5 —i(ixr-17/2) e(Kf+i|n/2)
h, (ixr) ~i— =
Vel Kr

which means that h[(z)(ikf) becomes diverging for large r, while h[(l)(ikf) becomes zero

for large r. So we choose h,”(ixr) as the solution of R, (r) for r>a,

R, (r)=B, hl(l)(ikf) .
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where B, is constant.
4. Bound states with finite |

Using the boundary condition at r = @, we determine the energy eigenvalues. We note
that the wave function and its derivative should be continuous at r = a.

A ji(ka)=Bh"(ixa),

Akj,'(ka) = B,ixh, "' (ixa)

or
LA, L CLEN 0
00 xR0 ax o T

where
& =ka, n = ka

((Note))

The following equations for the condition of the continuity of the wave function and its
derivative with respect to I at r = a are equivalent.

. 1 oh®(x x oh"(x
(IKa) ) : ()|x:im: ) : ()|x:im
h''(x) oX h''(x) oX
_ iy h"dy),
hGiy) ady) "™
y  ah"(y)

=L |y
h“dy) oy "

From the conditions of

2 2
E--T 2 and  E+v, =TT,
2u 2u
we have
(ke + (ra)* = 2400022 =,
or
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21N
E =%a2 =r,. )

We solve the problem using the graphs. These graphs can be drawn in the (&, 1) plane by
using the Mathematica (ContourPlot), where the radius r0 is changed as a parameter.

5. A finite spherical well with | =1

10 | peeeeemme o
_N

0 2 4 8 10
Fig. |=1. Curve -1 denoted by Eq.(1), which cross the 7= 0 line at £= 7, 27, and 3.
The curve-2 denoted by Eq.(2) (circle with radius ry), where ry is changed as a
parameter.

There is no bound state for

| I
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2
There is a single bound state for (z) < 2@ <(@2zYy
hZ
2
There are two bound states for 2z) < M GBx)

2
2@ _ (4.

There are three bound states for (37) < o

((Schiff))
For | =1, Eq.(1) can be expressed as

or
n’Ecos&=[&7(1+n)+n’Ising (1)
together with
E+n’= 2;‘—2/0512 =1’ )
where
& =Kka, n=xa

These two equations can be solved graphically by using the ContourPlot of the
Mathematica. See the detail the APPENDIX.

((a part of Mathematica))
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Clear["Global *"]; L=1;
Sin[x] Cos[x] _

fl[x ] := .
X X

1 1
f2[x ] =1 (— + —) Exp[-%] ;
X x2

eql = ——— D[FL[x], X] /- X » X // Simplify;
f1[x]

X
eqg2 = D[Ff2[x], X] /-X= Y // Simplify;
T2[X]

hl =eql-eqg2 // Simplify;

h1l

XY2Cos[X] - (Y2+X2 (1+Y)) Sin([X]
(L+Y) (XCos[X] - Sin[X])

6. A finite spherical well with | =2
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Fig. |=2. Curve -1 denoted by Eq.(1), which cross the 7= 0 line at £ = 342, 577/2,
and 77/2 The curve-2 denoted by Eq.(2) (circle with radius ry), where ry is
changed as a parameter.

There is no bound state for -

2
There is a single bound state for (32 ) < 2Ny’ (5—7[) .

h? 2
sz 2 vV, a’ 7Y
There are two bound states for (—) <L i > (—J )
2 h 2
7. Conclusion

The minimum value of Va* for the p-wave binding (I = 1) is larger than that for the s-
wave binding (I = 0), and so on.
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2@’ > [Ejz (1=0)

n* 2
2V, @’
E=(a) (I=1)
2 2
—2“;/36‘ z(%”j (1=2).

Physically, the meaning of this is as follows. In the case of | =2 and | = 1, there exists a
centrifugal barrier and, therefore, a particle requires stronger attraction for the binding.
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APPENDIX-I

(a) Spherical Hankel function of the first kind.

h" (x) = e L
X

o[ X+
h(x) = e ( - j

2 -
e )
X

x3+6ix2—15x—15ij
. .

h3(1)(x) — eix( -

(b) Spherical Bessel function

) sin X
JO(X): b
X
. sin X — Xcos X
) =—F—,

X
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(3 — x*)sin X —3Xcos X

JZ(X) = X3 )
. 3(5—2x%)sin X + X(—15 + x*)cos X
j.(0) = ( ) ) ( ) _
X
Rayleigh formula:
| sin X

(0 =(—1)'x'(§%)

K00 =iy e
xdx” X

APPENDIX IT
Finite spherical well with | = 1
Mathematica program
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Clear["Global %"]; L=1;
f1l[x ] = SphericalBesselJ[L, x];
T2[x ] = SphericalHankelH1[L, x];

eql = D[f1[x], X] /-x->X//Simplify;

T1[X]

eqg2 = D[f2[x], X] /-x-1Y // Simplify;

T2[X]
hl = eql - eq2;

gl = ContourPlot[Evaluate[hl == 0], {X, O, 10},
{Y, 0, 10}, ContourStyle » {Red, Thick},
PlotPoints -» 40] // Simplify;

g2 = ContourPlot|
Evaluate[Table[X® + Y* == a°, {a, 3, 10, 1}]],
{x, 0, 10}, {¥, 0, 10},
ContourStyle » Table[{Hue[0.1 1], Thick},
{1, 0, 10}]];
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g3 =

Graphics[{Black, Thin,
Line[{{0, O}, {10, O}}1,
Line[{{O, O}, {0, 10}}],
Text[Style["&", Black, 15], {9.5, 0.2}],
Text[Style[''n", Black, 15], {0.2, 9.5}],
Text[Style["1=" <> ToString[L], Black,

121, {2, 7-5}1}1;
Show[gl, g2, g3]

m;;———_____i\\\\\\\\
g_———-§~‘\\\‘\\\\\\\\\\\\\
: I=1
|
|
|
|
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