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Then we have 
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So Û  is the unitary operator. 
 

detÛ =1 
 
from the Mathematica 5.2 (below). 
 

Thus Û  is unimodular. 
 
(b)  
 


































22
0

0
22

0
22

0

0

22
0

0

22
0

0
22

0

2)(2

)(22

a

a

a

aa

a

a

aiaa

a

aiaa
a

aiaa

a

aiaa

U
zyx

yxz

 

 

























2
sin

2
cos

2
sin)(

2
sin)(

2
sin

2
cos

)
2

exp( 




zyx

yxz

innin

ninini nσ
 

 

22
0

22
0

2
cos

a

a





a

a
, 

   
   222

0

22
0

222
0

222
0

222
0

2

22
0

22
022 4

1
2

cos1
2

sin
a

a

a

aa

a

a





















a

a

a

aa

a

a
 

or 
 

22
0

02

2
sin

a

a




a

a
 

 

22
0

0

22
0

0

22
0

0

2

2
sin

2

2
sin

,
2

2
sin

a

a

a










a

aa
n

a

aa
n

a

aa
n

x
x

y
y

z
z







 



 
Then we have 

a

a

a

z
x

y
y

z
z

a
n

a
n

a
n





 ,

 

 
 
((Mathematica 5.2)) 
 
(*Sakurai 3-2*) 

 

conjugateRule 

Complexre_, im_  Complexre, im;
UnprotectSuperStar;
SuperStar : exp_  : exp . conjugateRule;
ProtectSuperStar

 
 {SuperStar} 
 x={{0,1},{1,0}} 
 {{0,1},{1,0}} 
 y={{0,-},{,0}} 
 {{0,-},{,0}} 
 z={{1,0},{0,-1}} 
 {{1,0},{0,-1}} 
 I={{1,0},{0,1}} 
 {{1,0},{0,1}} 
 P1=a0 I+ (x ax+y ay+z az)//Simplify 
 {{a0+ az, ax+ay},{ ax-ay,a0- az}} 
 P2=a0 I- (x ax+y ay+z az)//Simplify 
 {{a0- az,- ax-ay},{- ax+ay,a0+ az}} 
 P3=Inverse[P2]//Simplify 

 

 a0   az
a02  ax2  ay2  az2

,
 ax  ay

a02  ax2  ay2  az2
,

  ax  ay
a02  ax2  ay2  az2

,
a0   az

a02  ax2  ay2  az2


 
 U=P1.P3//Simplify 



 

 a02  ax2  ay2  2  a0 az  az2

a02  ax2  ay2  az2
,

2 a0  ax  ay
a02  ax2  ay2  az2

,  2  a0 ax   ay
a02  ax2  ay2  az2

,


a02  ax2  ay2  2  a0 az  az2

a02  ax2  ay2  az2


 

 UH  TransposeU  Simplify 

 

 a02  ax2  ay2  2  a0 az  az2

a02  ax2  ay2  az2
,

a0 2  ax  2 ay
a02  ax2  ay2  az2

,  2 a0  ax  ay
a02  ax2  ay2  az2

,


a02  ax2  ay2  2  a0 az  az2

a02  ax2  ay2  az2


 
 U.UH//Simplify 
 {{1,0},{0,1}} 
 Det[U]//Simplify 
 1 
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We introduce the Dirac spin exchange operator: 
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Thus the state   is the eigenket of Ĥ  with the eigenvalue E = 
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Be
 

 
(b) B = 0, 
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Thus the state   is not the eigenket of Ĥ . 
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m  and 
x

m are the eigenkets of zŜ  and xŜ  with the eigenvalues. m  

(m = 1, 0, and -1). Note that 
 

mUm
x

ˆ  

 

where Û  is the unitary operator. 
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Thus )ˆ( zSf  is the zero operator. 
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since m’ = 1, 0, and -1. Thus the operator is the zero operatoir. 
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The rotation operator for the Euiler angles (, , ) is given by 
 

)
ˆ

exp()
ˆ

exp()
ˆ

exp()(ˆ)(ˆ)(ˆˆ

 zyz

zyz

JiyJiJi
RRRR   

 
When this operator coincides with the unitary operator  
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We assume that the state vector changes from the old states n  and m  to the new states 

'n  and 'm  
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or 
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A vector operator Â for the system is defined as an operator whose expectation is a 
vector that rotates together with the physical system.  
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thus the matrix elements transform like vectors. 
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From the Mathematica 5.2 
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Then we have 
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(*Matrix representation of Rotaion operator*) 
 x={{0,1},{1,0}} 
 {{0,1},{1,0}} 
 y={{0,-},{,0}} 
 {{0,-},{,0}} 
 z={{1,0},{0,-1}} 
 {{1,0},{0,-1}} 
 Jn= (x nx +y ny +z nz) 
 {{nz,nx- ny},{nx+ ny,-nz}} 
 I1=RJn=MatrixExp[- Jn /2] 
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The new state after the rotation is 
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Then the probability P() of finding the original state jmj ,  in the system is 
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The matrices 
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Using Mathematica 5.2, we can show that 
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((Mathematica 5.2)) 
 
(*Sakurai 3-13*) 



 G1=- — {{0,0,0},{0,0,1},{0,-1,0}} 
 {{0,0,0},{0,0,- —},{0, —,0}} 
 G2=- — {{0,0,-1},{0,0,0},{1,0,0}} 
 {{0,0, —},{0,0,0},{- —,0,0}} 
 G3=- —{{0,1,0},{-1,0,0},{0,0,0}} 
 {{0,- —,0},{ —,0,0},{0,0,0}} 
 G1//MatrixForm 

 





0 0 0
0 0  —
0  — 0




 

 G2//MatrixForm 

 





0 0  —
0 0 0
 — 0 0




 

 G3//MatrixForm 

 





0  — 0
 — 0 0
0 0 0




 

 G1.G2-G2.G1- — G3//Simplify 
 {{0,0,0},{0,0,0},{0,0,0}} 
 G2.G3-G3.G2- — G1//Simplify 
 {{0,0,0},{0,0,0},{0,0,0}} 
 G3.G1-G1.G3- — G2//Simplify 
 {{0,0,0},{0,0,0},{0,0,0}} 
 Eigensystem[G3] 
 {{0,-—,—},{{0,0,1},{,1,0},{-,1,0}}} 
 

We consider the unitary operator Û  
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under the basis of 1,0,1   

 
We consider the rotation operator R̂  
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These relations are similar to the rotation of vectors around the z axis by angle . 
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Schrödinger equation 
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Consequently, the angular momentum of a particle in the state ml,  behaves, in so far as 

the mean values of its components and their squares are concerned, like a classical 

angular momentum of magnitude )1( ll  having a projection m  along the z axis, but 

the angle  is a random variable evenly distributed between 0 and 2. 
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Let us suppose ),( m

lY  with a half-integer l were possible. We choose the simplest case 

(l = 1/2). 
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Thus the two procedures lead to contradictory results. 
 
 
 
(*Sakurai 3-17 
      We define the ladder operators 
  *) 
 OGD:=Exp[- ](-D[#,]+ Cot[] D[#,])& 
 OGU:=Exp[ ](D[#,]+ Cot[] D[#,])& 

 
eq1  OGUExp 

2
X

 

 
   1

2

 
2 Cot X    

2 X
 

 DSolve[eq10,X[],] 

 X  C1 Sin 

 
OGDExp 

2
 Sin

 

 



  

2 Cos
Sin  

 
eq2  OGDExp 

2
 Y  Simplify

 

 

1
2

 3  

2 Cot Y  2 Y
 

 DSolve[eq20,Y[],] 

 Y  C1 Sin 
 
________________________________________________________ 
((3-18)) 

________________________________________________________________________ 

)(ˆ),0(ˆ 0
2  yRYR    

 

0,2)(ˆ)(ˆ'  mlRR yz   

 

0,2)(ˆ)(ˆ,2',2  mlRRmlml yz   



 
From the Note-1 we have 
 

  ),0(0,2)(ˆ)(ˆ,2),( 0
2

*

2    YlRRmlY yz
m

l  

 




4
5

),0(0
2 Y  (which is independent of ) 

 
Thus we have 
 

   *20
2

*

2 ),(
5

4

),0(

),(
0,2)(ˆ)(ˆ,2 


 m

l

m
l

yz Y
Y

Y
lRRml 
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((Note-2)) Mathematica 5.2 
 
Table[{m,SphericalHarmonicY[2,m,,]},{m,-2,2,1}]//TableForm 
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 Plot[Evaluate[{P[0],P[1],P[2]}],{,0,  
},PlotStyleTable[Hue[0.3 
i],{i,0,3}],PrologAbsoluteThickness[2],BackgroundGrayLeve
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((3-20)) 

________________________________________________________________________ 
We use the relation by Clebsch-Gordan. 
 
 
 j1 = 1, j2 = 1 ( m1  1, m2  1) 
 
 D1  D1  D2  D1  D0  
 
(i) j = 2 ( m  2 ) 
 

m = m1+ m2 
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1,1 1, 1  1,1 1,1

2
 (m = 0) 

 

 
1,0 1, 1  1,1 1,0

2
 (m = -1) 

 
(iii) j = 0 (m  0) 
 

 
1,1 1, 1  1,0 1,0  1,1 1,1

3
 

 
 
((Mathematica 5.2)) 
 
(*Determination of CG co-efficient 
  *) 
 (* j1=1/2,j2=1/2*) 
 
CG[j1_,j2_,j_]:=Table[Sum[ClebschGordan[{j1,k1},{j2,k2},{j,k
1+k2}] a[j1,k1] b[j2,k2]  KroneckerDelta[k1+k2,m],{k1,-
j1,j1},{k2,-j2,j2}],{m,-j,j}] 
 CG[1/2,1/2,1]//TableForm 

 

a 1
2

,  1
2
 b 1

2
,  1

2


a 1
2 , 1

2  b 1
2 , 1

2 
2 

a 1
2 , 1

2  b 1
2 , 1

2 
2

a 1
2

, 1
2
 b 1

2
, 1

2


 
 CG[1/2,1/2,0]//TableForm 

 

a 1
2 , 1

2  b 1
2 , 1

2 
2 

a 1
2 , 1

2  b 1
2 , 1

2 
2  

 (*j1=1,j2=1*) 
 CG[1,1,2]//TableForm 



 

a1, 1 b1, 1
a1,0 b1,12  a1,1 b1,02
a1,1 b1,16 2

3
a1, 0 b1, 0  a1,1 b1,16

a1,1 b1,02  a1,0 b1,12
a1, 1 b1, 1  

 CG[1,1,1]//TableForm 

 

a1,0 b1,12  a1,1 b1,02
a1,1 b1,12  a1,1 b1,12
a1,1 b1,02  a1,0 b1,12  

 CG[1,1,0]//TableForm 

 

a1,1 b1,13  a1,0 b1,03  a1,1 b1,13  
___________________________________________________________________ 
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(closure relation) 
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The proof of the formula 
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(a) 
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(b) and (c) 
 
Taylor expansion: 
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Note that 
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i
2
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We also get  
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which is a diagonal matrix. 
 
 
(a) We use Mathematica to derive the matrix expression for the angular m omentum with 
j = 1. 
 
(*Sakurai 3-22*) 
 (*a*) 

 

Jx{_, n_, m_ :
1

2
—
{  m {  m  1 KroneckerDeltan, m  1 

1

2
—
{  m {  m  1 KroneckerDeltan, m  1

 

 

Jy{_, n_, m_ :


1

2
 —

{  m {  m  1 KroneckerDeltan, m  1 
1

2
 —

{  m {  m  1 KroneckerDeltan, m  1
 

 Jz[{_,n_,m_]:=m  — KroneckerDelta[n,m] 
 (*Matrices j = 1*) 
  
J1=Table[Jx[1,n,m],{n,1,-1,-1},{m,1,-1,-1}] 

 

0,
—
2

, 0,  —
2

, 0,
—
2

, 0,
—
2

, 0
 

 J2=Table[Jy[1,n,m],{n,1,-1,-1},{m,1,-1,-1}] 

 

0, 
 —
2

, 0,   —
2

, 0, 
 —
2

, 0,
 —
2 , 0

 



 J3=Table[Jz[1,n,m],{n,1,-1,-1},{m,1,-1,-1}] 
 {{—,0,0},{0,0,0},{0,0,-—}} 
 J1//MatrixForm 

 







0 —2 0

—2 0 —2
0 —2 0






 

 J2//MatrixForm 

 







0   —2 0

 —2 0   —2
0  —2 0






 

 J3//MatrixForm 

 




— 0 0
0 0 0
0 0 —




 

 (*b*) 
 I1={{1,0,0},{0,1,0},{0,0,1}} 
 {{1,0,0},{0,1,0},{0,0,1}} 
 I1//MatrixForm 

 





1 0 0
0 1 0
0 0 1




 

 
P1  I1  

J2

—
Sin  1

—2
J2.J2 1  Cos  Simplify

 
 

Cos 
2
2

, 
Sin
2 , Sin 

2
2,

 Sin
2 , Cos, 

Sin
2

, Sin 
2
2

,
Sin
2

, Cos 
2
2

 
 P1//MatrixForm  

 







Cos 
2
2  Sin2 Sin 

2
2

Sin2 Cos  Sin2
Sin 

2
2 Sin2 Cos 

2
2






 

 (*c*) 

 
MJ2  MatrixExp 

—
J2   Simplify

 



 

Cos 
2
2

, 
Sin
2 , Sin 

2
2,

 Sin
2 , Cos, 

Sin
2

, Sin 
2
2

,
Sin
2

, Cos 
2
2

 
 MJ2//MatrixForm 

 







Cos 
2
2  Sin2 Sin 

2
2

Sin2 Cos  Sin2
Sin 

2
2 Sin2 Cos 

2
2
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The singlet state is given by 
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Therefore   can be rewritten as 

 

])[
2

1
])([

2

1
(

2

1
])[

2

1
])([

2

1
(

2

1
xxxxxxxx

  

 

)(
2

1
xxxx

  

 
Apart from the overall sign, which in any case is a matter of convention, we could have 
guessed this from Eq.(1), because spin-singlet states have no preferred direction in space. 
 
(a) Observer A specializes in measuring the spin components of one of the particles (1), 
while the observer M measures the spin components of the other particle. 
 
What is the probability for the observer A to obtain 2/1 zS  when the observer B 

makes no measurement? Same problem for 2/1 xS . 

 

2

1
)2/(

22

1  zSP  

 

2

1
)2/(

22

1  
xxxxxSP   

 
(b) Observer B determines the spin of particles 2 to be in the 2/2 zS  state with 
certainty. What can we then conclude about the outcome of the observer A’s 
measurement if (i) A measures S1z and (ii) A measures S1x? Justify your answer. 
 
After the measurement of 2/2 zS  by observer B, the state becomes 
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On the other hand, 
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Using Mathematica 5.2, we have 
 


































































)1(

1

)1(
0

)1(
1

)1(
1

)1(
0

)1(
1

2

cos1

2

sin

2

cos1
2

sin
cos

2

sin
2

cos1

2

sin

2

cos1

'

'

'

V

V

V

V

V

V







 

 
((Mathematica 5.2)) 
 

A   1


2
, 




2

, 0, 0, 0, 1,

 1


2
, 




2

, 0
 



 

 1
2

, 

2

, 0,

0, 0, 1,  1
2

, 

2

, 0
 

 A//MatrixForm 

 







 12  2 0

0 0 1
12  2 0






 

 Inverse[A]//MatrixForm 

 







 12 0 12
2 0 2

0 1 0






 

 M={{Cos[],0,Sin[]},{0,1,0},{-Sin[],0,Cos[]}} 
 {{Cos[],0,Sin[]},{0,1,0},{-Sin[],0,Cos[]}} 
 M//MatrixForm 

 





Cos 0 Sin
0 1 0
Sin 0 Cos




 

 A.M.Inverse[A]//Simplify 

 

Cos 
2
2

, 
Sin
2 , Sin 

2
2,

 Sin
2 , Cos, 

Sin
2

,

Sin 
2
2

,
Sin
2

, Cos 
2
2
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________________________________________________________________________ 
 
(a) 



 
The spherical tensor of rank-1: 
 
 
The quantity  
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is a homogeneous polynomial of order l. 
 

The quantity ),(
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q rYzyxP   is a first order homogeneous polynomial in x, y, 

and z. 
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(b) 
The spherical tensor of rank-2: 
 
We use the following theorem. 
 

When )( 1

1

ˆ k
qU  and )( 2

2

ˆ k
qV  be irreducible spherical tensors of rank k1 and k2, respectively. 

Then 
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is a spherical (irreducible) tensor of rank k. 
 

qkkkqqkk ,;,,;, 212121  is the Clebsch-Gordan coefficient. 

 
Using the Mathematica 5.2 we get 
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((Mathematica 5.2)) 
 
(*Determination of CG co-efficient 
  *) 
 
CG[j1_,j2_,j_]:=Table[Sum[ClebschGordan[{j1,k1},{j2,k2},{j,k
1+k2}] X[j1,k1] Z[j2,k2]  KroneckerDelta[k1+k2,m],{k1,-
j1,j1},{k2,-j2,j2}],{m,-j,j}] 
 CG[1,1,2]//TableForm 

 

X1, 1 Z1, 1
X1,0 Z1,12  X1,1 Z1,02
X1,1 Z1,16 2

3
X1, 0 Z1, 0  X1,1 Z1,16

X1,1 Z1,02  X1,0 Z1,12
X1, 1 Z1, 1  
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We now consider the matrix element 
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with q = 0 and 1. According to the Wigner-Eckart theorem, this matrix element is equal 
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((Note-2)) 
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________________________________________________________________________ 
 
We solve the last part of the problem using Mathematica 5.2. 
 
(* Sakurai 3-29 Spin 3/2 matrix elements*) 

 

Sx 
1

2
0,


3 , 0, 0, 3 , 0, 2, 0,

0, 2, 0,


3, 0, 0,


3 , 0  

 

0,


3
2

, 0, 0, 


3
2

, 0, 1, 0,

0, 1, 0,
3

2
, 0, 0,

3
2

, 0
 

 Sx//MatrixForm 



 







0
3
2

0 0

3
2

0 1 0

0 1 0
3
2

0 0
3
2

0






 

 

Sy 

1

2
0, 


3 , 0, 0, 3 , 0, 2 , 0,

0, 2 , 0, 


3 , 0, 0,


3 , 0  

 

0, 



3
2

, 0, 0,  


3
2

, 0, , 0,

0, , 0, 

3
2

, 0, 0,

3
2

, 0
 

 Sy//MatrixForm 

 







0  
3
2

0 0


3
2

0  0

0  0  
3
2

0 0 
3
2

0






 

 

Sz 
1

2
3, 0, 0, 0, 0, 1, 0, 0,

0, 0, 1, 0, 0, 0, 0, 3  

 

 3
2

, 0, 0, 0, 0,
1
2

, 0, 0,

0, 0, 
1
2

, 0, 0, 0, 0, 
3
2


 
 Sz//MatrixForm 

 







3
2

0 0 0

0 1
2

0 0

0 0  1
2

0

0 0 0  3
2






 



 Sp=Sx +  Sy 

 

0,


3 , 0, 0, 0, 0, 2, 0,

0, 0, 0, 3 , 0, 0, 0, 0  
 Sm=Sx- Sy 

 

0, 0, 0, 0, 3 , 0, 0, 0,

0, 2, 0, 0, 0, 0, 3 , 0  
 H=A (3 Sz.Sz- Sx.Sx-Sy.Sy-Sz.Sz)+B(Sp.Sp + Sm.Sm) 

 

3 A, 0, 2 3 B, 0, 0, 3 A, 0, 2 3 B,

2 3 B, 0, 3 A, 0, 0, 2 3 B, 0, 3 A  
 H//MatrixForm 

 







3 A 0 2


3 B 0

0 3 A 0 2 3 B

2 3 B 0 3 A 0

0 2 3 B 0 3 A






 

 Eigensystem[H]//Simplify 

 

9 A2  12 B2 , 


9 A2  12 B2 ,


9 A2  12 B2 ,


9 A2  12 B2,

0, 


3 A 


3 A2  4 B2

2 B
, 0, 1,




3 A 


3 A2  4 B2

2 B
, 0, 1, 0,

0,

3 A 


3 A2  4 B2

2 B
, 0, 1,


3 A 


3 A2  4 B2

2 B
, 0, 1, 0

 


