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1. Find the eigenvalues and eigenvectors of o, = (0 =

i 0
electron is in the spin state (;) If s, is measured, what is the
probability of the result A /2?

). Suppose an
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The probability of finding the state |+>y is
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2. Consider the 2X2 matrix defined by
U= a,+ l:u-a !
a,—io-a

where a is a real number and a is a three-dimensional vector with real

components.

a. Prove that U 1s unitary and unimodular.

b. In general, a 2 X 2 unitary unimodular matrix represents a rotation in
three dimensions. Find the axis and angle of rotation appropriate for

IT in tarme af A 1 1 and ~

@ .
U = (a,1+i6-a)(a,1-i5-a)"

U* =(a,1l-i6-a)(a,l+i6-a)™



Then we have

So U is the unitary operator.
detU =1
from the Mathematica 5.2 (below).

Thus U is unimodular.
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Then we have
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((Mathematica 5.2))

(*Sakurai 3-2%)
conjugateRule =

{Complex[re_, Im_] > Complex[re, -im]};
Unprotect[SuperStar] ;
SuperStar /: exp_ * :=exp /. conjugateRule;
Protect[SuperStar]

{Superstar}

ox={{0,1},{1,0}}

{{o,1},{1,0}}

oy={{0,-1},{i,0}}

{{o,-1},{1,0}}

oz={{1,0},{0,-1}}

{{110}1{01_1}}

oI={{1,0},{0,1}}

{{1,0},{0,1}}

Pl=a0 oI+i (ox ax+oy ay+oz az)//Simplify
{{a0+i az,1 ax+ay},{i ax-ay,a0-1 az}}
P2=a0 oI-i (ox ax+oy ay+oz az)//Simplify
{{a0-1 az,-i ax-ay},{-1 ax+ay,a0+1 az}}
P3=Inverse[P2] //Simplify

{{ a0 +1 az iax +ay }
a02 + ax?2 +ay?2 + az2’ a02 +ax2 +ay2 +az?2 '’
{ iax - ay a0 -iaz }}

a02 + ax?2 + ay?2 + az2 > a02 + ax2 + ay?2 + az?
U=P1.P3//Simplify



2

{{ ~a0? + ax +ay2—21'1a0az+a22
a02 + ax2 + ay? + az?

2a0 (iax +ay) } {ZjaO(aXHiay)
a02 + ax2 +ay?2+az2’’ ‘'al02 +ax2+ay2 +az?’

—a02+ax2+ay2+211a0az+a22

a02 + ax2 + ay2 + az?2 1
UH = Transpose[U*] // Simplify
—a02+ax2+ay2+2j1a0az+a22
{{_ a02 + ax2 + ay? + az?
a0 (-21ax-2ay) 2a0 (-1 ax +ay)
a02+ax2+ay2+a22}’ {a02+ax2+ay2+a22’

_—a02+ax2+ay2—21'1a0az+a22}}
a02 + ax?2 + ay?2 + az?
U.UH//Simplify

{{1,0},{0,1}}

Det [U] //Simplify
1

Tl = MatrixExp[—% ¢ (NX oX + Ny oy + NZ 0Z) | ;

T2 =

T1/. {(nx?+ny? +nz? -1} /. {\/—nxz—nyz—nz2 i} /.
1 _
{ » -1} // ExpToTrig
V -nx2 - ny? - nz2

{{Cos[g} - inz Sin[z}, ~1 nx Sin

(2] -nysin|
{-1 nxSin[g} +nySin[9}, COS[E]

+J'1nzSin[
2 2

((3-3))



3. The spin-dependent Hamiltonian of an electron-positron system in the
presence of a uniform magnetic field in the z-direction can be written as

= Ayfhs“>+(m Ms“* sieh).

Suppose the spin function of the system is given by x{* 'x‘*".

a. Is this an eigenfunction of H in the imit 4 — 0, eB/mc #+ 07 If it is,
what is the energy eigenvalue? If it is not, what is the expectation
value of H?

b. Same problem when eB/mc — 0, A+ 0.

We introduce the Dirac spin exchange operator:

A

1~ . .
Plz:E(l"‘Gl'Gz)

or

~
A

6,-6,=2P, -1
The spin Hamiltonian H is given by

~ A A eB A~
H=AS,-S,+—(S
1 2 mC( 1z

~ A ehB

~ A ~
822) 4 hz me (Glz SZz)

or

~ A enB -
H :th(ZPJ.Z _1)+H(Glz 0-22)

. A A oA nB
H|+—>=Zh2(2|312_1)|+_>+2m G O-ZZ)| >
or

“ A A A 7B

Al =) =20 (2R, =D+ )+ 22 (8, ~ 6, + )

A A nB
Hhﬁ:zﬂpkﬂ—hﬁ+%€+ﬁ

@ A—0



H|+=)=H|+-)

Thus the state |+ ) is the eigenket of H with the eigenvalue E = %
(b) B=0,

|:||+_>:%h2[2|—+>—|+—>

Thus the state |+—> is not the eigenket of H.

LIl o) = A2
(el ) =2

((3-4)) ) ,
4. Consider a spin 1 particle. Evaluate the matrix elements of

S.(S,+h)(S,—h) and S, (S, +h)(S,—h).

f(X) = x(x—=h)(x +h)

Im) and |m)_are the eigenkets of S, and S, with the eigenvalues. #m
(m=1,0, and -1). Note that

[m), =U|m)
where U is the unitary operator.
f(S,)|m)= f (am)|m)=0

Thus f(§z) is the zero operator.

f(Sm) = z f(S,)|m’), (m|m)= Z f(m'a)m’)  (m|m)= z f (m'a)J|m’)(m'|J *|m)

sincem’ =1, 0, and -1. Thus the operator is the zero operatoir.

0
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6. Let U= e'01% 0281037 where (a, B8, v) are the Eulerian angles. In order
that U represent a rotation (a, B, y), what are the commutation rules
satisfied by the G,? Relate G to the angular momentum operators.

The rotation operator for the Euiler angles (&, £, 7) is given by

A

~ ~ ~ y iJ —J iJ
R=R.(@R, (DR (1) = exp(-%)exp( yhyﬁ)exp(‘%)

When this operator coincides with the unitary operator
U = exp(iGya) exp(iG, 8) exp(iGyy)
we find that

A

G =—
h

Since  [J;,J,1=iheyJ,
w[G,,G,]=-in’e, G,
or

[éi1éj] = _igijkék

((3-7) .

7. What is the meaning of the following er:luation:
UWUU=)R,A,

where the three components of A are matrices? From this equation show
that matrix elements {(m|A,|n) transform like vectors.

We assume that the state vector changes from the old states |n) and |m> to the new states
In’) and |m’)



or
(n'|=l§*(n|, and (m'|:§*(m|

A vector operator A for the system is defined as an operator whose expectation is a
vector that rotates together with the physical system.

() = (R AR = Y8, )

thus the matrix elements transform like vectors.

since

R'AR =Y, A
i

((3-8))

8. Consider a sequence of Euler rotations represented by

— ioya —io, B —ioyy)
exp 32 | exp| 52 | exp 5 )

e—l'(a+‘f};’2¢0$£ = fla—y)/2 _: B
2

2/ (a, B.7)

e sin =
2

e'la—1/2 sing e"“”’mcosg

Because of the group properties of rotations, we expect that this
sequence of operations i1s equivalent to a single rotation about some
axis by an angle 6. Find 6.

From the Mathematica 5.2

e . . 0 .0 .0
i cos——lnzsmE —mxsmE—nysmE
exp(—Ec-nH)z - ‘0 0" 0

—in,sin—+n, sin—  cos—+in,sin—
2 72 2 2

where



i(a+y) i(a—y)
_% ﬂ _% ﬂ

i i i e cosE —e sinE
exp(_zo-za) exp(_anﬂ) exp(_zazy) = i(a-y) ﬂ i(a+y) ﬂ
e ? sinE e ? cosE

Then we have

cosﬁcosa—” = cosg
2 2

2
cosﬁsin ary_ n, sing
2 2
sin cos?=2 —n sin?
2 )
_sinBsin 27 _ nxsing
2 2

(*Matrix representation of Rotaion operator*)
ox={{0,1},{1,0}}

{{o,1},{1,0}}

oy={{0,-1},{1,0}}

{{o,-1},{1,0}}

oz={{1,0},{0,-1}}

{{110}1{01_1}}

Jn= (ox nx +0y Ny +0Z Nz)

{{nz,nx-1 ny}, {nx+1 ny, -nz}}
Il=RJn=MatrixExp[-i Jn 6/2]



1 2 2 g2
e 2 N TPEIYERE O (inz -V nx2 - ny2 - nz2)

- ’

2/ -nx2 - ny2-nz2

—Jinz+\/—nx2—ny2—n22)
2\ -nx2 - ny2 - nz2

_1 ) _nx2ony2_nz2

e Z'J nx£-ny4-nz< o (~i X - ny)

- +
2/ -nx2 - ny2 - nz2

1/ w2 22
ezx/nxnynze

(-1 nNX -ny) }
2/ -nx2 - ny2 - nz2 ’

1 x2onv2-nz2
{ e 2\/nX fy=-nhz 9(—1‘1nx+ny)

2/ -nx2 - ny2 - nz2

+

1 _nx@ony2-nz2
e 5\ -ny2-nz ®(inz -V -nx2-ny2 - nz2)
- +

2/ -nx2 - ny2 - nz2

1 ./ 2-nv2-nz2
@,2\/ YRR (4 nz + vV -nx2 - ny2 - nz2)

2+ -nx2 - ny2 - nz2 H
1

Rulel = {\/-an-nyZ-nz2 -1, ->-:'1}
V -nx2 - ny2 - nz2
1

{\/—nxz—nyz—nzzej, e—j}

V -nx2 - ny2 - nz2
I2=I1/.Rulel//ExpToTrig

{{Cos[g] —jnzSin[g], —jnxSin[g] —nySin[g]},
{—jnxSin[g] +nySin[§], Cos[g] +1 nz Sin[g]}}

MatrixExp[-i oz a/2]. MatrixExpl[-i oy /2] .MatrixExp[-i oz
¥/21//8implify



((3-12))
12. An angular-momentum eigenstate |j, m=m_, = j) is rotated by an

infinitesimal angle € about the y-axis. Without using the explicit form of
the d{/) function, obtain an expression for the probability for the new

mm

rotated state to be found in the original state up to terms of order &°.

Jj? z_l(j+2+j_2 —j+j_—j_j+)
4
(m= 3, [im=J)=o

J|im= )=—(J+J)(J—J+1)h2

) 2oy ] 1,.
(hm=jj3 7 im=j)==(j,m=jJ
4

The new state after the rotation is

~ ~

) =exp(- 2 o) jm= i) = [1+(——e)+ L e dim=)

The function

S

_ ) ) ) 1J . .
45, e3(2) = (iom = i) = (im = jlexp(-="2)|j.m = )

/\

(Jm—J|1+(——€)+ (— 8)|Jm i)

221

l—ljg2
2 4

S 20



Then the probability P(¢) of finding the original state | j,m= j) in the system is

P(e)=

' 2 1. 1.
A0 () = (1—2182)2 =1-3 je*

((3-13))

13. Show that the 3 X3 matrices G, (i =1,2,3) whose elements are given by
(Gg)_,tk o ihsuk’

where j and k are the row and column indices, satisfy the angular
momentum commutation relations. What is the physical (or geometric)
significance of the transformation matrix that connects G, to the more
usual 3 X3 representations of the angular-momentum operator J; with
J, taken to be diagonal? Relate your result to

VoV+ibp xV

under infinitesimal rotations. ( Note: This problem may be helpful in
understanding the photon spin.)

The matrices

0 00
G,=-in0 0 1
0 -10
00 -1
G,=-in0 0 0
10 0
0 1
G, =i -1
0 00

Using Mathematica 5.2, we can show that

A~

[G.,G,] =ing, G,

((Mathematica 5.2))

(*Sakurai 3-13*%*)



G=' {{ VYV
{{0,0,0},{0,0,
G2=-1 A {{ , 0,
{{o,0,1 n},{0,0,
G3=-i h{{0,1,0},
{{o,-1 A,0},{1i A
Gl//MatrixForm
0O O 0

0O O -1h
O 1A O
G2//MatrixForm
0 0O 1h
0 0O O
-1 O O
G3//MatrixForm
0 -1A O
1A O 0]
0 0 0
Gl.G2-G2.Gl-1 A G3//Simplify
{{o,0,0},{0,0,0},{0,0,0}}
G2.G3-G3.G2-1 A G1//Simplify
{{o,0,0},{0,0,0},{0,0,0}}
G3.G1-Gl1.G3-1 A G2//Simplify
{{o0,0,0},{0,0,0},{0,0,0}}
Eigensystem[G3]

{{o,-n,n},{{0,0,1},{1,1,0},{-1,1,0}}}

0 1},{0,-1,0}}

0}}
}

0 }.
0 -1 '

0,0,-1 {1,0,0}}
0}}

0,0,0}}

,0}}

0 {0,0,1},{
0 a},{o,1 A
0 },{0,0,0},
0,0,0},{-1 A,0
,0},{-1,0,0},{
{ ,0,0},{0,0

r

We consider the unitary operator U

1) =Ulp,), [10) =Ule,), -1)=Ulp,)
where

é3|1> - h|1>
G;|0)=0

G -1)=—#|-1)
or

[1),]0),|~1) are the eigenkets of G,.



Then we have

where
11
2 42
Gl L _ 1L g
J2. 2
o 0 1
100
U'GU=#0 0 0
00 -1

under the basis of |¢,)

Gyf1) =7l1)
G;[0)=0
é3|_1>=_h|_1>
10 0
G,=h0 0 0
00 -1

under the basis of [1),|0),|-1)

We consider the rotation operator R

lv)=Rlw)



R (6) = exp(—-4G,)

. e“ 0 0) (1-ie 0 0
&&@M:wﬁéﬂf@@ﬁk:o 1 0/=f 0 1 o0
0 0 e 0 0 1+ie
1-ie 0 0 1 -¢ 0
R(e)=U| 0 1 0 U'=le 1 0|z
0 0 1+ie 0 0 1
1 —-¢ 0Y1 1
|¢71'>:R3(5)|¢1>: e 1 0)0|=|¢ :|¢1>+5|¢2>
0 0o 1)o) (o
1 -¢ O —-&
|¢2I>:R3(5)|¢2>: e 1 0f1|=|1 =_5|¢1>+|¢2>
0 1 0
1 —¢ 0)0) (0
|¢3I>:R3(g)|¢3>: ¢ 1 0 =0 :|¢3>
0 o 1)1/ (1

These relations are similar to the rotation of vectors around the z axis by angle «.

Vo5 V=V+axV
V') (1 —¢ 0OYV,

V,"l=le 1 0]V,
v, ) lo 0 1)y,

z

e, e, e, 0 -1 0)V,
nxV=0 0 1/=(V,V,0=1 0 0]V,
vV, Y, 0 0 0LV,

((3-14))



14. a. Let J be angular momentum. It may stand for orbital L, spin S, or
Jiow-) Using the fact that J,,J,, J,(J,=J, + i) satisfy the usual
angular-momentum commutation relations, prove

J2=J2+J,J —h..

b. Using (a) (or otherwise), derive the “famous”™ expression for the
coefficient ¢ _ that appears in

J—¢’Jﬂm=c—¢;,m-l‘

(a)

(&)
H

I

(&)

+

<

ol - .- o .- ’\2 "2 o -
JJ =0, +13)J,-13)=3"+3,=i[J,,J,]

+VvY -

Since [J,,J,]1=iAJ,

(S
Il
>
N
|
(ST

JJI =32+37+n

I3 j,my=J3.2[j,m)+ 33| jm)—nd,|j,m)

A2 (i +D)| j,m) =m?a? j,m)+J.3_| j,m)—ma? j,m)
or

(om 335 my=r*[i(j+1) - m?+m]

We assume that

J|jm)=c|j,m-1)

or

(j,m3, =c"(jm-1



From these we have

o |=nyi(i+)-m?+m

When we choose a real ¢_ then we have

¢ =iy j(j+D)-m?+m=/(j+m)(j—m+1)

((3-15))
15. The wave function of a particle subjected to a spherically symmetrical
potential ¥(r) is given by

Y(x)=(x+y+3z)f(r).

a. Is ¢ an eigenfunction of L?? If so, what is the /~value? If not, what
are the possible values of / we may obtain when L? is measured?

b. What are the probabilities for the particle to be found in various m,
states?

¢. Suppose it is known somehow that J(x) is an energy eigenfunction
with eigenvalue E. Indicate how we may find V(r).

(@)
y(r)=(x+y+32)f(r)
X

X PRy N0, 4) - YO, )]
r 3

o~ /ZT”[Y;(Q,¢)+Y11(9,¢)]
Z [47[ 0
?: TYl (9’¢)

Heyes \/%[(u DY (0.9) - W=D (0.9) + VY (0,9)]
v(xy.2) =\/%[<1+i)vl1(e,¢)—(1—i)vf(e,¢)+3ﬁvl°(e,¢)]rf ("

1

i),
N L-1)]

_ 1 A=
ly) = Jﬁ[ N |L1) +31,0) +



(b)

Pl=1m=1)-1

9
Pl=1m=0)=—,
( ) 11

Pi=1m=-1)=_,
(c)

Schrddinger equation

2 2
H="" v2+V(r)——(pr L
2m r?

hl@

_|rar

r

[_h_zlé(é’ 0+ 7211 +1)
2mr a o 2mr?

+V (D)]rf (r) = Erf (r)

with | = 1.

Then we have

V()= E+h_2(rf"(r)+4f'(r)J
2m rf(r)

|

P
~
'_
+
|_
v
~
|_
+
'_
v
Il

=—(L +L)(L +L)—

L1

m) =71 —m)( + m+1)|Il,m - 1)



(Im|C_L,|Im) = 72(1 —m)(1 + m +1)

L |Im) = 7/(1+ m)(I —m + )|, m -1)

(Im|C,L|Im) = 72(1 + m)(I -m +1)

(Im|LC,|Im) = m7
(Im|C,[Im) = (Im|C, [ Im) = 0
~ ) ~ 2 1 A A A s 1 ~ o~ 1 ~ o~
(Im|L, [Im) = (Im|L, |Im>:z<lm|L L7+L7L+|Im>:Z(Im|L+L7|Im>+Z<Im|L7L+|Im>
or
~ ~ 2
(Im|L,*[Im) = (Im|L, *|Im) =—qd +1)—m?]
Consequently, the angular momentum of a particle in the state |I,m> behaves, in so far as
the mean values of its components and their squares are concerned, like a classical

angular momentum of magnitude 7+/I(I +1) having a projection m# along the z axis, but
the angle ¢ is a random variable evenly distributed between 0 and 2.



G

17. Suppose a half-integer /-value, say 3, were allowed for orbital angular
momentum. From

L.Y ,,(0,¢)=0,
we may deduce, as usual,

Yi01,2(0,9) xe®?sing .

Now try to construct Y, _,,(8,¢); by (a) applying L_ to
Yy ,2.1,2(8,¢); and (b) using L_Y; , _,,,(8,¢)=0. Show that the two
procedures lead to contradictory results. (This gives an argument against
half-integer /-values for orbital angular momentum.)

Let us suppose Y," (8,¢) with a half-integer | were possible. We choose the simplest case
(1=1/2).

From the definition,



LY} = he”‘(% +i COtea_Z)eWZ@l/z,l/z(e) =0

From this equation, we have

de @ 1
1/5’;2 = ECOt 6@1,2'1,2 )

or
®1/2,1/2(‘9) = Clx/m

or

Y7 (6,4) = C,*"*fsin 6

This expression is not permissible because it is singular at =0 and .

(a)
From the property of L_

LY} = he‘”’(—a—% +i cot@%)cze””z\/sin ]

or
12 12 Tl
LY. ¥ . =C,——co0sé 1
—11/2 1/2 3 /_Sine ( )

(b)
LY,; %= he‘”’(—i +i coté?i)e“"’”@l,2 ,(6)=0
) 06 o¢ -

From this we have

de,, ,,0) 1
1/;;2 :ECOt6®1/2,—1/2(9)

or

Y5 2(0,¢) =C,e'?sing, )



Thus the two procedures lead to contradictory results.

(*Sakurai 3-17
We define the ladder operators
*)
OGD:=Exp[-i ¢] (-D[#,0]+1 Cot[6] DI[#,¢])&
OGU:=Exp[i ¢] (D[#,0]1+1 Cot[6] DI[#,¢])&

eql = OGU[Exp[i %] X[e] ]

i 1 i¢ i
(—2 e 2 Cot[o] X[O] +e 2 X [O]
DSolveleql==0,X[6],6]

[{X{e1 »c[1] V/sSin[o] }}
OGD [Exp [ %] Vsine] |

19

e 2 Cos|[6]

e

eq2 = OGD [Exp [ -4 %] Y[el] // Simplify

1 _3i¢
5 e 2 (Cot[o]Y[O]-2Y'[6O])

DSolve[eg2=:0,Y[6], 6]

[{Yie1 »c[1] V/sin(o] }}

((3-18))

18. Consider an orbital angular-momentum eigenstate |/ =2, m = 0). Sup-
pose this state is rotated by an angle B about the y-axis. Find the
probability for the new state to be found in m=0, +1, and +2. (The

spherical harmonics for /=0, 1, and 2 given in Appendix A may be
useful.)

R=Y2,(0=0,4)R,(6)
') = R.(#R, (0)]1 =2,m = 0)

(I=2,m|y’)=(1=2,m[R,(#R, (9| =2,m=0)



From the Note-1 we have

m6.0)] = (1 =2,m[R, (AR, @)1 = 2,0)V2,(0 = 0,¢)

YO, (0=0,4) = ,/% (which is independent of ¢)

Thus we have

1=2mR@R @) =20)= '2(2450 ﬁ)];) \/E[ 0.9

We consider the case of ¢ =0.1

(1=2,m[R, (6| =2,0)= \/%[Y,mz 0,4=0)]

The probability of finding the state |I = 2,m): P(m)

P(m=0) = 4?”\\(20(0,0)\2 :%(30032 0 1)
P(m= +1)——’Y+1(¢9 O)‘ =—sm 2@cos’ 6

P(m=4+2) =

Y*Z(e 0)\ _—sm ‘0

((Note-1)) i i
n) =|%Re,) =R, (AR, (O)e,)

= >R, (AR, (9)|Im’)(Im’]e,)

m'

(Im|n) = > (Im|R,(#)R, (9)|Im’)(Im’|e,) =Z<|m|fez (#)R, (0)IM)5,..Y, (6 = 0,¢)

m'

[Y"@.4)] = (Im[R, (R, (©)[10)¥°(6 = 0,4)

where



(n[Im)=Y,"(m) =Y,"(0.9)
and
(e,|Im)=Y"(e,) = 5, .Y, (6 =0,¢) with ¢ undetermined

((Note-2)) Mathematica 5.2

Table [{m, SphericalHarmonicY[2,m,6,¢]},{m,-2,2,1}]1//TableForm

-2 1 ce‘zjcb\/lS Sin [
4

e‘ld’\/zli Cos [©] Sin [O]

\[5’( 1+ 3 Cos [6]2)

Tt

1 e1¢\[15 Cos [©] Sin [O]
e2i¢ |15 2
2 4 JZN Sin [9]

1 2,2
P[O] = Z (-1+3Cos[o]°)

-1

N [

N

411 (-1 +3Cos [6]2)?
P[l]—i in[e]? Cos[6]?
S 2
‘;’ Cos [@]ZSin [9]2
PI2] =  Sinfel®
= — n
8
3Sin[e]?
8

Plot [Evaluate[{P[0],P[1],P[2]1}],{6,0,
7t} ,PlotStyle-Table [Hue [0.3

il,{i,0,3}]1,Prolog-AbsoluteThickness [2] ,Background-GrayLeve
1[0.5]]



-Graphics-

((3-20))

20. We are to add angular momenta j, =1 and j, =1 to form j=2, 1, and
0 states. Using either the ladder operator method or the recursion
relation, express all (nine) { j, m} eigenkets in terms of |, j,3 mym,).
Write your answer as

lj=1,m= 19, #3,..

r‘”r

where + and 0 stand for m; , =1,0, respectively.

We use the relation by Clebsch-Gordan.

j1=Lj2=1(m] <1|m,|<1)

D, xD, =D, + D, +D,
(i)j=2(m<2)

m=mq+m,

L2412 (m=2)

IL141,0) jzll' oY oy




|LﬂL—D+le§ﬁ)HL—MLD(m:0)

|LHL4{E;—HL®(m

|2,—141,-1) (m =-2)

='D

(ii)j =1 (Im <1)

|1,241,0) —|[1,0)]1,1)
7 (

HJNL—QJQL—1XLD(m

|LML4%EL—”L®(m

:1)

=0)

:-n

(i) j = 0 (m = 0)

114, 1) —[1,0){1,0) + [1,~1Y1,1)
3

((Mathematica 5.2))

(*Determination of CG co-efficient
*)
(* j1=1/2,j2=1/2%)

CG[j1 ,j2 ,j 1:=Table[Sum[ClebschGordan[{jl,k1l},{j2,k2},{j,k
1+k2}] aljl,k1] bIlj2,k2] KroneckerDelta[kl+k2,m], {k1, -
31,31}, {k2,-32,32}1,{m,-3,3}

CcG[1/2,1/2,1]1//TableForm

a1, a]e( 1T
2’ 2 2’ 2
313 ko dibid
\/7 V2
al[2. Z]b[3. 2]
CG[1/2 1/2,0]//TableForm
a[3.3]10(3.-3]  a[3.-31013.3]
V2 V2

(*j1=1,j2=1%)
CG[1l,1,2]//TableForm



a[jl, -11 b1, -1

afl1,0] bil,-1] L al,-1 b[1,0]
V2 V2

arl,1] bri,-1; 2 arl,-1] bri,1;
= +\/3 a[l, 0] b[1, 0] + 5

a[1,1] b(1,0) , a[1,0] b[1,1]
2 2
arl, 11 b1, 1]

CG[1,1,1]//TableForm
ar1,0] br1,-13  a[i,-1j bi,0)

V2 V2
afl,1) br1,-17  afi,-1] b[1,1)
V2 V2
arl,1) b[1,0)  a[1,0] b(1,1]
V2 V2

CG[1,1,0]//TableForm
a[1,11b(1,-1) _ a[1,0] b(1,0] , a[l,-1) b[1,1]

V3 V3 V3

(3-21))
21. a. Evaluate
;
2 A (B)*m

me= — j

for any j (integer or half-integer); then check your answer for j = 3.
b. Prove, for any j,

J_
Y mdd(B)? = 5j(j+1)sinB +m? 2 (3cos’B ~1).

m=-— )

[Hint: This can be proved in many ways. You may, for instance,
examine the rotational properties of J* using the spherical (irreduci-
ble) tensor language.]

(@) For any j,

Y mldid(8) = Ymdil, (dih()



ZJ‘,<J mlexp( LP ) J.mym(j, mlexp(— )|J m’)

m=—j

,m)

il mlexp( 2515 mii

m=—]j

:PII—\

)

1
R

(closure relation)

‘d“’ (,b’)‘ ==(]. m|J cosf—J (Sin B)| j,m’) =m'cos B

m_,

Note that
(B3| j,m) =m’, (3, i) =
since J, :%(i +J )and <j,m'|ji|j,m‘> =0

((Note))

’B ﬂ) Jcosﬂ Jsm,B

The proof of the formula I

We use the relation

exp(xA)Bexp(-xA) = B +%[Z\, B] +X?2|[A,[A, B]] +§[A,[A,[A, Bl +...

where x:%, A=J and B=J..
Then we have

ijﬂ - _M o~ 1lip i8 PO
5, ep- 2 =3, + 205 5 2,( J[J 13, 3,04..




=J + %Zﬁ[ J1+= ('ﬁj [3,.[3, J]+—(£) [3,.[3,.[3,, 3,11+

oL 158 LB 4 123 cosg_3 s
=J[1 2(ﬂ) +.]-J.[p '3!(;1] +..]=1J,cos¢—J sinp

(b)

> () = Yl (d(s)

i

-3 (i (], )

<L 3 mten 5 et 2

- Limie)s )
<Jm Aﬂ A/s Aﬂ J Ay im)
L (mern(3, expt- 2y

1,. 2 s~ .
:F<J,m‘|[\]Z cos B — J,sin A1) j,m')
:h—12<j,m‘|[jzzcoszﬂ+ J,2sin? g —sin peos (3,3, + 3,301 j,m’)

=m* coszﬂ+%[j(j +1)—m?]sin® g

Since



%< jmid3 +33,

] ~ o ] ~ o . 1 .
(m(3 5 mY) = (Gmf3,7 m?) jom’) = A +1) - m?]

(3-22))
22. a. Consider a system with j =1, Explicitly write

G=1LmlJ|j=1,m)

in 3 X 3 matrix form.
b. Show that for j=1 only, it is legitimate to replace ¢~ */*#/* by

1- i(%)sinﬁ—(%)z(l—casﬁ).

c. Using (b), prove

d=V(B) =
(3)aveosm (5 )sing (3)a-con)
(F)oms  n (G )une
(o-eom [ (Boeens

(a)
1 i
0 — 0 0 —— o
. V2 . _ V2 10 0
Jon-—= 0 —=| J-#H—= o0 -—|, J=#0 o0 0
MNE O H N ;)
o L o o 0 00 -
7 7



(b) and (c)

Taylor expansion:

Py 01 1 Topow 1o 10y
Xp(-1 ) =14 L (1) + L (o 4 () (2 )+
where
~ 0 J -]
J, =———
y 2i
Note that
Jln=o, J o) =21y, J1-1) = J2#0)
J 1y =~2nl0y, Jl0)=+2nl-1), J|-1=0
S="Roy, Sy =2qn-l-1), 3D=—-Lo)
y J— y J_ y ﬁ
0 —L 0
2 100 1
3 I I 32 2
J =h —= 0 -——=, J=-h70 2 0
y ﬁ Jz y
0 i 0 1 0 -
N
I3 273 T4 737 23 7 232
y =03, J, =33, =r"3J,=nrJ],
I5 71473 2727 233 473
J,=3,3,=r373, =1 "=1"J,
Therefore

72

L0y +

A

7 2

exp(—%ejy) =1+ -[(-0) +%(—i0)3 +$(—i¢9)5 +.]

%(—ie)“ +.]

J J
= l——hl (isin 6) +—h%(cose—l)



1+coséd sind 1-cos@
2 22
sing 00 _sme
P 2
1-cos@ sin@d 1+coséd
2 Ny 2
We also get _
_ e” 0 0
exp(——@l)=| 0 1 0
h i
0O 0 e

which is a diagonal matrix.

(a) We use Mathematica to derive the matrix expression for the angular m omentum with
j=1.
(*Sakurai 3-22%)

(*a*)

JIX[¢+_,n_,m]:

—avV (¢-m) (¢+m+1) KroneckerDelta[n, m+ 1] +
1

— n YV (¢+m) (¢-m+1) KroneckerDelta[n, m- 1]
Jy[¢_,n_, m_]:

1

-— i a vV (@¢-m (¢+m+1) KroneckerDelta[n, m+ 1] +

—iaV@E+m) (£-m+1) KroneckerDelta[n, m- 1]

Jz[/ ,n ,m ]:=m HA KroneckerDeltal[n,m]
(*Matrices j = 1%*)

Jl=Table[Jx[1,n,m],{n,1,-1,-1},{m,1,-1,-1}]
h h h

01 __101 s 01 — ’ 01 3

oo Zop {0 o,

J2=Tab1eij[1,n,m],{n,l,—l,—l},{m,l,—1,-1}]

O’_]lhso ’ ]lhsos_]lh ’ 0,

o2 o) (22 0 -T2y

0}}

ih

. 0}}



J3=Table[Jz[1l,n,m],{n,1,-1,-1},{m,1,-1,-1}]
{{n,0,0},{0,0,0},{0,0,-n}}
J1l//MatrixForm

h
| h _h i
vz ° V2 |
i _h i
S
J2//MatrixForm
_in
0] 2 0] }
1h ih |
= 0 - == |
V! V2
ih i
° =z 9%
J3//MatrixForm
A O O
O 0 O i
O 0 -a)
(*b*)

I1={{1,0,0},{0,1,
{{1,0,0},{0,1,0},
I1l//MatrixForm
(1 0 0y

01 0]
0 0 1)

J2 1
Pl=11-i1 — Sin[B] - — J2.J2 (1-Cos[B]) // Simplify
a A

0},{0,0,1}}
{0,0,1}}

B2  Sin[B] B2
Hoos[5 ], -5 - sinl 5]
Sin [A] Sin [B] B 12 Sin[p]

——, Cos [B], - — Sin | — - Cos
(S cos a1, - S| sin 8%, S0P cos |
P1//Matriifonm8in“ﬂ ] X
(Cos[517 - sin[5]7)
| Sinig) _sinig] |
LSin[gg}z S:%f] Cos[4§}2/

(*c*)

MI2 = MatrixExp[—% 32 8] /7 Simplify



[{oos [ 517 S sin [ D],
{Si:][;_/a] , Cos [B], _Si\r}%ﬁ] b {Sin[g}z Sin (8] Cos[g]

5
MJ2//MatrixForm

[Cos[£]7 - sin[5]7)

i Sin[j3] _ Sin[g] i

2 Cos [5] vz

| i 2 Si 2 |

LSII’][%} 'v”_[z_ﬁ] Cos [ ] |

((3-24))

24. Consider a system made up of two spin 3 particles. Observer A
specializes in measuring the spin components of one of the particles
(s,.,5,, and so on), while observer B measures the spin components of
the other particle. Suppose the system is known to be in a spin-singlet
state, that is, S,,,,, =0.

a. What is the probability for observer A to obtain s,,=h /2 when
observer B makes no measurement? Same problem for 5,, = A /2.

b. Observer B determines the spin of particle 2 to be in the s,, =k /2
state with certainty. What can we then conclude about the outcome
of observer A’s measurement if (i) A measures s,, and (ii)) A4
measures 5, .7 Justify your answer,

The singlet state is given by

) =psll+)-1-+) ®
=gl e ), =511
or

)= 50, 4100



)= 50,1

Therefore |y) can be rewritten as
1,1 1 1,1 1
V)=l D), ~ D= (), =)D ), 1))

1
-+,

Apart from the overall sign, which in any case is a matter of convention, we could have
guessed this from Eq.(1), because spin-singlet states have no preferred direction in space.

(a) Observer A specializes in measuring the spin components of one of the particles (1),
while the observer M measures the spin components of the other particle.

What is the probability for the observer A to obtain S, =7/2 when the observer B
makes no measurement? Same problem for S;, =#/2.

P(S, =hl2)= ‘<+ +|1//>‘2 +‘<+—|1//>‘2 5

P(S,. =112) = ], (el +| (o =5

(b) Observer B determines the spin of particles 2 to be in the S,, =#7/2 state with
certainty. What can we then conclude about the outcome of the observer A’s
measurement if (i) A measures Sy; and (ii) A measures Six? Justify your answer.

After the measurement of S,, =7%/2 by observer B, the state becomes
v)=--+

(i)

P(S, = g) =|(+ +|1//'>‘2 +[(+ —|W'>‘2 =0

h A\ 2 0\ [2
P(S, =~ )=o)+ -1

(i)



h N 21
P8 =5) = (LW + (L) =5
h A2 21
P(Sy = =) =| () +] (v =5
((3-25))
25. Consider a spherical tensor of rank 1 (that is, a vector)
V.+ iV,
yih="F 7 —_ ASES
Using the expression for d/=1 given in Problem 22, evaluate
Zappy

and show that your results are just what you expect from the transfor-
mation properties of ¥, , . under rotations about the y-axis.

1+ cosé@ _sinH 1-cosé@
vey [T 2 T2 e
V'gl) sin@ oS0 _sme Vo(l)
V'(l) \/E . \/E V(l)
-1 1-cos@ sin@ 1+coséd |\V1
2 J2 2
On the other hand,
R, R, Ry, cospg 0 sing
R=|NR, R, R,|= 0 1 0
Ry R, R -sing 0 cospg
V,' cos 0 sin gV,
Vy' 0 1 0 Vy
V,' -sing 0 cos g)\V,



V(l) _ X - y _i _L 0 v
1 72 2 7Y
vl =]V, =l 0 0 1]V,
i 1 i
Vo V, |Vy - 0\V,
' NA NP
1(2) _i _L 0 ' _i _L 0 .
" 2 2 V, L2 2 cospg 0 sing\V,
v |=| 0 0 V,'|=] 0 0o 1] 0 1 0 |V, or
1 i 1 i .
V' — —— oV, — —— 0\=sing 0 cosp)\V,
Vil %z 2
or
o) _i _L 0 . _i _L 07l o)
V'] L2 2 cospg 0 sing 2 2 Vv,
v®i=l 0 o 1/ o 1 o0 0 0o 1|]|vY®
1 i . 1 i
V'@ — —— 0f-sing 0 cosp) — -— 0] (VY
YolV2 V2 NFEEEF '
Using Mathematica 5.2, we have
1+cosf  sing 1-cosd
vy siﬁ 0 V2 si2n 0 o
VY |=| == cos§ == |V
VI(()l) \/E R \/E Vo(l)
-1 1-cos@ sind 1+cosé V-
2 J2 2
((Mathematica 5.2))
1 i
A={{_—’ - ’ 0}1 {Os 0’ 1}’
V2 V2
1 i

(—. -

=l



(- =. L. o],

\/2 -Jz
1
{05011}! _1_ _,0
A//Matrleorm
/Jz V2 0}
0 0 li
1 |
V2 79
Inverse[A] //MatrixForm
-1 o 1
V2 V2o
vz ° NF
0 1 0 )

M={{Cos[/3],0,S:Ln[B]} {0,1,0},{- Sln[B],O,Cos[B]}}
{{cos[B],0,8in([B]1},{0,1,0},{-Sin[B],0,Cos[B]}}
M//MatrixForm )

( Cos [3] 0 SiIn|[j3] \.

| 0 1 0
\ -Sin[B] 0O Cos|[B] )
M.Inverse[A] //Simplify

?{cos[ 5%, - SN sin[ 27,

2 ?
Sin [3] Sin [3]
— ’ COS B ’ _ ’
e [8Y == 5}
B 12 Sin[B] B2
S — 1 , ——, C —
fsin( 517 S cos [ 517))
((3-26))

26. a. Construct a spherical tensor of rank 1 out of two different vectors
=(U,,U,U) and V= (V,,V,,V,). Explicitly write T{'] ; in terms

of U ,.and V_ ..
b. Construct a spherical tensor of rank 2 out of two different vectors U
and V. Write down explicitly T0) ,, , intermsof U, . and V, | ..

(@)



The spherical tensor of rank-1:

The quantity
P (X y,2)=1Y,"(6,9)

is a homogeneous polynomial of order I.

The quantity P, (x,y,2) = 1/%Trqu (8, 9) is a first order homogeneous polynomial in x, y,

and z.

Palxy.2) = [ Frvi0,9) =21
11 1 ) 3 1 ) \/E

T(l):_VfoiVy, T(l):_UX+in
' J2 ' J2
471' 0
Plvo(x,y, 7)= ?rYl (0,9)=1
T® =V, T =0

4 _ X—i
PL(XY.2) = ?”rvl 0,4) =2

72

ro YoV, ro_Y9ioiy,

7z 72

(b)

The spherical tensor of rank-2:

We use the following theorem.

When L]élkl) and \7q<2k2’ be irreducible spherical tensors of rank k; and ky, respectively.
Then



fq(k) = Z<k1’ I(2 NP | kl’ kz; K, q>L]élk1)Vq(2k2)

G, 02

is a spherical (irreducible) tensor of rank k.

(ky, K50, [ky, ky5k, 0) is the Clebsch-Gordan coefficient.
Using the Mathematica 5.2 we get

Tz(Z) = Xl(l)zl(l) =UV,

XPzZO+ XPzP UV, +UV,

T,? = -
1 \/E \/E

T _ XPzQ +2XPzP + X920 UV, +2UV, +U .V,
0 \/6 \/E

1o _ X028+ X897 UV, +UV,
-1

Z

T2(2) = xfll)zfll) =U_V,

((Mathematica 5.2))

(*Determination of CG co-efficient
*)

CG[j1 ,j2 ,j ]1:=Table[Sum[ClebschGordan[{jl,k1},{j2,k2},{j.k
1+k2}]1 XI[j1,k1]1 z[j2,k2] KroneckerDelta[kl+k2,m], {k1, -
j1,31},{k2,-32,32}1,{m, -3,3}]

CG[1l,1,2]//TableForm

X[1, -11 21, -1]

X[1,0) Z[1,-1] , X(1,-1] Z[1,0]

fi V2
X11, 1 2 X11,-1) Z2[1,1]
\/ X[1, 0] Z[1, O] + NG

X[1, 1} [1 O} n 10} [1,1]
2 V2
X[1,1]27[1, 1]




((3-27))

27. Consider a spinless particle bound to a fixed center by a central force
potential.
a. Relate, as much as possible, the matrix elements

1

(n’, ', m'|F —(x+iy)|n,l,m)y and {(n’.l’,m’|z|n, ], m)
V2

using only the Wigner-Eckart theorem. Make sure to state under what

conditions the matrix elements are nonvanishing.

b. Do the same problem using wave functions y(x)= R, ,(r)Y,"(8, $).

(n',l'm'|$%(>?+i§/)|n,l,m) =(n", I'm'T|n,1,m)

(n',I'm'|Zn, 1, m) = (", I'm' T ®|n,1,m)
We now consider the matrix element
(n' I'm'T8|n, 1, m)

with g = 0 and 1. According to the Wigner-Eckart theorem, this matrix element is equal
to zero unless

m'=m+q
I'=1+11,1-1

However, we know that

APz =-TF and z|n,I,m) = (-1)'|n,1,m)
where 7 is the parity operator.

(n' 1 m'TP|n,1,m)=0

when I'=1.

Thus the matrix element is equal to zero unless

m=mx=q
I'=1+1,1-1



((Note)) i

-I:l(l):_T1 o =1, -1 \/E

((3-28))

28. a. Write xp, xz, and (x? — y?) as components of a spherical (irreduci-
ble) tensor of rank 2.
b. The expectation value

Q=e(a, j,m=j|(3z>=r?)|a, jm= j)
is known as the quadrupole moment. Evaluate
e{a, j,m'|(x* = y?)|a, jum= j),

(where m’=j, j—1,j—2,...) in terms of Q and appropriate
Clebsch-Gordan coefficients.

(b)
Q=¢ela; jm'= j22° %2 - §%e; j,m = j) =ev/6{a; j,m'= j[T,?|a; j,m = j)
ela; j, %2 - 92| j,m = j) = ee; j,m T2 +TP|a; j,m = j)
=e(a; j, j-2[T2@|a; j,m= j)
from the Wigner-Eckart theorem

(a j[7ai)

Q=ev6(a; j,m'= j[T,?|e; j,m= j)=e6(j 2 ]0]j.2 ], J>W



e(er f,J -2 Parom=j)=e(} 2.2/ 1.2 ] J'—2>—<aj”fm"“j>

Then we have
OO )

~ 121 1_2 12;1_2
el -2 Pl jom= )P IEIEI2

Q (o §[F i)
612000120 i
ev6(j,27.0[0.2 ], i) NI
or
e<an’J_2|f_(22)|anam=J>:<J12’J’_2|J12aJ’J_2>: 1
Q V6(i.23.0i20.1)  i@i-1)
((Note-1))

R T(z)_f(Z)
Xy = =
y 21
g7 T“l(z) n 1:,(12)
- 2i
25 _ Tl(2) _ T7(12)
-2
X2+ 92220 o
NG ’

((Note-2))



(a [T )

(a; 1", m'TOa; j,m) = (j,k;m,ql j.k; j',m’) A" 2] +1

((3-29))

29.

A spin 3 nucleus situated at the origin is subjected to an external

inhomogeneous electric field. The basic electric quadrupole interaction
may by taken to be

2 2. 2
Hinr.= eQ 2 (ai) Sx2+(£_ﬂ§] S\2+(_@_L2;) -ts:_'2 s
2s(s—1)A* |\ dx* /o aye )y az° Jo

\

where ¢ 1is the electrostatic potential satisfying Laplace’s equation and
the coordinate axes are so chosen that

0% _ 3% _ % | -0
oxady |, dydz |, dx0z )0
Show that the interaction energy can be written as
A(382-8?%)+ B(S?+5%),

and express 4 and B in terms of ( 824:-/312)0 and so on. Determine the
energy eigenkets (in terms of |m), where m = 4 3, +3) and the corre-
sponding energy eigenvalues. Is there any degeneracy?

We solve the last part of the problem using Mathematica 5.2.

(* Sakurai 3-29 Spin 3/2 matrix elements*)

Sx = % {{o, ¥3, 0,0}, {V3,0,2,0},

!
{

{0, 2, 0,3}, {0, 0, V3, 0}}
0. 3 0.0}, (Y3 0,10,
2 2
V3 V3

0,1,0, *>1},{0,0, >, 0}}

Sx//MatrixForm



2
\/3
N 0 1 0
0 1 0 V3
2
0 0 V3 o
2
Sy =

~ {{o. V34,0, 0}, {¥3 4,0, -23, 0},
{0,21,0,-V31}, {0,0, V31, 0}}

i3 i3 .
({0, - 233 0,0}, {13 0, -1, 0},
(0.1,0,-2¥%) (0,0, 1Y% o))
Sy//MatrixFoer
0 -2%?7 0 0
i3 0 i 0
0 i 0 _iV3

2
0 0 ivV3 g

2
1
Sz = 5 {{3, 0,0, 0}, {0, 1,0, 0},

{0, 0, -1, 0}, {0, 0, 0, -3}}

3 1
{{.0.0,0}, {0, >.,0,0},
1 3
{0.0,-2.0},{0,0,0,->}]
Sz//MatrixForm
= 0 0 0
2
1
0 > 0 0
1
0 0 -5 0
3
0 0 0 -5



Sp=8Sx +_§ Sy
{{0,+/3, 0,0}, (0,0, 2, 0},

{0,0,0,+3}, {0,0,0,0}}
Sm=Sx-i Sy

{{0,0,0,0}, {+/3,0, 0,0},

{0,2,0,03, {0,0, V3, 0}}
H=A (3 Sz.Sz- Sx.Sx-Sy.Sy-Sz.Sz)+B(Sp.Sp + Sm.Sm)

{{3A,0,2+/38B,0}, {0, -3A, 0, 2+/3 B},

{2+/3B, 0, -3A, 0}, {0,2+/38B, 0, 3A}}
H//MatrixForm

(3A 0 2+/3B 0 )
o 3A 0 238
2438 0 3A 0 |
L0 238 0 3A

Eigensystem[H] //Simplify
[{-VoA2+12B2, -V9A2+12B2,

VOA2:12B2, VOA2+ 12 B2},

{{o, 5B , 0,1},
_ e
{\/_SA— 3A2+48 . 0.1, 0},
2B
/3 A+/3AZ,4B2
{o, > B , 0,1},

{ 2B



