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Solution 
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Department of Physics, SUNY at Binghamton 

(Date: October 12, 2011) 
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((2-1)) 

 
_______________________________________________________________________ 
((Solution)) 
Sx, Sy, and Sz are the operators in the Schrödinger picture and Sx(t), Sy(t), and Sz(t) are the 
operators in the Heisenberg picture: 
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From Eqs. (1) and (2), we get 
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The general solution of the differential equation is 
 
 )sin()cos()( 21 tCtCtS x    

 
and 
 
 )sin()cos()( 21 tDtDtS y   . 

 
At t = 0, 
 
 xx StS )(  (Schrödinger picture) 

 yy StS )(  (Schrödinger picture) 

 yy
x StS

dt

tdS
 


)0(

)0(
 

 xx
y StS

dt

tdS
 


)0(

)0(
. 

 
Then we have 
 
 )sin()cos()( tStStS yxx    

 
 )cos()sin()( tStStS yxy   . 

 
_____________________________________________________________________ 
((2-2)) 
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________________________________________________________________________ 
((Solution)) 
We assume that 02211  HH . Hamiltonian is not a Hermitian operator. 
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Therefore )(ˆ tU  is not a Unitary operator. The conservation law of probability is violated. 
 
 
((Mathematica 5.2)) 
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((2-3)) 
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_______________________________________________________________________ 
a.  
Initial state is 
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The probability of finding the electron in the state 

x
 : 

 

 
2

)()( ttP x   

 



Ch2 solutions 6 

 






































































22

2

2

2
sin

2
cos

2

1

2
sin

2
cos

2

1

2

1
)(

titi

ti

ti

x ee

e

e
t












  

 

  

 t

ee

eeeet

titi

titititi

x











cossin1
2

1

2
cos

2
sin

2
sin

2
cos

2

1

2
sin

2
cos

2
sin

2
cos

2

1
)(

22

2222
2




























































































 

 
b. 

 

 

t

ee

e

e
ee

e

e
ee

tStS

titi

t
i

t
i

t
i

t
i

t
i

t
i

t
i

t
i

xx































cossin
2

2
sin

2
cos

2

2
cos

2
sin

2
sin

2
cos

2

2
sin

2
cos

01

10

2
sin

2
cos

2

)()(

2

2

22

2

2

22

























































































 

 
c. 
For  = 0 
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((2-4)) 
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Combining Eqs. (1) and (2), we obtain 
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((2-8)) 
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More powerful solution is as follows. 
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((Mathematica 5.2)) 
(*Sakurai 2-8*) 
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precession motion of electron in the presence of a magnetic field B along the x-axis. 
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More powerful method: 
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((2-11)) 
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In the Heisenberg picture 
 

 t
m

p
txtx 


 sincos)(   

 
Using 
 

 

p
ipa

p
ipa

ax
ipa

x
ipa



































expexp

expexp

 

 
Note 
 

 























































ipa

a
ipaia

i
ipa

p
i

ipa
x expexpexpexp,  

 

 






















ipa

a
ipa

xx
ipa

expexpexp  

 



Ch2 solutions 21 

 

ta

pt
m

axt

ipa
p

ipa
t

m

ipa
x

ipa
t

ipa
tx

ipa
tx













cos

00sin
1

0)(0cos

0expexp0sin
1

0expexp0cos

0exp)(exp0)(





















































 

 
where 
 
 000 x , 000 p . 

 
At t = 0, the wave function is given by 
 

 0exp)0( 








ipa

xx   

 
________________________________________________________________________ 
((2-12)) 

 
________________________________________________________________________ 
a. 

 



















 



















 







 







 






 





















2

0

2

1

0
4

1

0

0

0

'

2

1
exp

0'
'!

1

0'
!

1

0
!

1
'0exp'

x

ax
x

x
xi

ia

n

px
ia

n

p
ia

n
x

ipa
x

n
n

nnn

n

n
n

n

n
n










 

 



Ch2 solutions 22 

 (
'

'
'

''
x

x
ixi

xpx










) 

 
b. 

 













































 





























 
















































2
0

2

2

0
2
0

2
1

0
2

1

2

0

2

1

0
4

12

0

2

1

0
4

1

4
exp

2

1
'

exp'
4

exp

'

2

1
exp

'

2

1
exp'

exp''0'0exp0

x

a

x

ax
dx

x

a
x

x

ax
x

x

x
dxx

ipa
xxdx

ipa







 

 
Therefore the probability is given by 
 

 


















2
0

2
2

2
0 2

exp0
2

exp0)0(
x

a

x

ipa
tP  

 

 

)0(0
2

exp0
2

exp

0
2

expexp0)(

2

2
0

2

2
0



































tP
x

ipati

x

ipa
t

iH
tP




 

 
 invariant 
 
______________________________________________________________________ 
((2-13)) 



Ch2 solutions 23 

 
________________________________________________________________________ 
a. 

   aa
m

x ˆˆ
2

ˆ



 

 

   aa
m

ip ˆˆ
2

ˆ


 

 

 
 

 1,1, 1
2

ˆˆ
2

ˆ









nmnm nn
m

namnam
m

nxm









 

 

 
 

 1,1, 1
2

ˆˆ
2

ˆ









nmnm nn
m

i

namnam
m

inpm









 

 

 

   

 

     

 
 22

2222

ˆˆ

ˆˆˆˆˆˆˆˆˆˆˆ
2

}ˆˆˆˆˆˆˆˆ{
2

ˆˆ,ˆˆ
2

ˆˆ,ˆˆ
22

ˆ,ˆ





























aai

aaaaaaaaaaaa
i

aaaaaaaa
i

aaaa
i

aaaa
m

i
m

px









 


 

 



Ch2 solutions 24 

 
   

})2)(1()1({

ˆˆˆ,ˆ

2,2,

22









nmnm nnnni

namnaminpxm




 

 

 

})12()2)(1()1({
2

)1ˆˆ2(ˆˆ
2

ˆˆˆˆˆˆ
2

,2,2,

22

222

nmnmnm nnnnn
m

naaaam
m

naaaaaam
m

nxm


























 

 

 

})12()2)(1()1({
2

ˆˆˆˆˆˆ
2

ˆ

,2,2,

222

nmnmnm nnnnn
m

naaaaaam
m

npm

















 

 
b. 

 





 

2

1ˆ 2

nn
m

p
n   

 
  
 

Then 





 








2

1
ˆˆ

2

1
ˆ

ˆ
ˆ

ˆ 2222 nnxnmnxm
xd

d
xnn

xd

dV
xn    

 

 n
xd

dV
xnn

m

p
n

ˆ
ˆ

ˆ 2

 , 

 
showing that the virial theorem holds. 
 
Note 
 

 22
2

ˆ
2

1

2

ˆ
xm

m

p   

 The kinetic energy = potential energy 
 
________________________________________________________________________ 
((2-14)) 



Ch2 solutions 25 

 
________________________________________________________________________ 
a. 

 















'
'

''''
'

'
'

exp
2

1

'
'

'
'

exp
2

1
''

'''''

'''''

p
p

i

xxpdx
p

i

x
ipx

p
idx

x
ipx

xdx

xxpxdx

xxxpdxxp

























 




















 






















 

 
b. 

 )()( tHt
t

i  

  

 

 
)('

'
)(

2

1
)(''

2

1

)(
2

1

2

1
')('

2

2
222

222

tp
p

imtpp
m

txmp
m

ptp
t

i

















 

 
Therefore 
 

 )(''
2

1
)('

'2

1
)(' 2

2

2
22 tpp

m
tp

p
mtp

t
i  






   

 



Ch2 solutions 26 

Suppose that 
 

 netet
tE

i
Ht

i
n


 )0()(  , 

 
we have 
 

 npp
m

np
p

mnpEn ''
2

1
'

'2

1
' 2

2

2
22 



  . 

 
Here note that the Schrödinger equation in the position space is 
 

 nxxmnx
xm

nxEn ''
2

1
'

'2
' 22

2

22








. 

 
The eigenfunction in momentum space is 
 

   )(
2

1
exp

1
!2' 24

1

2

1


 n

n H
m

nnp 

















 

 

with 



m

p'
 . 

 
______________________________________________________________________ 
((2-15)) 
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For the 1D harmonic oscillator (Heisenberg picture) 
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((2-16)) 

 
________________________________________________________________________ 
a. 
In Schrödinger picture 
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In the Heisenberg picture 
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c. 
In Schrödinger picture, we calculate 
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((2-17)) 
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((2-20)) 

 
________________________________________________________________________ 
(a) 
The wave function for the simple harmonics has either an even parity or a odd parity. 
 
Since the potential becomes infinity for x<0, the wave function should be zero at x – 0. 
 
Thr odd function should be zero at x = 0, since )()( xx   , or )0()0(   . 
 
Then we have the eigenfunction with the odd parity. 
 
The wave function with the odd parity is n  with n = 1, 3, 5, 7, …… 
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((2-21)) 
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Note that an = 0, when n is even. 
 
______________________________________________________________________ 
((2-22) 
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The right-hand side is equal to zero in the limit of →0 
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This is the boundary condition. 
 
We consider the case of E<0. For x>0 and x<0, we have 
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The potential is symmetric with respect to x = 0. Thus the wave function should be even 
function or odd function. 
 
(i) The wave function is even function. 
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There is no excited bound state. 
 
 
(ii) The wave function is odd function. 
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((2-23)) 
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(a) 
 
Schrödinger equation 
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Here we note that 
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When E is negative, )( p  will not diverge.  
 
We now consider the time evolution operator. 
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((2-28)) 

 
________________________________________________________________________ 
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K(x, t; x’, t’) is referred to the propagator (kernel)  
 
For the free particle, the propagator is given by 
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Probability amplitude that a particle initially at x’ propagates to x in the interval t-t’. 
 
This expression is generalized to that for the three dimension. 
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The propagator in the momentum space is defined by 
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In the limit of t  t' 0, we have  
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