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Sakurai 
Chapter-1 Solution 

Masatsugu Sei Suzuki, Department of Physics 
(Dare: October 12, 2011) 

 
_______________________________________________________________________ 
((1-1)) 
 

 
_______________________________________________________________________ 

BDACBADCDBCABDCADCBA ˆˆ}ˆ,ˆ{ˆ}ˆ,ˆ{ˆˆ}ˆ,ˆ{ˆ}ˆ,ˆ{ˆˆ]ˆˆ,ˆˆ[   

Proof: 

 Left had side = BADCDCBA ˆˆˆˆˆˆˆˆ   

 Right hand side = BDCAACBDAADCDCBBCADBBDCA ˆˆ)ˆˆˆˆ(ˆ)ˆˆˆˆ(ˆˆ)ˆˆˆˆ(ˆ)ˆˆˆˆ(ˆˆ   

 = BADCDCBA ˆˆˆˆˆˆˆˆ   
Thus we have  

Left had side = Right hand side 
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((Mathematica 5.2)) 
(*Sakurai 1-2*) 

 

SuperStar : expr_ :
expr . Complexa_, b_  Complexa, b 

 1={{0,1},{1,0}} 



 3 

 {{0,1},{1,0}} 
 2={{0,-},{,0}} 
 {{0,-},{,0}} 
 3={{1,0},{0,-1}} 
 {{1,0},{0,-1}} 
 ={{1,0},{0,1}} 
 {{1,0},{0,1}} 
 X=a0 +1 a1 +2 a2+3 a3 
 {{a0+a3,a1- a2},{a1+ a2,a0-a3}} 
 X//MatrixForm 

 
 a0  a3 a1   a2

a1   a2 a0  a3

 

 Tr[X] 
 2 a0 
 //MatrixForm 

 
 1 0

0 1

 

 Tr[] 
 2 
 Tr[1] 
 0 
 Tr[2] 
 0 
 Tr[3] 
 0 
 Tr[X] 
 2 a0 
 Tr[1. X] 
 2 a1 
 Tr[2. X]//Simplify 
 2 a2 
 Tr[3. X]//Simplify 
 2 a3 
  
 {{a1+ a2,a0-a3},{a0+a3,a1- a2}} 
 %//MatrixForm 

 
 a1   a2 a0  a3

a0  a3 a1   a2

 

 2.X//Simplify 
 {{- a1+a2,- (a0-a3)},{ (a0+a3), a1+a2}} 
 %//MatrixForm 

 
  a1  a2  a0  a3
 a0  a3  a1  a2
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 3.X//Simplify 
 {{a0+a3,a1- a2},{-a1- a2,-a0+a3}} 
 %//Simplify 
 {{a0+a3,a1- a2},{-a1- a2,-a0+a3}} 
 
________________________________________________________________________ 
((1-3)) 

 
________________________________________________________________________ 













zyx

yxz
zzyyxx aiaa

iaaa
aaaf  aˆ1  
























2

2

0

0
2

ˆ
exp 




i

i

z

e

ei
 

























2

2

0

0
2

ˆ
exp 




i

i

z

e

ei
 































z

i
yx

i
yxzzz

aeiaa

eiaaaii



)(

)(

2

ˆ
exp)ˆ(

2

ˆ
exp a  

which is equal to 













zyx

yxz
zzyyxx aaia

aiaa
aaaf  aˆ2  

or 

)cossin()sincos(

)sin)(cos()(





yxyx

yx
i

yxyx

aaiaa

iiaaeiaaaia




 

and 

zz aa   

or 






















































z

y

x

z

y

x

a

a

a

a

a

a

100

0cossin

0sincos




 

 



 5 

((Mathematica 5.2)) 
(*Sakurai 1-3*) 

 

SuperStar : expr_ :
expr . Complexa_, b_  Complexa, b 

 x={{0,1},{1,0}} 
 {{0,1},{1,0}} 
 y={{0,-},{,0}} 
 {{0,-},{,0}} 
 z={{1,0},{0,-1}} 
 {{1,0},{0,-1}} 
 f1=x ax +y ay+z az 
 {{az,ax- ay},{ax+ ay,-az}} 

 
g1  MatrixExp  z 

2
  ExpToTrig  Simplify

 

 
Cos 

2
   Sin 

2
, 0, 0, Cos 

2
   Sin 

2


 

 
g2  MatrixExp  z 

2
  ExpToTrig  Simplify

 

 
Cos 

2
   Sin 

2
, 0, 0, Cos 

2
   Sin 

2


 
 h1=g1.f1.g2//PowerExpand//Simplify 
 {{az,(ax- ay) (Cos[]+ Sin[])},{(ax+ ay) (Cos[]- 
Sin[]),-az}} 
 f2=x ax' +y ay'+z az' 

 az, ax   ay, ax   ay, az  
 eq1  ax   ay Cos   Sin  ax   ay  0 

 ax   ay Cos   Sin  ax   ay  0  

 eq2  ax   ay Cos   Sin  ax   ay  0 

 ax   ay Cos   Sin  ax   ay  0  

 Solveeq1, eq2, ax, ay 
 

ax  ax Cos  ay Sin, ay  ay Cos  ax Sin  
 
________________________________________________________________________ 
((1-4)) 
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________________________________________________________________________ 
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Thus we have 
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((1-5)) 
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________________________________________________________________________ 
((1-6)) 

 
 
________________________________________________________________________ 

 iaiA iˆ  

 jajA jˆ  

 )()(ˆ jijiA    

Then we have 

 )( jijaia ji    

or 

 0)()(  jaia ji   

When 0ji , ji aa   (degenerate case: the same eigenvalues, but different states). 

 
________________________________________________________________________ 
((1-7)) 
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((1-8)) 

 
The proof is given by using the Mathematica 5.2. 
 
 (*Sakurai Problem 1-8*) 

 

SuperStar : expr_ :
expr . Complexa_, b_  Complexa, b 

 x={{0,1},{1,0}} 
 {{0,1},{1,0}} 
 y={{0,-},{,0}} 

 

General ::spell1  : Possible spelling error : new symbol
name "y" is similar to existing symbol "x". More…  

 {{0,-},{,0}} 
 z={{1,0},{0,-1}} 

 

General ::spell  : Possible spelling error : new symbol
name "z" is similar to existing symbols x, y. More…  

 {{1,0},{0,-1}} 
 x.y-y.x-2  z 
 {{0,0},{0,0}} 
 y.z-z.y-2  x 
 {{0,0},{0,0}} 
 z.x-x.z-2  y 
 {{0,0},{0,0}} 
 x.x+x.x 
 {{2,0},{0,2}} 
 x.y+y.x 
 {{0,0},{0,0}} 
 x.z+z.x 
 {{0,0},{0,0}} 
 y.y+y.y 
 {{2,0},{0,2}} 
 y.z+z.y 
 {{0,0},{0,0}} 
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 z.z+z.z 
 {{2,0},{0,2}} 
 x.y- z 
 {{0,0},{0,0}} 
 y.z- x 
 {{0,0},{0,0}} 
 z.x- y 
 {{0,0},{0,0}} 
 
_______________________________________________________________________ 
((1-9)) 
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 )cos,sinsin,cos(sin n  

 





















cos sin

 sincos

2
)(

2
ˆ

i

i

zzyyxx
e

e
nnnS


n  

The eigenvalue problem: 

  nŜ  
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((1-10)) 
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(* Sakurai Problem 1-10*) 
 (* The Hamiltonain operator for a two-state system is given 
by 
        H={{a,a},{a,-a}} 
       
      Find the enrgy eigenvalues and corresponding energy 
eigenkets.*) 

 

SuperStar : expr_ :
expr . Complexa_, b_  Complexa, b 
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 H1={{a,a},{a,-a}} 
 {{a,a},{a,-a}} 
 H1//MatrixForm 

 
 a a

a a

 

 Eigensystem[H1] 
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 (*Orthogonality*) 

 1.2  Simplify  
 0 
 
________________________________________________________________________ 
((1-11)) 
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The unit vector n is in the xz plane. The angle between the z axis and n is .  
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((Mathematoca 5.2)) 
(*Sakurai 1-11*) 

 

SuperStar : expr_ :
expr . Complexa_, b_  Complexa, b 

 H={{H11,H12},{H12,H22}} 
 {{H11,H12},{H12,H22}} 
 x={{0,1},{1,0}} 
 {{0,1},{1,0}} 
 y={{0,-},{,0}} 

 

General ::spell1  : 

Possible spelling error : new symbol name "y" is
similar to existing symbol "x". More…  

 {{0,-},{,0}} 
 z={{1,0},{0,-1}} 

 

General ::spell  : 

Possible spelling error : new symbol name "z" is
similar to existing symbols x, y. More…  

 {{1,0},{0,-1}} 
 II={{1,0},{0,1}} 
 {{1,0},{0,1}} 
 M= x + z +  II 
 {{+,},{,-+}} 
 eq1=M-H 
 {{-H11++,-H12+},{-H12+,-H22-+}} 
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 eq2={-H11++0,-H12+0,-H22-+0} 
 {-H11++0,-H12+0,-H22-+0} 
 rule1=Solve[eq2,{,,}]//Flatten//Simplify 
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_______________________________________________________________________ 
((1-12)) 

 

 
________________________________________________________________________ 

The unit vector n is in the xz plane. The angle between the z axis and n is .  
The state of the system is 
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The dispersion in Sx is  
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________________________________________________________________________ 
((1-13)) 
 

 
________________________________________________________________________ 
 

 
 

After the first measurement, the state of the system is   (intensity I1 = 1). 

After the second measurement, the state of the system is 
n

 . 

 

n is the unit vector in the xz plane. The angle between n and the z axis is . 
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The probability of finding 
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After the third measurement, the state of the system is   . 
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When  = /2, the intensity I3 takes a maximum (=1/4). 
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((1-14)) 
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Eigenvalue problem 
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Det(M) should be equal to 0. 
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C2 =0 and C3 = -C1. 
 
The normalized eigenket: 
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The normalized eigenket: 
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(b) A particle with spin 1 
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((Mathematica 5.2)) 
 
(* Sakurai Problem 1-14*) 

 

SuperStar : expr_ :
expr . Complexa_, b_  Complexa, b 
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0, 1, 0, 1, 0, 1, 0, 1, 0

 



 28 

 
0,

1
2

, 0,  1
2

, 0,
1
2

, 0,
1
2

, 0
 

 A//MatrixForm 

 







0 12 0

12 0 12
0 12 0






 

 Eigensystem[A] 

 

1, 1, 0,

1, 
2 , 1, 1, 2 , 1, 1, 0, 1  

 11  1,


2 , 1 
 1, 2 , 1  

 

1 
11


11.11

 Simplify

 

 
 1

2
,

1
2

,
1
2

 

 22={-1,0,1} 
 {-1,0,1} 

 

2 
22


22.22

 Simplify

 

 
 1

2
, 0,

1
2


 

 33  1, 


2 , 1 
 1, 

2 , 1  

 

3 
33


33.33

 Simplify

 

 
 1

2
, 

1
2

,
1
2

 

 (*Orthogonality*) 

 1.2  Simplify 
 0 

 2.3  Simplify 
 0 

 3.1  Simplify 
 0 



 29 

 (*Normalization*) 

 1.1  Simplify 
 1 

 2.2  Simplify 
 1 

 3.3  Simplify 
 1 
 
 
_______________________________________________________________________ 
((1-15)) 

 
________________________________________________________________________ 
((1-16)) 

 
________________________________________________________________________ 

Suppose that ba,  is the simultaneous eigenket of Â  and B̂ . 

 

baabaA ,,ˆ  ,  babbaB ,,ˆ   

 

  baabbabaabbaABBAbaBA ,2,)(,ˆˆˆˆ,}ˆ,ˆ{   

 
So the simultaneous eigenket exists only when ab = 0. 
________________________________________________________________________ 
((1-17)) 
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________________________________________________________________________ 
((1-18)) 

 
________________________________________________________________________ 
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(a) We consider  
 

   

 

0  for any complex number . 

 
or  
 

0)(( *    

 
or 
 

0
2*    

 

The best inequality is obtained if  is chosen so as to minimize the left-hand side. By 

differentiation, the value of  that accomplishes this is found to be 
 








*

  

 
Then we have 
 

0)((  







  

 
or 
 

02 






  

 
or 
 

0

2





  

 
or 
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2

   

 
The equality holds if and only if 
 

  =0 

 

In this case,  should be equal to  
 

0  , and 0   

 







  ’ 

 

In other words, 
2

   

 
 
((Mathematica 5.2)) 
(*Schwartz's inequality*) 

 

f 

A2  x2  y2B2 

x   ya   b 
x   ya   b  Simplify  

 A2  2 a x  B2 x2  2 b y  B2 y2
 

 k1=Flatten[Solve[D[f,x]0,x]] 

 
x  

a
B2


 

 k2=Flatten[Solve[D[f,y]0,y]] 

 
y 

b
B2


 

 x+  y/.k1/.k2 

 


a
B2


 b
B2  

 f/.k1/.k2//Simplify 

 


a2  b2  A2 B2

B2  
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(b) 

Â  and B̂  are two Hermitian operators with the condition CiBA ˆ]ˆ,ˆ[  . Then we have a 

Heisenberg’s principle of uncertainty: 
 

CBA
2

1
 . 

 
 

Uncertainty product in a normalized state  . 

 

 22 )ˆ()( AAA   

 

 22 )ˆ()( BBB   

 
where 
 

 AA ˆ  

 
and 
 

 BB ˆ  

 
Let us define 

 

AAA  ˆˆ ,  BBB  ˆˆ  

 

AA ˆˆ   ,  BB ˆˆ    
 

  22222 )ˆ()ˆ()(   BABA  

 
where 
 

 Â , and   B̂  

 
The equality sign holds if and only if  
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0   

 
or 
 

 BA ˆˆ   

 
Here 
 

 BA ˆˆ  

 

 BAABBABA ˆ,ˆ
2

1
)ˆˆˆˆ(

2

1ˆˆ    

 

CiBABBAABA ˆ]ˆ,ˆ[]ˆ,ˆ[]ˆ,ˆ[   

 
Thus we have 
 

CiGBA ˆ
2

1ˆˆˆ   

 
where 
 

)ˆˆˆˆ(
2

1ˆ ABBAG    

 

 
22

22 ˆ
2

1ˆˆ
2

1ˆ)(  CiGCiGBA   

 

Note that  Ĝ  and  Ĉ  are real since Ĝ  and Ĉ  are Hermitian. 

 

)ˆˆˆˆ(]ˆ,ˆ[ˆ ABBAiBAiC  , 

 
  CBAABiiBAABiABBAC ˆ)ˆˆˆˆ()ˆˆˆˆ()ˆˆˆˆ(ˆ *  

 
 
Then we have 



 35 
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2
22 ˆ

4

1ˆ
4

1ˆˆ
2

1ˆ)(  CCGCiGBA   

 
or 
 

   CBA ˆ
2

1
)(   

 
The last inequality holds if and only if 
 

0ˆ  G  

 
or 
 

0)ˆˆˆˆ(   ABBA  

 
Noting that  
 

 BA ˆˆ    or 


 AB ˆ1ˆ   

 

0)ˆˆˆˆ(
1

 


BBAA  (1) 

 
From the definition, 
 

CiBA ˆ]ˆ,ˆ[   

 

 CiABBA ˆ)ˆˆˆˆ(   

 
or 
 




CiBBAA ˆ)ˆˆˆˆ1
  

 
Thus we have 
 



 36 

 CiBB ˆ)ˆˆ2   

 
or 
 

2)(2)ˆˆ2

ˆ

B

Ci

BB

Ci
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2

2

222

)(2)(
2

1

)(

)()(2)(21

A

Ci

ACi

C

ACi

BA

Ci

B
















 

 
 

Thus  is a pure imaginary. 
 
 

Gaussian wave packet 
 

pA ˆˆ  , and xB ˆˆ   

 

1̂ˆ]ˆ,ˆ[ iCixp   

 

 
2

1̂
2

1
)(

   ipx  

 
(Heisenberg’s principle of uncertainty). 
 

We now consider the case of  
2

)(


 px . 

 

2)(2 x

i




  

 

 BA ˆˆ   

 
or 
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The normalized solution is  
 

])(
)(4

1
exp[

])(2[

1 2
24/12

xp
i

xx
xx

x











  

 
This is a minimum uncertainty wave packet (Gaussian wave packet). This state represents 
a plane wave that is modulated by a Gaussian amplitude function. Since l is imaginary, 

this equation is an eigenfunction of the non-Hermitian operator xpBA ˆˆˆˆ   . 

 
________________________________________________________________________ 
((1-19)) 
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2
ˆ 
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2
ˆ 
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ˆ z  
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4
0

4
ˆˆ)(
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 xxx SSS  

 

4
0

4
ˆˆ)(

22
222 

 yyy SSS  

 

2
ˆ]ˆ,ˆ[

2 i
SiSS zyx   

 
or 
 

16
]ˆ,ˆ[

4

1 42 
 yx SS  

 
Then we have the relation 
 

2
22 ]ˆ,ˆ[

4

1
)()(  yxyx SSSS  

 
(b) 
 

0
44

ˆˆ)(
22

222 


xxxxxxx SSS  

 

0ˆ]ˆ,ˆ[ 
xzxxyxx

SiSS   

 
Here 
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0
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Thus we have 
 

0]ˆ,ˆ[
4

1
)()(

2
22  yxyx SSSS  

 
________________________________________________________________________ 
((1-20)) 

 

 
________________________________________________________________________ 
We assume that the state is given by 
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Similarly, 
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222 sinsin
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ˆˆ)(


 yyy SSS  

 
Therefore we have 
 

   2222
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22 sinsin1cossin1

4
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yx SSf  
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  2sinsin

4

1
sin1

4
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f  

 










































2
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2
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2
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2
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2
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2
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2

2
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2

cos
2

2
sin

2
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2
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2
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2

2
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2
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e
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For  0 ,  20   

 

f becomes maximum for  = 0 or , where  is arbitrary (see Mathematica 5.2) 
 

















2

2

0




i

i

ee   for  = 0. 

 











 2

2

0 


i

i e
e

  for  = . 

 

Thus   corresponds to   or   with a phase factor. 

 
In this case,  
 

4
ˆˆ)(

2
222 
  xxx SSS  

 

4
ˆˆ)(

2
222 
  yyy SSS  

 

2
]ˆ,ˆ[

2i
SS yx   

 
Then we have 
 

16
]ˆ,ˆ[

4

1
)()(

42
22 

  yxyx SSSS  

 
which does not violate the uncertainty relation. 
 

2
22 ]ˆ,ˆ[

4

1
)()(  yxyx SSSS   

 
 
((Mathematica 5.2)) 
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(*Problem Sakurai 1-20*) 

 
f  1  Sin2 

1

4
Sin4 Sin2 2

 

 
1  Sin2 

1
4

Sin4 Sin2 2

 
 Plot[Evaluate[Table[f,{,0,2 , 
/24}]],{,0,},PlotStyleTable[Hue[0.1 
i],{i,0,10}],PrologAbsoluteThickness[2],AxesLabel{"","f"
},BackgroundGrayLevel[0.6]] 

0.5 1 1.5 2 2.5 3


0.2

0.4

0.6

0.8

1

f

 
 Graphics 
 
_____________________________________________________________________ 
((1-21)) 
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m

p
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ˆˆ
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)()(
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)(
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2
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x
m

k
xEx
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d

m
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The solution of this equation is 
 

)cos()sin()( kxBkxAx   

 
where 
 

m

k
E

2

22
  

 
Using the boundary condition: 
 

0)()0(  axx   

 
we have  
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B = 0 and A≠0. 
 

0)sin( ka  

 
nka   (n = 1, 2, …) 

 
Note that n = 0 is not included in our solution because the corresponding wave function 
becomes zero. 
 
The wave function is given by 
 

)sin(
2

)sin()(
a

xn

aa

xn
Axx nnn

   

 
with 
 

22

2








a

n

m
En


 

 

2
)()(ˆ

0

* a
xxxdxx

a

nnnn     

 

)
3

2(
6

)()(ˆ
22

2

0

2*2




n

a
xxxdxx

a

nnnn    

 

  









2

1

124
)

3
2(

6
ˆˆ

22

22

22
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2
222 


 n

n

aa

n

a
xxx nnnn  

 

0)()(ˆ
0

* 



 
a

nnnn x
xi

xdxp  
 

 
2

0
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22
*2 )()(ˆ 
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n
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xdxp

a

nnnn
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a
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((Mathematica 5.2)) 
(*Sakurai Problem 1-21*) 

 
x_ : 2

a
Sin n  x

a

 

 
avx  

0

a
x x2x  Simplify

 

 


a 1  2 n2 2  Cos2 n   2 n  Sin2 n 
4 n2 2  

 avx1=Simplify[avx,nIntegers] 

 

a
2  

 
avsqx  

0

a
x2 x2x  Simplify

 

 

a2 4 n3 3  6 n  Cos2 n   3  6 n2 2 Sin2 n 
12 n3 3  

 avsqx1=Simplify[avsqx,nIntegers] 

 

1
6

a2 2 
3

n2 2

 

 
avp 

—




0

a
x Dx, xx  Simplify

 

 

 — Sinn 2

a  
 avp1=Simplify[avp,nIntegers] 
 0 

 
avsqp  


 —






2


0

a
x Dx, x, 2x  Simplify

 

 

n  —2 n   1
2

Sin2 n 
a2  

 avsqp1=Simplify[avsqp,nIntegers] 

 

n2 2 —2

a2  



 46 

 avsqx1  avx12 avsqp1  avp12  Simplify 

 

1
12

6  n2 2 —2

 
 %/.n1//N 

 0.322467 —2
 

________________________________________________________________________ 
((1-22)) 

________________________________________________________________________ 
((1-23)) 

 
________________________________________________________________________ 
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a

a

A

00

00

00
ˆ ,  


















00

00

00
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b

B  

 
or 
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11ˆ aA  , 22ˆ aA  ,  33ˆ aA   

 

11ˆ bB  , 32ˆ ibB    23ˆ ibB   

 

0]ˆ,ˆ[ BA  

 

The eigenkets of B̂ should be the eigenkets of Â , and vice versa.  

The operators Â  and B̂  are the Hermitian operators. 
 

Eigenkets of Â : 
 


















0

0

1

1 ,  (eigenvalue: a) 

 


















0

1

0

2 ,  (eigenvalue: -a) 

 


















1

0

0

3 ,  (eigenvalue: -a) 

 

Eigenkets of B̂ : 
 
 

1

0

0

1

1 















 , (eigenvalue: b) 

 

32ˆ ibB    23ˆ ibB   

 

In the subspace spanned by 2  and 3 , we consider the eigenvalue problem 

 



 48 








 


0

0ˆ
ib

ib
Bsub  

 

 subB̂  

 
with 
 











3

2

C

C
  

 

























 

3

2

3

2

0

0

C

C

C

C

ib

ib
  

 
or 
 

0
3

2 


















C

C

ib

ib




 

 
















ib

ib
M  

 
Det[M]=0: 
 

022 



b
ib

ib





 

 

(i)  =b 
 

0
3

2 


















C

C

bib

ibb
 

 

23 iCC   

 

1
3

3

2

2  CC  
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Then we have 
2

2

i
C   and 

2

1
3 C  

 
or 
 

3
2

1
2

2

2

1
2

0

2 
























ii : (eigenvalue b) 

 

(ii)  = -b 
 

0
3

2 














 
C

C

bib

ibb
 

 

23 iCC   

 

1
3

3

2

2  CC  

 

Then we have 
2

2

i
C   and 

2

1
3 C  

 
or 
 

3
2

1
2

2

2

1
2

0

3 
























ii : (eigenvalue -b) 

 

Since any combinations of 2  and 3  are the eigenkets of Â  with an eigenvalue (-a). 

Then 
 

22
ˆ  aA  , and 33

ˆ  aA   
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In conclusion, 1 , 2 , and 3  are the simultaneous eigenkets of Â  and B̂ . 

 
((Mathematica 5.2)) 
(*Sakurai 1-23 
      Simultaneous eigenkets 
  *) 

 

SuperStar : expr_ :
expr . Complexa_, b_  Complexa, b 

 A={{a,0,0},{0,-a,0},{0,0,-a}} 
 {{a,0,0},{0,-a,0},{0,0,-a}} 
 B={{b,0,0},{0,0,- b},{0, b,0}} 
 {{b,0,0},{0,0,- b},{0, b,0}} 
 A//MatrixForm 

 





a 0 0
0 a 0
0 0 a




 

 B//MatrixForm 

 





b 0 0
0 0  b
0  b 0




 

 Eigensystem[B] 
 {{-b,b,b},{{0,,1},{0,-,1},{1,0,0}}} 
 A.B-B.A//Simplify 
 {{0,0,0},{0,0,0},{0,0,0}} 
 (*Thus [A,B] = 0, commutable*) 
 1={1,0,0} 
 {1,0,0} 
 222={0,-,1} 
 {0,-,1} 

 

2 
222


222.222

 Simplify

 

 

0, 

2

,
1
2


 

 333={0,,1} 
 {0,,1} 

 

3 
333


333.333

 Simplify

 

 

0,

2

,
1
2
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 A.1-a 1 
 {0,0,0} 
 A.2+a 2 
 {0,0,0} 
 A.3+a 3 
 {0,0,0} 
________________________________________________________________________ 
((1-24)) 
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1
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Since 

 

2
sin

2
cos 2/2/   ii

n
ee  

 

 

2
cos

2
sin 2/2/   ii

n
ee  

 
When the n is along the y-axis, 2/   

 

)(
2

1
)(

2

1

4
sin

4
cos 4/4/4/4/4/   ieeeee iiiii

y

 
 

 
The phase factor is arbitrary. So we have 
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2

1
 

 
 
and 
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4
sin 4/4/4/4/4/   ieeeee iiiii
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1
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1
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1
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y
i

i
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1

2

1

12

1

1

0

1

1

2

1ˆ  

 
 

 
 
 

So we can conclude that )ˆ1̂(
2

1ˆ
xiR   is the rotation operator around the x axis. 

(b) 
 
We need to calculate the matix elements 
 
 



 53 

0

2

2

1

10

01

22

1

2
ˆ

2
ˆ 



































 


i

i
S

yzyyzy

  ,  

 

2
2

2

1

10

01

22

1

2
ˆ

2
ˆ 





































 


i

i
S

yzyyzy   

 

2
2

2

1

10

01

22

1

2
ˆ

2
ˆ 






































i
i

S
yzyyzy   

0

2

2

1

10

01

22

1

2
ˆ

2
ˆ 






































i
i

S
yzyyzy

   

 
((Mathemnatica)) 
 
 (*Sakurai 1-24*) 
 (*a*) 
 Clear["Global`"] 
 x={{0,1},{1,0}} 
 {{0,1},{1,0}} 
 y={{0,-},{,0}} 
 {{0,-},{,0}} 
 z={{1,0},{0,-1}} 
 {{1,0},{0,-1}} 

 

conjugateRule 

Complexre_, im_  Complexre, im;
UnprotectSuperStar;
SuperStar : exp_  : exp . conjugateRule;
ProtectSuperStar

 
 {SuperStar} 
 II={{1,0},{0,1}} 
 {{1,0},{0,1}} 
 II//MatrixForm 
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 1 0

0 1

 

 

A 
1


2
II   x

 

 

 1
2

,

2

,  
2

,
1
2


 

 

py   
 4


2
,

 4


2
  ExpToTrig

 

 
 1

2


2

,
1
2


2

 

 py//MatrixForm 

 





1
2
 

2
1
2
 

2




 

 

my   
 4


2
,

 4


2
  ExpToTrig

 

 
 1

2


2

,
1
2


2

 

 1={1,0} 
 {1,0} 
 1 
 {1,0} 
 2={0,1} 
 {0,1} 
 2 
 {0,1} 
 A.1//Simplify 

 

 1
2

,

2


 

 A.2//Simplify 

 

 
2

,
1
2


 

 1    4 py  Simplify 

 

 1
2

,

2


 

 2    4 my  Simplify 
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2

,
1
2


 

 x 
 {{0,1},{1,0}} 
 (*Rotation operator*) 

 
MatrixExp 

2
x .  



2  

 

 1
2

,

2

,  
2

,
1
2


 

 A 

 

 1
2

,

2

,  
2

,
1
2


 

 (* b*) 

 1.z.1  
 0 

 1.z.2  
  

 2.z.1  
 - 

 2.z.2  
 0 
 
________________________________________________________________________ 
((1-25)) 

 

 
________________________________________________________________________ 
((1-26)) 
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Thus the Unitary operator is obtained by 
 












11

11

2

1
Û  

 
Note that 
 

1̂   (closure relation). 

 

Thus Û  can be also expressed by 
 

     
xx

UUUU ˆˆˆˆ  

 
 
________________________________________________________________________ 
((1-27)) 

 
________________________________________________________________________ 
(a) 
 

'ˆ' aUb  ,  "ˆ" aUb   

 
or 
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 Uab


'' ,   Uab


""  

 

  
'''

'ˆ'''''')ˆ(ˆ"'ˆ)ˆ(ˆ"')ˆ("
a

aUaaAfUaaUAfUabAfb  

 

 
'''

'ˆ''')'''('''ˆ"
a

aUaafaUa  

 


'''

*
'ˆ''')'''("ˆ'''

a

aUaafaUa  

 
 
where 
 

*
"ˆ''''''ˆ" aUaaUa   

 
(b) 
 

''')ˆ(""""'')ˆ(" prrrrrprrprp FddF    

 

'')"'()'("""' prrrrrprr    Fdd  

 

 '')'('"' prrrpr Fd  

 
Using the transformation function 
 

)exp(
)2(

1
2/3 

rp
pr




i


 

 




 )
''

exp()'()
'"

exp('
)2(

1
')ˆ("

3 
rp

r
rp
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i

F
i

dF


 

 




 )'(]
')"'(
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1
3

r
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r F
i

d


 

 

Here we use the spherical co-ordinate (r, , ). The direction of "' ppp   is the z axis. 
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 dddrrd 'sin'' 2r  

 

cos'"'')"'( rpprpp   

 
Suppose that )(rF  is a function of the magnitude of r. 
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cos'"'
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Note that 
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Then 
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pp

pp
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________________________________________________________________________ 
((1-28)) 
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________________________________________________________________________ 
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(b) 
We use the Gottfried’s result 
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The ket ')
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exp( x
api x


 is the eigenket of x̂  with an eigenvalue (x’-a). Therefore 

)
ˆ

exp(

api x is a translation operator. 
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((1-29)) 
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Thus we have the final result 
 

)ˆ(
ˆ

)]ˆ(,ˆ[ pp G
p

iGx
i

i 


   

 
(ii) 

 rrrrr ])()([)]ˆ(,ˆ[
ii

i xi
FF

xi
Fp











 

 

 rrrr
ii x

F
i

F
xi 







 )(])([


 

 



 61 

 rrrrrr
iii x

F
ix

F
i

F
xi 


















 )(])()(


 

 

 )ˆ(
ˆ

)( rrrr F
xi

F
xi ii 

















 

 
or 
 

)ˆ(
ˆ

)]ˆ(,ˆ[ rr F
xi

Fp
i

i 





 

 
 
(b) 
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The classical Poisson bracket is defined by 
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________________________________________________________________________ 
((1-30)) 

________________________________________________________________________ 
 
(a) 
The translation operator is defined by 
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________________________________________________________________________ 
((1-31)) 

 
________________________________________________________________________ 
We use the commutation relations 
 

)(ˆ)](ˆ,ˆ[ rrrr dTddT   

 
and 
 

0)](ˆ,ˆ[ rp dT  

 
 
We have 
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 rrrrrrrrrr ddTddTdTdTdT   ˆ)(ˆˆ)(ˆ)[(ˆ)(ˆˆ)(ˆ  

 
or 
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Similarly 
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_______________________________________________________________________ 
((1-32)) 
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Since the second term is an odd function, 
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We put 
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((Mathematica 5.2)) 
(* Sakurai Problem 1-32*) 
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________________________________________________________________________ 
((1-33)) 
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________________________________________________________________________ 
(a) 
(i) 
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Therefore ')
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 is the eigenket of p̂ with an eigenvalue of (p’ + ).; 

 


