Sakurai
Chapter-1 Solution
Masatsugu Sei Suzuki, Department of Physics
(Dare: October 12, 2011)

((1-1))

1. Prove
[4B,CD])=—-AC{D,B}+A{C,B}D—-C{D,A}B+{C,A}DB.
[AB,CD]=-AC{D,B} + A{C,B}D-C{D, A!B + {C, AiDB

Proof:

Thus we have
Left had side = Right hand side

((1-2))
2. Suppose a 2xX2 matrix X (not necessarily Hermitian, nor unitary) is

written as
X=a,+o-a,

where a, and a, , ; are numbers.
a. How are a, and a, (k=1,2,3) related to tr( X') and tr(o, X)?

b. Obtain a, and a, in terms of the matrix elements X, .

R A N . a,+a, a —ia, X, X,
X=al+0a +0,a +0;8, = ) =
a+la, a,—a X21 X22

with
~ (1 0 R 0 1 R 0 —i ) 1 0
1= , O, = , 0, =|. R o, =
0 1 1 0 i 0 0 -1
X, =a+3a,, X,, =4 —la,, X,, =a, +ia,,and X,, =3, —a,

(a)



Tr(d)=2, Tr(8,) =Tr(6,) =Tr(6,) =0
Tr(X)=Tr(a,l + 6,3, +6,a, + 6,a,) = 2a,
Using the relations

6,6, =-6,6,=i6,

6,6, =66, =10,

6,6, =-6,6, =16,

6. =65 =6;

Tr(6,X) =Tr[8,(a,1 + 6,3, + 6,3, + 6,3,)]
=Tr(6,a, + 6,4, + 6,6,a,+6,6,3;)
=Tr(6,a, + 6{a, +i6,a,-16,a,)
=2a,

Similarly, we have

Tr(6,X) = 2a,

Tr(6,X) =2a,

~ A_[O IJ(X“ XDJ_(XM an
o, X = =

10 Xn Xn Xu Xn

n 0 —iy X X —i

6§X = 11 2| _

i 0 X, Xy,
A ”_(1 0)(Xn XUJ_{iX“ Xu ]
o, X = =

0 -1 X21 xzz _le _Xzz

o o TrX) _ X+ Xy,

0 2 2
L _THEX) _ Xy + X,

' 2 2

Tr(6,X) —iX,, +iX,, |

a, = 22 = 212 2 :5()(12 - le)
a = TF(OA'3)2) _ Xl] B Xzz

,= _

2 2

((Mathematica 5.2))
(*Sakurai 1-2%)
SuperStar /: expr_* ==
expr /. {Complex[a , b_] :»Complex[a, -b]}
ol={{0,1},{1,0}}



{{o,1},{1,0}}
o2={{0,-1},{1,0}}
{{o,-1},{1,0}}
o3={{1,0},{0,-1}}
{{1,0},{0,-1}}
e={{1,0},{0,1}}
{{1,0},{0,1}}

X=a0 e+0l al +02 a2+03 a3
{{a0+a3,a1-i a2}, {al+1i a2,a0-a3}}
X//MatrixForm

(a0+a3 al - i1a2

al+ia2 a0 -a3
Tr [X]
2 ao
e€//MatrixForm

1 O
o 1
Tr [e]
2
Tr [ol]
0
Tr [o2]
0
Tr [o3]
0
Tr [X]
2 ao
Tr[ol. X]
2 al
Trlo2. X]//Simplify
2 a2
Trlo3. X]//Simplify
2 a3’

{{a1+1 a2,a0-a3},{a0+a3,al-i a2}}
%//MatrixForm
(a1+j1a2 a0 - a3 )
a0 + a3 al - 1a2
02.X//Simplify
{{-1 a1+a2,-i (a0-a3)},{1 (a0+al3),i al+a2}}
%//MatrixForm
(—Jia1+a2 —Ji(aO—aS))
1 (a0 +a3) 1al+a2



03.X//Simplify

{{a0+a3,al-1 a2},{-al-i a2,-a0+a3}}
%//Simplify

{{a0+a3,al-1 a2},{-al-i a2,-a0+a3}}

(1-3)) )

3. Show that the determinant of a 2 X 2 matrix o+a is invariant under

g*a—0°a' = exp( zo;'mﬁ )a-aexp(-_—(—%‘—“i).

Find a; in terms of a, when fh is in the positive z-direction and
interpret your result.

A a, a, —ia,
ff=6-a=0,a,+0,a,+0,a, = .
a,+ia, —a,

i)

. A <A i ig
ool GEJo-avon(-5)[ o 5 e “ 1)

which is equal to

1 ! .
f =6-a=0a +o0,a +0,a = % & 14y
? S - e -

or
a, —ia, = (a, —ia,)e' = (a, —ia,)(cos ¢ +isin )
= (a, cosg +a, sing) +i(a, sing—a, cos )
and
a, =8,
or
a, cosg sing 0) a,
a, [=|—sing cosg 0] a,
a, 0 0 1)a,



((Mathematica 5.2))
(*Sakurai 1-3%)

SuperStar /: expr_* ==

expr /. {Complex[a , b_] :»Complex[a, -b]}
ox={{0,1},{1,0}}
{{o,1},{1,0}}
oy={{0,-1},{1,0}}
{{o,-1},{i,0}}
oz={{1,0},{0,-1}}
{{1,0}.{0,-1}}
fl=0ox ax +oy ay+oz az
{{az,ax-1 ay}, {ax+1 ay,-az}}
} 10z ¢
gl = MatrixExp|

] 77 ExpToTrig // Simplify

0] ez [P 0] ez @
{{COS[E} +18|n[§}, o}, {0, COS[E} —ISIH[E]}}
g2 = MatrixExp[#] // ExpToTrig // Simplify

¢ e[ @ ¢ e[ @
{{COS[E} —nsln[i], o}, {0, COS[E] +18|n[§”}
hl=gl.fl.g2//PowerExpand//Simplify

{{az, (ax-1 ay) (Cos[¢l+i Sinl¢]l)},{(ax+i ay) (Cos[¢]-1
Sinl[¢]),-az}}

f2=0x ax' +oy ay'+oz az'

{({az’, ax' -1 ay’}, {ax'+1ay’, -az’}}

eql = (ax-1ay) (Cos[¢] +iSin[¢]) - (ax’ -nay’) ==0
(ax —1ay) (Cos[¢] +1SIin[¢]) —ax’ +1iay’ ==

eqg2 = (ax+1iay) (Cos[¢] -4 Sin[¢]) - (ax’ +1 ay’) ==
(ax +1ay) (Cos[¢] -1SIin[¢]) —ax’' -1ay’ =0
Solve[{eql, eq2}, {ax’, ay'}]

{{ax’ »ax Cos [¢] +ay Sin[¢], ay’ »ay Cos [¢] —ax Sin[¢] }}

((1-4))



4. Using the rules of bra-ket algebra, prove or evaluate the following:
a. tr(XY)=tr(YX), where X and Y are operators;
b. (XY)' =Y'X' where X and Y are operators;
c. exp[if(A)]=7? in ket-bra form, where 4 is a Hermitian operator
whose eigenvalues are known;
d. T, 5(X) ¥, (x"), where y,(x") = (x'|a’).

(a)

A

"y X

Y]a')(a’

a’)

Tr(XY) = z Z(a’ X]a")(a

9T T
:; ; (a"[¥|a")(a’'|X

X a">:z (a"

a

\ YX|a") =Tr(¥X)

(b)

V)=Vja), o [y)=Xoila)=XA).
where

B)=Y]a) and  {p]=(aN".
Then

Wl=lalVy o ly]=(pIX

Thus we have

(XY)* =Y*X*
(c)

A| a'} = a’| a’) (@' is real).

explif (A)] = expl[if (A)]Z| a’)(a’|

= Z explif (A)]a’)(a'|= Zexp[if @)]a’)a’|

(d)

4,(r') =(r'|a’)

Z¢;'(r')¢a'(r”) — Z<ar rr><rrr|a!> — Z<rﬂ al><ar rr> — <rrr|rr> — §(r! _ rll)
((1-5))



5. a. Consider two kets |a) and |B). Suppose {(a’la), (a”|a),... and

(a’|B), (a”|B),... are all known, where |a’), |a”),... form a
complete set of base kets. Find the matrix representation of the
operator |a){B| in that basis.

. We now consider a spin 3 system and let |a) and |B) be |s, = h /2)

and |s, = h /2), respectively. Write down explicitly the square matrix
that corresponds to |a){B| in the usual (s, diagonal) basis.

(a)

(b)

(alp) (@lB) (alp) - -




e

((1-6))

6. Suppose |i) and |j) are eigenkets of some Hermitian operator A.
Under what condition can we conclude that |/) + | /) is also an eigenket
of A? Justify your answer.

Ai)=ali)

A i)=aj]i)
Aiy+[ i) =2(i)+[ )
Then we have

ali)+a| j)=A(i)+| )

or
(& - Ai)+(a; - 1) j)=0

When <i | j> =0, 1 =4a; = a, (degenerate case: the same eigenvalues, but different states).

((1-7)



7. Consider a ket space spanned by the eigenkets {|a")} of a Hermitian
operator A. There is no degeneracy.
a. Prove that

U(A~a')

1s the null operator.
b. What is the significance of

I—[ (A_aﬂ ?
s (af_au

c. Illustrate (a) and (b) using A set equal to S. of a spin 3 system.

A|ak>:ak|ak)
(a)
[T (A-ala)=(A-a)A-a,)---(A-a)-|a)

= (@, —a,)(@ —a,) (8 _ak)"'|ak>=0
For any ket | ,B>, ﬂ> can be described by

|ﬂ>=2k:|ak><ak|ﬁ>
l:i[ (A_ai)|ﬂ>:1:i[ (A_ai)zk: |ak><ak|ﬂ>
:; 1;[ (A_ai)|ak><ak|ﬂ>:

Therefore H (A —a,) is a zero operator.
Q

(b)

A-
_H ( a)|k

aza, (@] —8)
_ (A-a)A-a)A-a)(A-a; )(A-a;)
(8- 2)(@; —2,)(8, —a,) (3, ~a; )@ —a,)
We consider the two cases (kK # j and k = j).
Fork#j,0=0.
For k = j, éz‘aj>.

|ay)

Therefore, in general,



(A-2)

Ola,) = by

aj#a;

2 13 = 9fa)
For any ket | 8), | /3) can be described by
5= la)als)
O18) =0 |a)(a | 8) = 20l Nac| B) = X oiulac(a 1) =[a; 2| 8)

Thus O is a projection operator on ‘a j> .

(©)

A_ano($ e L1
l;[(A—a)—(Sz 2)(SZ+2)
|ﬂ>=§|ak><ak|ﬂ>=C+|+>+C-|—>

where

~(+|)and € =(-|)
[T(A-215) - e -

(d)
h o~ a
(i) a, =7, A=S,
: § 41
s (A-a) Ty 1 oon
O_Qj (aj-a) h_ h h(sz+2)
2 2

0| ) =%(§Z +§)|ﬂ> 7(52 +5)(c+|+>+c_|->) =C,|+)
(ii) a, =—§, A=S,

S, -

h

(A a) "t o

6=T] T
2

.
(8- D)

j#a;

0| 4) = ——(s ——)Iﬂ) -

_h
2
F6Delrelp=cl

10



((1-8))
8. Using the orthonormality of |+ ) and |- ), prove

. h’
[S..5,] = ie, , hSy. {S,.S,}=(7)6,,.

where

Som B(EX= =)D, S,= D= (= 1+ =)+ ).

;N

S.= 5 (X +1=1=X=).

The proof is given by using the Mathematica 5.2.

(*Sakurai Problem 1-8%)
*

SuperStar /: expr_T =
expr /. {Complex[a_, b ] =»Complex[a, -Db]}

ox={{0,1},{1,0}}

{{0,1},{1,0}}

oy={{0,-1},{4,0}}

General ::spelll : Possible spelling error : new symbol
name "oy iIs similar to existing symbol "ox". More..

{{o,-1},{i,0}}

oz={{1,0},{0,-1}}

General ::spell : Possible spelling error : new symbol
nane "oz" Is similar to existing symbols {ox, oy}. More..

{{1,0},{0,-1}}

OX.0y-0y.o0x-2 1 oz

{{0,0},{0,0}}

oy.o0z-0z.0y-2 1 ox

{{0,0},{0,0}}

0Z.0X-0X.0z-2 1 Oy

{{0,0},{0,0}}

OX.O0X+0X.0X

{{2,0},{0,2}}

OX.O0y+0y.O0X

{{0,0},{0,0}}

OX.0Z+0Z.0X

{{0,0},{0,0}}

0y .0y+0y .0y

{{2,0},{0,2}}

Oy .0Z+0Z.0y

{{o,0},{0,0}}

11



0Z.0Z+0Z .02

{{2,0},{0,2}}

oxX.oy-1 oz

{{o,0},{0,0}}

oy.oz-1i ox

{{o,0},{0,0}}

oz .0x-1 oy

{{o,0},{0,0}}

((1-9))
9. Construct |S+in; + ) such that

S«n|Sein; +) = (g)|S'ft; +)

where f1 is characterized by the angles shown in the figure. Express your
answer as a linear combination of |+ ) and |- ). [Nore: The answer is

c05(§)|+)+sin(§)e’“ = ¥

But do not just verify that this answer satisfies the above eigenvalue
equation. Rather, treat the problem as a straightforward eigenvalue

12



=

— e ——— — ——

(.

2

problem. Also do not use rotation operators, which we will introduce
later in this book.]

X
N = (sin @ cos @, sin @sin @, cos )

S-n Zg(dxnx +o,n, +o,n,) :g(

cos® sinfe
sinfde’ —cos®

The eigenvalue problem:
S-nly)=2ly)

h( cos® sinde™ \C, _/1(3+
2(sin@e” —cos@ \C C_

or

13



cosd sinde ) C, _ 24
sinde” —cosd \C h

where ¢ = 2
7}

Secular equation

cosf—& sinfde™ _0
sinfe? —cosf—¢

R

(cos@ —g)(—cos@—¢g)—sin =0

or
e’ —1=0 or e==1
(1) For ¢ =1
C+
= |4+ =
)=~
cosd—1 sinde™ \C, 0
sinfe'’ —cosd—1)\C_
or

(cos@—1)C, +sinfe™C_=0

The normalization condition:

eC, =tan g e'C,

=1

.0
_=sin—e

[ +c =1
From Eq. (1),
2sin’ 4
1—-cosd
C_ = —4¢ . =
sinpe 2sin —cos —
2 2
From Eq. (2),
[ +wnfcf=—1 1,
2 2 0
cos” —
2
or
|C+|2 = cos’ 9
2
C_= tange”’C+
2
We choose
C, = cosZ e 42 , and C

14

ig/2

]

(M

2



cosd+1 sinfe™ \C, o
sinfe? —cos@+1)\C_

or

(cos@+1)C, +sinfe¥C_=0 (3)
The normalization condition:
c.[ +lcf =1 @)
2cos’ —
c - 1‘+ cos_z - e¥C, = - 1 e“C,
sinde 2 o0
Sin —COS — tan —
2
. +——cf=—1"fc[=1
2, 0 , 0
tan® — sin” —
2 2
or
|C+|2 _sin??
2
We choose
C,=-sin—e"?, and C_=cos—e"’
—sin—e "2
|_>n ) cos—e'?"?
For 6=0

except for the phase factor.

((1-10))

15



10. The Hamiltonian operator for a two-state system is given by

H=a(1)(1] = R)2I+ 1)<21+ R)<1),
where a is a number with the dimension of energy. Find the energy

eigenvalues and the corresponding energy eigenkets (as linear combina-
tions of |1) and [2)).

Hly)=Ely)

Eigenvalue equation

a a\C C,
=E

a —-a)\C, C,

a—-E a B
a —a-E|

or

(a—E)-a-E)-a*=0, or E>=2a%, or E=+/2a
(i) For E =+2a
el
1 —1-2)\C,)
1
|V/1>:;( \/_]
Va—22 (-1+4+2
(i) E = —/2a
1
|V/1>:;( \/_J
44242 \-1-72

(* Sakurai Problem 1-10%)
(* The Hamiltonain operator for a two-state system is given

by
H={{a,a},{a,-a}}

Find the enrgy eigenvalues and corresponding energy
eigenkets.*)
* .

SuperStar /: expr_~ =
expr /. {Complex[a , b ] =»Complex[a, -b]}

16



H1={{a,a},{a,-a}}
{{a,a},{a,-a}}

H1l//MatrixForm
a a

la -a)

Eigensystem[H1]

((VZa,vZal, [{1-V2,1), (1:V2, 1}}]
¥1l={1+V2, 1}

{1++2, 1}
Y11 o
Yyl = // Simplify
A[yll* _yl1
1++/2 1

J2 (2+4/2) ’ 2 (2+/2) }
w22 = {1-V2, 1}

{1-v2, 1}
Y22 . ,
Y2 = // Simplify
\V Y22* Y22
( 1-+2 1 |
Ja-2vz  AJa-2v2
(*Orthogonality¥*)

y1*.y2 // Simplify
0

((1-11))

17



11. A two-state system is characterized by the Hamiltonian
H = H,1)(1| + Hyp2)(2| + Hyp[[1)(2] + 2)(1]]

where H,,, H,,, and H,, are real numbers with the dimension of
energy, and [1) and |2) are eigenkets of some observable ( # H). Find
the energy eigenkets and corresponding energy eigenvalues. Make sure
that your answer makes good sense for H,, = 0. (You need not solve
this problem from scratch. The following fact may be used without
proof:

h
(Sh)fh; +) = Sh; +),
with |i; + ) given by
B B

& . — ! i _+_ i . { s S
n; +) cosz|+) e sm2| %

where B and a are the polar and azimuthal angles, respectively, that
characterize h.)

R H, H, R . A . a,+a, a, —iay
H= =ql+a,.0,+a,0,+3,0,= .
H,, H,, a,+la, a,—a,

where H11, H12, H21, and H22 are real. H12 = H21.

a, = H11+H22
2

a = H11_H22
2

a><=H12

a =0

18



where

The unit vector N is in the Xz plane. The angle between the z axis and n is 6.

(Hll _ szJ
2

cosd = =, sin@ = H, =
H, -H H, —-H
JH( 1> Ha) JHIZZ{ 1= Ha)
|J_r>n is the eigenket of 6-n,
-nfe), = 2}2),
with
0
COSE —sin—
|+>n_ .80 |_>n_ [
s1n5 cos—

19



2
— H,+Hy, + [H.2+ H,—H, |+>
2 )7\ 2 o

Thus |ir>n is the eigenket of H witrh the eigenvalues of

2
H11+H22 + [H 2+ H11_H22
2 " 2

Suppose that Hj; = 0 and H;>H»,.

cos@=1 and sind=0. or 8= 0.

((Mathematoca 5.2))
(*Sakurai 1-11%)
* .

SuperStar /: expr_~ :=

expr /. {Complex[a_, b ] =»Complex[a, -Db]}
H={{H11,H12}, {H12,H22}}

{{H11,H12}, {H12,H22}}

ox={{0,1},{1,0}}

{{o,1},{1,0}}

oy={{0,-1},{4,0}}

General :-:spelll :

Possible spelling error : new symbol name "oy' is

similar to existing symbol "ox". More..

{{o,-1},{1,0}}

oz={{1,0},{0,-1}}

General ::spell

Possible spelling error : new symbol name "oz' is

similar to existing symbols {oXx, oy}. More..

{{1,0},{0,-1}}

11={{1,0},{0,1}}

{{1,0},{0,1}}
M=a ox +3 oz + y II

{{B+Y,a}/{a,‘B+Y}}

eql=M-H

{{-H11+B+y, -H12+a}, {-H12+a, -H22-B+y} }

20



eq2={-H11+B+y==0, -H12+a==0, -H22-B+y==0}
{-H11+B+y=0, -H12+0=0, -H22-B+y=0}
rulel=Solveleq2, {a,B,¥}]1//Flatten//Simplify

H11 - H22 H11 + H22
{aoH12, g =20, v
—— .0, —2 )
1/a2 + /32 1/a2 + /32
o 3
VaZ 2| NoE

M1 = \/az + B2 (Sin[6] ox + Cos[6] oz) + y 1l /. rulel

\/H122+j]-. (H11 —H22)2 Sin [9]},

{\/H122+i (H11 ~H22)2 Sin (6],

Hll;sz_Jleujl (H11 - H22)2 Cos 6] }]

((1-12))
12. A spin } system is known to be in an eigenstate of S+h with eigenvalue

h /2, where h is a unit vector lying in the xz-plane that makes an angle
y with the positive z-axis.

a. Suppose S, is measured. What is the probability of getting + A /2?
b. Evaluate the dispersion in §,, that is,

(S, = (5.

(For your own peace of mind check your answers for the special
cases y=0, #/2, and 7.)

The unit vector n is in the xz plane. The angle between the z axis and n is y.
The state of the system is

21



(a) The probability of getting S, :g is given by

2

P:‘x<+|+>n ,
where

1
=

f
Since

1 cos% 1 y .y
x<+|+>n=[$ \/EJ L7 =—2(cosg+sms—j
2

Therefore we have

P:l 1+2sinLcosZ :l(l+sin}/)
2 2 2) 2

(b)

TR A LA R I T AT 2 R

S +> Z—(cos— sin—j 2 :—(cos— sin—j 2
ol T2 2N o) 7| 202 2 ) cos?
2

= EZsianosZ = Esin;/
2 2 2 2

22



/4

: Cos— 2
(52) =0 (+[8,71+) =h—(cosl sinlj(l Oj 2| »
42 200 1)L 4

sin —
2

The dispersion in Sy is

2 2
> h

(Asx)2=<sj>-(sx> =" (1-sin? y)z%cos2 y

4

((1-13)

13. A beam of spin } atoms goes through a series of Stern-Gerlach-type
measurements as follows:

a.

b.

C.

The first measurement accepts s, = h /2 atoms and rejects s, = — h /2
atoms.
The second measurement accepts s, = h /2 atoms and rejects s, =

— h /2 atoms, where s, is the eigenvalue of the operator S+h, with
making an angle B in the xz-plane with respect to the z-axis.

The third measurement accepts s, = — h /2 atoms and rejects s, =
h /2 atoms.

What is the intensity of the final s, = — A /2 beam when the s, = h /2
beam surviving the first measurement is normalized to unity? How must

we

orient the second measuring apparatus if we are to maximize the

intensity of the final s, = — h /2 beam?

I+ [+ -
™ g5, . SGp, ™ 5o, [ .
H - 4
After the first measurement, the state of the system is |+> (intensity I, = 1).

After the second measurement, the state of the system is |+>n.

N is the unit vector in the Xz plane. The angle between n and the z axis is £.

23



The probability of finding |+>n after the second measurement is

H |+>‘ —cosz’B

ﬂ

The intensity is |, = I, cos” =

After the third measurement, the state of the system is Q—>)

The probability of |—> after the third measurement is

B ﬂ @B 1o

The resultant intensity is | =1, sin’ 5 l,sin® = 5 Zsm

When f= /2, the intensity |5 takes a maximum (=1/4).

((1-14))
14. A certain observable in quantum mechanics has a 3 X 3 matrix represen-
tation as follows:

L [0 1 0
=11 a 1
210 1 o

a. Find the normalized eigenvectors of this observable and the corre-
sponding eigenvalues. Is there any degeneracy?
b. Give a physical example where all this is relevant.

24



1 01 0
B=——[1 0 1
\50 10
(a)
Cl
|w>:Cz
C

Bly) = Alw)
or
(01 oye C,
— |1 0 1]c,|=4c,
*/501oc3 C,
or
1
A — 0
V2 of
1 1
— 1 —c
J2 NR DG
0 ! ) <
J2
1
A —— 0
V2
1 1
M=|—— -1 —
2 2
1
0 — -2
V2

Det(M) should be equal to 0.

25



detM =

)

i

V2
0

1
V2
A == -DA+1)=0
1
NG

or
A=0,1,-1.
() A=0

1
V2
0
1

NG

0 0

000
Il
(e

w

1 1
2 V2
0 0

Cz =0 and C3 = -C1.
The normalized eigenket:

1
1

——|o0
V/o> \/5_1
(i) A= 1

]
1 — 0
1 v2 ] <
— -1 ——|c, =0
J2 2|
o L <

V2

C,=+2C, =1and C, =C, =

7
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The normalized eigenket:

1

1
b=
1
(i) A= -1
]
1 — 0
1 ¥2 ] <
— 1 —1|c, =0
J2 2|
1 Ca
0 — 1
V2

C,=—J2C,and C, =C, ==

N

The normalized eigenket:

(b) A particle with spin 1

01 0
L R
01 0

G

((Mathematica 5.2))

(* Sakurai Problem 1-14%*)
*

SuperStar /- expr_~ =
expr /. {Complex[a_, b_] =» Complex[a, -b]}

1
A= — {{01 11 O}’ {11 O’ 1}’ {O’ 1’ O}}
V2
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1 1 1 1

01 7_10 L] I | O!i L] 01 i,o
(o, 20n (oo Lo, o))
A//MatrixForm

(0o L o0

| 2 |

{1 1 |

vz 0 Tz

| 1 |

S S

Eigensystem[A]
{{-1,1, 0},

{1, -v2, 1}, {1, V2, 1}, (-1, 0, 1} }}
¥1l= {1, V2, 1}
{1,V2, 1)}

yll _ ,
¥yl = // Simplify

AVyllx_ yll
1 1 1
{5’ \/‘2—’ E}
¥22={-1,0,1}
{-1,0,1}

w2- —22__/ simprity
w22+ _y22
{—i_, 0, é}
\/2 \/2
¥33= {1, -V2, 1}
{1, V2, 1}

¥33 I
Y3 = // Simplify

vV ¢¥33* ¢33

1 1 1
J

{E, _ﬁ’ E
(*Orthogonality¥*)
Y1* 2 // Simplify
0

¥2* _¢3 // Simplify
0

¥3* .yl // Simplify
0
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(*Normalization*)
w1*.yl // Simplify
1

w2* .42 // Simplify
1

¥3*.y3 // Simplify
1

((1-15))
15. Let A and B be observables. Suppose the simultaneous eigenkets of A4
and B {|a’, b’)) form a complete orthonormal set of base kets. Can we

always conclude that

[4,B]=0?7
If your answer is yes, prove the assertion. If your answer is no, give a
counterexample.
((1-16))

16. Two Hermitian operators anticommute:
{A,B}=AB+ BA=0.

Is it possible to have a simultaneous (that is, common) eigenket of A
and B? Prove or illustrate your assertion.

a, b> is the simultaneous eigenket of A and B .

Suppose that

a,b), B a,b)

a,b)=b

Ala,b) =4

a,b) = (Aé + éA) a,b) = (ab +ba)la,b) = 2ab

a,b)

(A,B}

So the simultaneous eigenket exists only when ab = 0.

((1-17))
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17. Two observables A, and /-12, which do not involve time explicitly, are
known not to commute,

[A4;,4,]%0,

yet we also know that 4, and 4, both commute with the Hamiltonian:
[4,,H]=0, [4,, H]=0.

Prove that the energy eigenstates are, in general, degenerate. Are there
exceptions? As an example, you may think of the central-force problem
H=p/2m+V(r), with 4, > L,, A, > L.

@) e .
18. a. The simplest way to derive the Schwarz inequality goes as follows.
First, observe

(Cal+ N*(B])-(Ja)y+ A|B)) = 0

for any complex number A; then choose A in such a way that the
preceding inequality reduces to the Schwarz inequality.

b. Show that the equality sign in the generalized uncertainty relation
holds if the state in question satisfies

AAla) = A AB|a)

with A purely imaginary.
c. Explicit calculations using the usual rules of wave mechanics show
that the wave function for a Gaussian wave packet given by

(x"=(x))’
44?

(x'|la) = (27d*) " exp i<‘;)x' -

satisfies the minimum uncertainty relation

(@) [(@py) = 3.

Prove that the requirement

(x’|Ax|a) = (imaginary number){x’|A p|a)

is indeed satisfied for such a Gaussian wave packet, in agreement
with (b).
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(a) We consider
|2)=|a)+418)

(x|x)=0 for any complex number A.

or

(lz)=(a|+2(B)(e)+ 2 B)=0

or

(ala)+ alp)+ 2 (Bla)+ | (5] 5)20

The best inequality is obtained if 4 is chosen so as to minimize the left-hand side. By
differentiation, the value of A that accomplishes this is found to be

L _(Bla) __(a]p)

(Blg) - (B1A)

Then we have

_{alB) aniay 48190 gy s
R O L

or

ey 2@1BNBl) (alBipla)

T
a2l
(el 20
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(ala)(p| )= |a|p)

The equality holds if and only if
@)+ | f)=0

In this case, A should be equal to

(ala)+Ma|B)=0, and  (B|a)+A(B|B)=0

In other words, <a|a><ﬂ|,5> = <a|ﬂ><ﬂ|a> = ‘<a|ﬂ>‘2

((Mathematica 5.2))
(*Schwartz's inequality¥*)

T =
AZ 4 (x2+y2) B +

(X+1y) (a+1b) +

(Xx-1y) (a-1b) // Simplify
A2:2ax+B2x?-2Dby+B%y?
kl=Flatten[Solve[DI[£f,x]=:0,x]]

(x-- gt

k2=Flatten[Solve[DI[£f,y]==0,y]]

b

{yﬁg}
x+ 1 y/.k1/.k2

a ib
“B2 " B2
£/.k1/.k2//Simplify

a® + b® - A% B?
_ ™
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(b)
A and B are two Hermitian operators with the condition [A, é] =iC . Then we have a

Heisenberg’s principle of uncertainty:

1
AAAB > EKC)‘.

Uncertainty product in a normalized state |l//> .
(AR)? = (wr|(A=(A)’|w)

(AB)* = (p/[(B—(B))’|w)

where

and
(B)=(v[Bw)
Let us define

SA=A-(A), B =B-(B)
SA* = SA, B =B

(AAY(8BY” = (| @AY |y ) (B |v) = (| 5| B) = (| B)f

A

|a>=5A|l//>, and |,B>=8B

V)

The equality sign holds if and only if
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la)+4|)=0

or

Ay)=-1Bly)

Here

(o] B) = (v |ABy)

SASB = %(52\51% +BOA) + %[51‘\,513]
[0A,0B]=[A—(A),B-(B)]=[AB]=iC

Thus we have

A A A A

AB =G +§iC
where
G =%(5A5é + BA)

2 2

(AAY (AB)? >

A 1.4 A 1. A
(i6 +iEl)| [ Gly)+ Sily )

Note that <1// |é|z//> and <l//|é|l/l> are real since G and C are Hermitian.
¢ =—i[A B]=—i(AB - BA),

C*=—(AB-BA)'i* =—(BA— AB)i" =i(BA- AB)=C"

Then we have
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2

(AA)'(AB)* >

(wIGlw) + 3w iElw) =fwiBlw )] + 5 wiElw) = 3 wiEw)

or
(aAYaB) > 2 Elw )

The last inequality holds if and only if

G

(w[Glw)=0

or

(v |(SASB + BA)y) =0

Noting that
A n A 1 .~
Ay ) =—-ABly) or  Bly)=-—MAy)
1 A A A
z@/ (AR )+ Ay |BB)|yw) =0 (D)

From the definition,

[6A,B]=iC

(v |(GAB ~ BAYyw) =i(w[Cly)

or

~ v |oAdiy) + Ay BB ) =iy [Clw)

Thus we have
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24(y|BB)|w)=i(w[Cly)
or

__iylCly) _ i)
2(y|BB)y) 2(AB)’

or

1 2
| _2(AB) _2(AAY(AB) _ 5 © i)

2 i(C)  i(C)AAY i(C)AAP  2(AAY
Thus A is a pure imaginary.

Gaussian wave packet

A

A=p,andB =R
[p,%]=iC =—inl
Ly pos h
(axap) = 2y finly )| =7
(Heisenberg’s principle of uncertainty).

We now consider the case of (AX)(Ap) = g .

or

36



e By == (XD
E%M'/f} = [2(fx)2 =0+ {P)x|y)

The normalized solution is

1
<X|W>=Wex 4(AX)2( —(x))* +

This is a minimum uncertainty wave packet (Gaussian wave packet). This state represents
a plane wave that is modulated by a Gaussian amplitude function. Since 1 is imaginary,

this equation is an eigenfunction of the non-Hermitian operator A+ B = P+ AX.

((1-19))
19. a. Compute

((A8,)°) =(SHy—(5.)%,

where the expectation value is taken for the S, + state. Using your
result, check the generalized uncertainty relation

((a4)*)((aB)*) 2

with A->S§ ,B-S,.

b. Check the uncertainty relation with 4 —> S, B—S§, for the S, +

state.
~ h . ~ h . ~
SX ZEO'X, Sy EO’ SZ

ho.
—o,
2

1
EI([A»B]>|2~



2 2
(45,0 = (+f8,]|r) = (g |+ = 20 =T
A A h2 hz
(8,7 =48, 1)~ (48 oy =20 ="
142
<+|[§><7 SAy]|+> = <+|Ih§z|+> = %
or
1 Ao 2 B
LS8 1 =5
Then we have the relation
1 A 2
(85,(25,)" = {(+15.8, )
(b)
2 2
(ASX)Z=X<+|§X2|+>X—X<+|§X|+>X2 :%_% 0o

(8,08, 1+), = (+]inS,|+) =0

Here
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sl ko )

Thus we have

2

(AS,)*(AS,)* = %‘<+|[§X,§y]|+> -0

((1-20))

20. Find the linear combination of |+ ) and |—) kets that maximizes the

uncertainty product

((as,)*)((as,)).

Verify explicitly that for the linear combination you found, the uncer-
tainty relation for S, and S, is not violated.

We assume that the state is given by

2
. a9 L Yo 1)® ST p
<y/|Sx|g/>=§(ezcosE e ZSIHEJ(I Oj s 4 :Esm9cos¢

2 2 non .
(AS,)” =(w|S,’|w) —<l//|sx|l//>2 = T—Tsmz Ocos’ ¢
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Similarly,

A #?
S y)=—
Wi, lv)=7
_i¢
2
R (¢ o ¢ gY0o -i)® COSE h
S =—|e?cos— € %sin— = —sin@sin
Wis,lv) 2( 2 2J(i oj 2.0 2 ’
e 2sin—

2 22 2 > BEOR L, L,
(AS,)" = (S, lv)~{w[S,lw) =7 7 sin*Osin*¢
Therefore we have

Y
f =(AS,)(AS,)* = (TJ (1-sin>@cos’ g1 - sin’ Osin’ )

or

Y 1
f =(—] (l—sinzéH——sin“Hsin2 2¢)
4 4

P . i72 i? 4 Y1 0)€ 2 cos—
<g//|[SX,Sy]|g//>=<t//|i7’zSZ|t//>=—<t//oA'Z >=— e2cos— e Zsin— 4
2 200 -1 '5 .
e 2sin—
)
22 (g ¢ e 2cos— 22 c22
:i ezcosg e zsing 4 2 :i(cos2g—sin2€j=£cose
2 2 2 i .0 2 2 2 2
—e2sin—
2
or
22 in’?
<l//[5x,3y]l//>=70059
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For 0<0<7,0<¢<L2rx

f becomes maximum for &= 0 or 7, where ¢ is arbitrary (see Mathematica 5.2)

AT

|W>= € 2}=e 2|+> for 6=0.
0
0 4

|y/>= ei% =ez|—> for 8= r.

Thus |l//> corresponds to |+> or |—> with a phase factor.

In this case,
(A8, =[S |w)~(w[Slw) =

A A h>
(A8,)* = (y[8,|w)~(wS,lv) ==

A

[S,.S,]

{w )=t

Then we have

4

(45,38, = fw[1$,.8, I ="

which does not violate the uncertainty relation.

(48,°(88,)* 2 W [5,.8, 1w

((Mathematica 5.2))
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(*Problem Sakurai 1-20%*)
_ - > 1. 4 qx 2
f=1-Sin[e] +ZS|n[e] Sin[2 ¢]

2

1-Sin[e12+ 411 sin (614 Sin [2 ¢]2

Plot [Evaluate[Tablel[£f, {¢,0,2 m,
n/24}11,{6,0,7},PlotStyle-»Table [Hue[0.1
il,{i,0,10}]1,Prolog-»AbsoluteThickness [2] ,AxesLabel-s{"e", 6 "f"
},Background-GrayLevel [0.6]]

-Graphics-

((1-21))
21. Evaluate the x-p uncertainty product ((Ax)*)((Ap)?) for a one-
dimensional particle confined between two rigid walls

V={0 for0<x<a,
oo otherwise.

Do this for both the ground and excited states.
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Region |

F
Infinity
Fegion | Region Il
0
A2
H=P
2m
hz d2 21,2
Hp(X)=——@p(X) = Ep(X) = X
@(X) 2mdx2¢() @(X) o P(X)

The solution of this equation is

@(X) = Asin(kx) + B cos(kx)

where
21,2

E_ h°k
2m

Using the boundary condition:
p(x=0)=p(x=2)=0

we have
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B = 0 and A#0.
sin(ka) =0
ka=nz (n=1,2,...)

Note that n = 0 is not included in our solution because the corresponding wave function
becomes zero.

The wave function is given by

®n (X) <X | Dy > Ah Sln(_) \/7 (_)

with
c-2f2)
2m{ a
(2,[3l0,) =[x, C0xg, () =2
0

. F . a’ 3
(p,]%*]0,) = j dxg, (0X*p,(X) ==~ (2= ——)

. R a’ 3 a2 a® (n*z2% 1
(5} =l o)l =0~ =

(20]0l) JdX% (X) %(X) 0

oy _fa e (BY 8 nzh
<(pn|p |¢n>_£dx¢n (X)(Ij OX zq)n( ) ( a j
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(Ap) = (0, [0[0,) ~ {24 |Blon)” = (%T

a’ (n*z2? 1)\n’z*h? n‘z? 1) "
Ax)(Ap) = —— =h? ——|>=
(&%) (4p) nzﬁz( 12 2J a’ 12 2) 4

((Mathematica 5.2))
(*Sakurai Problem 1-21%)

2 n s X
WX ] :=1’—S|n[ ]
a a

avx = jax ¥[x12dx // Simplify
0

a (—1—2n27T2+COS[2n7T] +2n7xSIn[2n7])

4 n2 y2
avxl=Simplify[avx,neIntegers]
a
2

avsgx = J.axz ¥[x]1%dx // Simplify
0

a2 (4n373_-6nnCos(2nn] + (3-6n2x%) Sin[2n])

12 n3 53
avsgxl=Simplify[avsgx,neIntegers]
1 3
532 w22
6 n2 2

h
avp = — faw[x] D[¢¥[x], X] dx // Simplify
i Jo

jﬁSin[nﬂ]Z

a
avpl=Simplify[avp,neIntegers]
0

A 2
avsqp = (I) Law[xl DLWX]. {X, 2}] dx // Simplify

n 7w h2 (nn—%Sin[Znn])

a2l
avsgpl=Simplify[avsgp,neIntegers]
n27é2h2
a2l
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(avsgxl - avx1?) (avsgpl - avpl?) // Simplify
1 2

12

%/.n»>1//N

0.322467 h?

(-6 + n? %) A

((1-22))

22. Estimate the rough order of magnitude of the length of time that an ice
pick can be balanced on its point if the only limitation is that set by the
Heisenberg uncertainty principle. Assume that the point is sharp and
that the point and the surface on which it rests are hard. You may make
approximations which do not alter the general order of magnitude of
the result. Assume reasonable values for the dimensions and weight of
the ice pick. Obtain an approximate numerical result and express it in
seconds.

((1-23))

23. Consider a three-dimensional ket space. If a certain set of orthonormal
kets—say, |1), |2), and |3)—are used as the base kets, the operators A
and B are represented by

a 0 0 b 0 0
A=|0 -a 0f, B=|l0 0 -ib
0 0 —a 0 b 0

with a and b both real.

a. Obviously A4 exhibits a degenerate spectrum. Does B also exhibit a
degenerate spectrum?

b. Show that 4 and B commute.

c. Find a new set of orthonormal kets which are simultaneous eigenkets
of both 4 and B. Specify the eigenvalues of 4 and B for each of the
three eigenkets. Does your specification of eigenvalues completely
characterize each eigenket?

0 0 b 0 0
A= —a 0 |, B=l0 0 —ib
0 -a 0 ib 0
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A=al), A=),  A3)=-a3)
B[l)=b|1),  BJ2)=ib3) B|3) = -ib|2)
[A,B]=0

The eigenkets of B should be the eigenkets of A, and vice versa.

The operators A and B are the Hermitian operators.

Eigenkets of A

1

|1> =01, (eigenvalue: a)
0
0

|2>: 1], (eigenvalue: -a)
0
0

|3>= 01, (eigenvalue: -a)
1

Eigenkets of B:

1

|l//1>= 0 =|l>, (eigenvalue: b)
0

B|2) = ib|3) B|3) = —ib|2)

In the subspace spanned by |2> and |3> , we consider the eigenvalue problem
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A (0 —ibj
Bsub =1 .
ib 0

BAsub|¢> = ﬂ’|¢>

with

or

48



i 1
Then we have C, =——= and C, =—
V2 2

or

|1//2>: - :—$|2>+%|3>: (eigenvalue b)

—_ (e
5

S

(i) A = -b

(it; _ble((c:j -

|C2|2 "’|Ca|3 =1

i 1
Then we have C, =——= and C, =—
V2 ’

NG

or

0

i ) : ]
|1//3>— ﬁ —ﬁ|2>+ﬁ|3>. (eigenvalue -b)
1

NG

Since any combinations of |2> and |3> are the eigenkets of A with an eigenvalue (-a).

Then

A

Ay,)==aly.),  and  Ay,)=-aly,)
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In conclusion,

1//1> , w2> , and |w3> are the simultaneous eigenkets of A and B.

((Mathematica 5.2))
(*Sakurai 1-23
Simultaneous eigenkets
*)
SuperStar /: expr_* :=

expr /. {Complex[a_, b ] =»Complex[a, -b]}
a={{a,0,0},{0,-a,0},{0,0,-a}}
{{a,0,0},{0,-a,0},{0,0,-a}}

B={{b,0,0},{0,0,-1 b},{0,i b,0}}
{{b,0,0},{0,0,-1 b},{0,1 b,0}}

A//MatrixForm
a 0 0 \
0 -a 0 |
O 0 -a)

B//MatrixForm
b O 0
0 0 -ib|
O 1b o )

Eigensystem[B]
{{-b,b,b},{{O,ﬂ,l},{0,—1,1},{1,0,0}}}
A.B-B.A//Simplify
{{o,0,0},{0,0,0},{0,0,0}}
(*Thus [A,B] = 0, commutable*)
y1={1,0,0}
{1,0,0}
¥222={0,-1,1}
{o,-1,1}
Y222 ) )

Y2 = // Simplify

\ Y222% 222
o, -+, 1,

V2 o A2
¥333={0,1,1}
{o,1,1}

¥333 i i
Y3 = // Simplify
A/ ¢¥333+* 4333
1 1 }
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A.Yyl-a Yyl
{0,0,0}
A.Yy2+a Y2
{o0,0,0}
A.y3+a Y3
{0,0,0}

((1-24))
24. a. Prove that (1/V2)(1+ io, ) acting on a two-component spinor can be
regarded as the matrix representation of the rotation operator about

the x-axis by angle — #/2. (The minus sign signifies that the rotation
is clockwise.)

b. Construct the matrix representation of S, when the eigenkets of S,
are used as base vectors.

=416 - %G i]

Since

|+> _ela/Z §|+>+eia/251nﬂ| >

|_>n_ Ia/lenﬂ|+> |a/2c08§|_>
When the n is along the y-axis, a = f=7/2

-izi4 T gir/4 _ :L -iz/4 ir/4| :L -ir/4 i
|+)y—e cos4|+> sin— | > \/E(e |+>+e | >) \/Ee (|+>+|| >)

The phase factor is arbitrary. So we have

and
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. 1

_amizid s TN imsa T :L SiT/A| N\ im /A _\y = L a-in/4 L
|—>y—e s1n4|+> e cos4|> ﬁ(e |+> e |>) \/Ee (|+> || >)

1 (1
=), :_\/2[4}
A 1 (1 1)1 1 (1
Rl+)= 2l 1lo)” V2 li =|+),
. 1 (1 iYO0 1 (i 1 (1
R_>=_\/2| 1) 2l :._2(_J=.|_>y

[
™

¥ 3

So we can conclude that R = %(i +i0,) is the rotation operator around the X axis.
(b)

We need to calculate the matix elements
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((Mathemnatica))

(*Sakurai 1-24%*)
(*a*)
Clear["Global ™ "]
ox={{0,1},{1,0}}
{{o,1},{1,0}}
oy={{0,-1},{1,0}}
{{0,-]'1},{1'1,0}}
oz={{1,0},{0,-1}}
{{1z,0},{0,-1}}
conjugateRule =

{Complex[re_, im_] :»Complex[re, -im]};
Unprotect [SuperStar] ;
SuperStar /: exp_ * :=exp /. conjugateRule;
Protect[SuperStar]

{SupersStar}
11={{1,0},{0,1}}
{{1,0},{0,1}}

II//MatrixForm
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> —_
1l

— (Il + 1 oX)
V2

1 i i 1
T )

e-i (7/4) el (/4)
upy = { : } 7/ ExpToTrig

vz 2

1 1'1}

|_\
\#

+7
2 2

trleorm

N
LN

//M

— % —

N h—\ Nh—\
~—————

_e-1 (7/4) el (1/4)
, } 77 ExpToTrig

<
3

<
n

— N\ﬂ- N\'ﬁ

{o,1}

A.Yyl//Simplify

e

N

A.Yy2//Simplify

(. =)

V22

¢l = e /D ypy 7/ Simplify
(. =)

VZ oz

$2 = e 7D ymy /7 Simplify
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1 1
Lz 3

ox
{{o,1},{1,0}}
(*Rotation operator*)

- e -7
MatrixExp|[-i > ox| /.- -

1 i il 1
{{\/’2—’ \/—2—}’{\/’—’ \/—2—}}
A

1 i il 1
{{ﬁ’ ﬁ}’{ 5 - fi}}
(* b*)
ol*.0z.¢1
0
o1l*.0z.¢2
i
$2*.0z.¢1
¢2*.0z.¢2
0

((1-25))

25. Some authors define an operator to be real when every member of its
matrix elements (b’|4|b”) is real in some representation ({|b")} basis in
this case). Is this concept representation independent, that is, do the

matrix elements remain real even if some basis other than {|b")} is
used? Check your assertion using familiar operators such as S, and §,
(see Problem 24) or x and p,.

((1-26))
26. Construct the transformation matrix that connects the S, diagonal basis
to the S, diagonal basis. Show that your result is consistent with the

general relation

U=Y [b")(a"].
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R R I o B
Pl o))

Thus the Unitary operator is obtained by
~ 1 (1 1
v _f(l —J
Note that
|+><+| + |—><—| =1 (closure relation).

Thus U can be also expressed by

G =0 () ]+ =)=l 0 = (), e+ (20D

((1-27))

27. a. Suppose that f(A4) is a function of a Hermitian operator 4 with the
property A|la’) = a’|a’). Evaluate {(b”|f(A)|b") when the transforma-
tion matrix from the a’ basis to the b’ basis is known.

b. Using the continuum analogue of the result obtained in (a), evaluate

(p"|F(r)|p’).

Simplify your expression as far as you can. Note that r is
x?+ y?+ 22, where x, y, and z are operators.

), [b) = Ula)

or
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<bv|:<a||0+, <bn|:<anU+

(0"|f (Db =(a"U* f (AU|a) = (a" U f(A)a")a"Ula’)

am

L'j+

2

avn> f (avvv)<avvv|0|av>

- ¥l @ arile)

where
<a"|lj +| avv|> — <a||||lj|an>*
(b)

(p"|F ()

p) = [ar [ar (e ) )
= j dr'j dr"(p"[r")F (r)s(r'—r")(r'|p')
- [arle)Felp)

Using the transformation function

(P

1
<r|p>— (2”;.2)3/2 28 h

1

RO~ o

Jareso-E)E rexp BT

_ 1 tom @=L
_(2ﬂh)3j.drexp[ IR ()

Here we use the spherical co-ordinate (r, 6, ¢). The direction of Ap =p'—-p" is the z axis.

57



F
I
8
-
i

dr'=r"sin@r'd&g¢
(pv_pn) r'= |p’—p"|r'cos P
Suppose that F(r) is a function of the magnitude of r.

" 2 |p'—p"|r'cos6?
< > (27rh) h ]
Note that
T I n r H " n" r'
jd@sin@exp ‘p P ‘ cos 2h" sin (‘p P ‘ j

. h \p —p'|r’ h
Then

" 12 J

< ( p—p' |
h
((1-28))



28. a. Let x and p, be the coordinate and linear momentum in one
dimension. Evaluate the classical Poisson bracket

['x' F( Px )]classical'

b. Let x and p, be the corresponding quantum-mechanical operators
this time. Evaluate the commutator

(5]

c. Using the result obtained in (b), prove that

exp| 22 )ixy,  (xixy = 7))

is an eigenstate of the coordinate operator x. What is the correspond-
mg eigenvalue?

~ i i s - M am .l P 1 7 AMNNS a a -1

X oF(p,) _ ox oF(p,) _ oF(p,)

X, F B
[ ( Py )]classmal 6X op ap OX op

X X X

(b)
We use the Gottfried’s result

0

exp(—— px ) =—aexp(—— px )
op

X

[X,exp(—— px )] =ih—

(©)
Rexp(2%) = exp(H) R - aexp(e)

Rexp(—— ip,a )| > exp(%)fq X'> - aexp(%ﬂ X'> =(x"-a) exp(%ﬂ X'>

The ket exp(%ﬂ X'> is the eigenket of X with an eigenvalue (x’-a). Therefore

ip,a, . .
exp(p—x) is a translation operator.
h
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((1-29))
29. a. On page 247, Gottfried (1966) states that

G . dF
7 [p,,F(x)]=—:h-a—x:

.,
[x,,G(p)] =ik 3
can be “easily derived” from the fundamental commutation relations
for all functions of F and G that can be expressed as power series in
their arguments. Verify this statement.

b. Evaluate [x?, p?]. Compare your result with the classical Poisson
bracket [x?, p?]

classical*
(a)
(1)
, _in-26(p)-G(p)in-2
(PI%-G®)e) =Lin - G(P) - (P fplar)

h—[G(p)<p|a> IhG(p)—<p| )
( emj 6oy 2 pla)-in6tp) - pla)
-l e Jola)

0
_< apl 0!>

Thus we have the final result

[)’ziaG(ﬁ)] =

(i)
(rp:.

N h o h o
Je) =[5 - F(”Ta_xi]<r|“>

ho h 0
=T o POl =T R {rla)
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@)

(o ho _. .
—TK—F(r) <r|a>—<r|Taf( F(F)

0X; i
or
R . h O R
b, F ()=~ —-F (")
(b)
62 a2 ore A2 AA2AA5A2- 5A2A o AG
[X5, P ]1=X[X P ]+[X P ]X:XIhap p +|h(ap p ]X:2Ih(xp+ Px)

The classical Poisson bracket is defined by

X%, P e = —— =4xp = 2(X X
[ p ]ClaSSIC 6X ap ap 6X p (p+ p)

((1-30))

30. The translation operator for a finite (spatial) displacement is given by

T(l) = exp( - ;pd )

where p is the momentum operator.
a. Evaluate

[xn 9'(])] .

b. Using (a) (or otherwise), demonstrate how the expectation value (x)
changes under translation.

(a)

The translation operator is defined by
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Ty = exp(— Py

h

(% T =in-2F )=l exp— Py 217 (1
op, 7]

or

[£,T(H]=IT ()
(b)
o) =T (D)|a)

(a'Pla) = {a«[T T D|a") = (aT " DIT P +1T (D]|a") = {«|f +1|a’)
or

(afle) = (alfla) +1

((1-31))

31. In the main text we discussed the effect of .7 (dx’) on the position and
momentum eigenkets and on a more general state ket |a). We can also
study the behavior of expectation values (x) and (p) under infinitesi-
mal translation. Using (1.6.25), (1.6.45), and |a) = 7 (dx’)|a) only,
prove (x) — (x)+ dx’,(p) = (p) under infinitesimal translation.

We use the commutation relations
[f,T(dr)]=drT(dr)
and

[p,T(dr)]=0

We have
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(a[f " (@NFT(dn]e) = (@[f (O[T (dn)f +drT (dna) = (@ +dr|a)
or

(o

P

a') = <a|f‘|a>+ dr
Similarly

{a[T*(drpT(dn)|e) = (a

bla) = (a/fla)

((1-32))
32. a. Verify (1.7.39a) and (1.7.39b) for the expectation value of p and p?
from the Gaussian wave packet (1.7.35).
b. Evaluate the expectation value of p and p? using the momentum-
space wave function (1.7.42).

12

, 1 Lo X
(X'|a) = —”1/4ﬁeXp('kX _2d2)
A 1 'h a |l
=(a|pla Idx )x|p|a) Idx(a|x>T&<x|a)
X"
Idx 2d2 2d2)

12

.1 X X
= IdX 72-1/—2d(hk + IhF)exp(— 2d2)

Since the second term is an odd function,

. hk X" fik
=de JRIER exp(— 2d2) = JRIER 7% = hk

Idx jdx ( J ;(2‘2 (X|a)
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2 2
=_ﬂfl/2d|: ( +k) 1/2d+ dd4 1/2d:|=h2

(py = (p*)~ ()} = 2=
p)={P p, = 2d?
(b)
, 1 d '—hk)*d?
<p |a> = g \/%exp[— %}
R R hik)*d?
(9) = (a]pla) = [o'(a| ) ppir) = [ (] ) ) = - [ el - (P
We put
pH: pl_hk
d " " "2d2 dk n p"2 ’ —
p> =mj(p +hk)dp"exp[— ﬁjdp exp[—T] =k
u2 2 n2 d2 hz
<p2> J.(p”'i‘hk) dp”exp[ p J'(pn2+h k )dp"exp[ p ] h2k2+2d2

((Mathematica 5.2))
(* Sakurai Problem 1-32*%*)
kd (o 2 d?
f=— | Exp[- P

,\/; -

— ] ap
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(
! 2 —
1 idklf[Re[d—z] o, Y
\/ﬂi n a2
\ ne
\.
,ﬂ d2 i
Integrate [e #% , {p, -, »}, Assumptions eRe[ﬁ} <0]]|
2 42 )l
d © d
g-= J Exp|[- P - ] (p® + 2°K%) dp
aArx I h
( 2 212y /7
L larrfre[ ;] 50, (2r207K0 N
Vrn 2 (%)
d? p? 2

Integrate [e #° (p% + k%2h%), (p, —, o}, Assumptions %Re[gz] <0]]

((1-33))
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33. a. Prove the following:

: iy D
(i) (p'lx|la) =1 .

G d
@ (Bixto) = [dp 85(pih 0P

where ¢,(p’)=(p’la) and ¢4(p’)= ( p’|B) are momentum-space
wave functions.
b. What is the physical significance of

ix=
ool )

where x is the position operator and = is some number with the
dimension of momentum? Justify your answer.

(a)
(i)

ipx'

<p'|>2|a>=.[dx'<p'|x'><x'|x| Idxx P X)X |ex Fjdxxe " (X|a)

ip'x'

=iha%'ﬁ(jdx'eh<x'| )j |h—jdx px)(x|er) = 'h—<P| )

(i)

><)

a)= [dp'(B|p') p|¥|er) = [dp(B] p){ p'|Ker) = [ dp'( 8] p')in .<p'|a>
= [dp'g, ()i, (p)
op'
(b)

ﬁexp(% o) = {[ p,exp(i%} + exp(i%*) p}| p) = {£exn() +exp =0 P p)

or
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pexp(‘% o) = (& + p')exp(i%*» o)

X

Therefore exp(7)| p'> is the eigenket of P with an eigenvalue of (p’ + &).;
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