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We discuss the properties of vector and tensor operators under rotations in quantum 

mechanics. We use the analogy from the classical physics, where vector and tensor of a 
quantity with three components that transforms by definition like 
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under rotation. First I will present a brief review in the case of classical physics. After 
that the properties of vector and tensor operators under rotation in quantum mechanics. 
The irreducible spherical tensor operators are introduced based on the rotation operators. 
The Cartesian tensors are decomposed into irreducible spherical tensors. The Wigner –
Eckart theorem will be discussed elsewhere. 
 
 
1. Definition of vector in classical physics 
(i) 2D rotation 

Suppose that the vector r is rotated through  (counter-clock wise) around the z axis. 
The position vector r is changed into r' in the same orthogonal basis {e1, e2}. 
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We define r and r' as 
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where 
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(ii) 3D rotation 

Next we discuss the three-dimensional (3D) case, 
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Note that 
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'jiij ee   

Then we get 
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Using the relation rr )(' z , we can write down 
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_____________________________________________________________ 
Now we consider more general case in order to get the definition of vector. 
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the expression of A can be rewritten as 
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Since the component of A is given by 
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in the old and new co-ordinate systems, we can write 
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In summary, under the rotation of the co-ordinate system, the components of the vector 
are transformed through 
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where the vector is a tensor of rank 1. Similarly, the components of the tensor are 
transformed through
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and 
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((Note)) The scalar (tensor of rank 0) is invariant under the rotation. 
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________________________________________________________________________ 
2. Vector operators in quantum mechanics 

The operators corresponding to various physical quantities will be characterized by 
their behavior under rotation as scalars, vectors, and tensors. 
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Note that  is the rotation matrix. For the rotation by the angle  around the z axis 
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We assume that the state vector changes from the old state   to the new state ' . 
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or 
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A vector operator V̂ for the system is defined as an operator whose expectation is a 
vector that rotates together with the physical system.  
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_______________________________________________________________________ 
We now consider a special case, infinitesimal rotation.  
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Using the Levi-Civita symbol, we have 
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We can use this expression as the defining property of a vector operator. 
 
Levi-Civita symbol:ijk 
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When ,ˆˆ pA  and ,ˆˆ rA   
 

kijkji piLp ˆ]ˆ,ˆ[   

 
((Mathematica)) 
 
Signature[i,j,k], which is equal to the Levi-Civita ijk . 

 
((Note)) Speherical component 
We define the spherical components as 
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We note that 
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We introduce the operators as 
 

yx ViVV ˆˆˆ  ,  yx JiJJ ˆˆˆ   

 
Using the above relation, we get 
 

zxyxyxx VJViJViVJV ˆ]ˆ,ˆ[]ˆ,ˆˆ[]ˆ,[   

 

zxyxyxx VJViJViVJV ˆ]ˆ,ˆ[]ˆ,ˆˆ[]ˆ,[   

 

zyxyyxy ViJVJViVJV ˆ]ˆ,ˆ[]ˆ,ˆˆ[]ˆ,[   

 

zyxyyxy ViJVJViVJV ˆ]ˆ,ˆ[]ˆ,ˆˆ[]ˆ,[   

 

  VJViJVJViVJV zyzxzyxz
ˆ]ˆ,ˆ[]ˆ,ˆ[]ˆ,ˆˆ[]ˆ,[   



Spherical Harmonics as rotator matrices 11 9/3/2017 

 

  VJViJVJViVJV zyzxzyxz
ˆ]ˆ,ˆ[]ˆ,ˆ[]ˆ,ˆˆ[]ˆ,[   

 
These relations in turn can be shown to lead to 
 

  VJV z
ˆ]ˆ,[  ,   VJV z

ˆ]ˆ,[   
 

0]ˆ,ˆ[  JV ,  0]ˆ,ˆ[  JV , 
 

zVJV ˆ2]ˆ,ˆ[  , zVJV ˆ2]ˆ,ˆ[  , 
 
Using the above relations, we get  
 

11
ˆ],ˆ,ˆ[   VVJz  , 11

ˆ]ˆ,ˆ[   VVJ z  , 0]ˆ,ˆ[ 0 VJ z  

 

0]ˆ,ˆ[ 1  VJ ,  0],ˆ,ˆ[ 1  VJ , 
 

011
ˆ2]ˆ,[ VVJ  , 01

ˆ2]ˆ,ˆ[ VVJ  , 

 
These satisfy the following relations 
 

qqz VqVJ ˆ]ˆ,ˆ[   

 

1
ˆ)1(2]ˆ,ˆ[   qq VqqVJ   

 
where q = 0, 1 . 
 
 
3. Example for the spin 1/2 system 

We discuss the validity of the above formula for the spin 1/2 system. 
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The rotation operator  
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333231


zyxzzz JJJRJR   

 
4. Example for the spin 1 system 
The angular momentum operator 
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
















010

101

010

2
ˆ 

xJ , 




















00

0

00

2
ˆ

i

ii

i

J y


, 




















100

000

001
ˆ zJ  

 
The rotation operator  
 





































2

cos1

2

sin

2

cos1
2

sin
cos

2

sin
2

cos1

2

sin

2

cos1

)ˆexp()(ˆ









i

ii

i

J
i

R xx


, 

 


































2

cos1

2

sin

2

cos1
2

sin
cos

2

sin
2

cos1

2

sin

2

cos1

)ˆexp()(ˆ







 yy J
i

R


 

 


























i

i

zz

e

e

J
i

R

00

010

00

)ˆexp()(ˆ


 

 






















00

0

00

2
)(ˆˆ)(ˆ








i

ii

i

zxz

e

ee

e

RJR


 

 

























00

0

00

2
)(ˆˆ)(ˆ








i

ii

i

zyz

ie

ieie

ie

RJR


 

 




















100

000

001

)(ˆˆ)(ˆ  zzz RJR  

 
The rotation matrix: 
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













 


100

0cossin

0sincos

)( 


z  

 






















00

0

00

2
ˆˆˆ)(ˆˆ)(ˆ

131211







i

ii

i

zyxzxz

e

ee

e

JJJRJR


 

 

























00

0

00

2
ˆˆˆ)(ˆˆ)(ˆ

232221







i

ii

i

zyxzyz

ie

ieie

ie

JJJRJR


 

 




















100

000

001
ˆˆˆ)(ˆˆ)(ˆ

333231 zyxzzz JJJRJR   

 
4 Scalar (tensor of rank zero) 
 
The scalar is invariant under the rotation. In quantum mechanics, we may write 
 

BABA .ˆ''ˆ'    

 
where B denotes an arbitrary vector and also rotates with the system into the vector B'. 
This can be rewritten as 
 

BABA  ˆ')ˆˆˆ( RR  
 
or 
 

BABA  RR ˆˆˆ'ˆ  
 
Then we have 
 

 
j

jj
i

ii BRARBA )ˆˆˆ('ˆ  

 
Using the relation 
 


j

jiji BB '  
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we get 
 

  
j

jj
j i

jiji BRARBA )ˆˆˆ()ˆ(  

 
or 
 

 

i
ijij ARAR ˆˆˆˆ  

 
5. Cartesian tensor operators 

The standard definition of a Cartesian tensor is that each of its suffix transforms under 
the rotation as do the components of an ordinary 3D vector. The Cartesian tensor operator 
is defined by 
 

 kl
lk

jlikij TT  
,

'ˆ'  

 
under the rotation specified by the 3x3 orthogonal matrix  . 
 

  RTRT kl
lk

jlikij
ˆˆˆˆ

,

 

 
The simplest example of a Cartesian tensor of rank 2 is a dyadic formed out of two 

vectors Û  and V̂ .  
 

jiij VUT ˆˆˆ   

 
where iÛ  and iV̂ are the components of ordinary 3D vector operators. There are nine 

components: 1+3+5 = 9. This Cartesian tensor is reducible. It can be decomposed into the 
three parts. 
 

)
3

ˆˆ

2

ˆˆˆˆ
(

2

ˆˆˆˆ

3

ˆˆ
ˆˆ

ij
ijjiijji

ijji

VUVUVUVU
VU  VUVU 










  

 

The first term on the right-hand side, VU ˆˆ   is a scalar product invariant under the rotation 
(corresponding to j = 0) 
 
The second is an anti-symmetric tensor which can be written as  
 

kijk )ˆˆ( VU   

 
There are 3 independent components (corresponding to j = 1). 
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


















0

0

0

2313

2312

1312

AA

AA

AA

 

 
where 
 

2

ˆˆˆˆ
ˆ ijji

ij

VUVU
A


  

 
The third term is a 3x3 symmetric traceless tensor with 5 independent components (=6-
1), where 1 comes from the traceless condition (corresponding to j = 2). 
 

















332313

232212

131211

SSS

SSS

SSS

 

 
with 0332211  SSS , where 

 

ij
ijji

ij

VUVU
S 

3

ˆˆ

2

ˆˆˆˆ VU 



  

 

In conclusion, the Cartesian tensor jiij VUT ˆˆˆ   can be decomposed into irreducible 

spherical tensors of rank 0, 1, and 2. The Cartesian tensors are not very suitable for 
studying transformations under rotations, because they are reducible whenever their rank 
exceeds 1. It is therefore interesting to consider irreducible spherical tensors. 
 
7. Irreducible spherical tensor 

Notice the numbers of elements of these irreducible subgroups: 1, 3, and 5. These are 
exactly the numbers of elements of angular momentum representations for j = 0, 1, and 2. 
 
The first term is trivial: the scalar by definition is not affected by rotation, and neither is 
an j = 0 state. 
 

To deal with the second and third terms, we introduce tensor operators having three 
and five components, such that under rotation these sets of components transform among 
themselves just as do the sets of eigenkets of angular momentum in the j = 1 and j = 2 
representation, respectively. 
 

Suppose we take a spherical harmonics )(),( nm
l

m
l YY  , where the orientation of 

the unit vector n is characterized by  and .  
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We now replace n by some vector V̂ . Then we have a spherical tensor of rank k (in 
place of l) with magnetic quantum number (in place of m). 
 

)ˆ()( Vqm
kl

k
q YT 

  

 
where 
 

)ˆ()ˆ()( VVn q
k

qm
kl

m
l TYY  

  

 
The quantity  
 

),(),,(, m
l

l
ml YrzyxP   

 
is a homogeneous polynomial of order l. 
 

The quantity ),(
3

4
),,( 1,1  q

q rYzyxP   is a first order homogeneous polynomial in x, y, 

and z. 
 
(i) 
 

2
),(

3

4
),,( 1

11,1

iyx
rYzyxP


 

 

 

2

ˆˆ
)1(

1
yx ViV

T


  

 
(ii) 
 

zrYzyxP  ),(
3

4
),,( 0

10,1 
 

 

zVT ˆ)1(
0   

 
(iii) 
 

2
),(

3

4
),,( 1

11,1

iyx
rYzyxP


 

 
 

 

2

ˆˆ
)1(

1
yx ViV

T


  
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The above example is the simplest nontrivial example to illustrate the reduction of a 
Cartesian tensor into irreducible spherical tensors. 
 

)ˆ()( Vqm
kl

k
q YT 

  

 

nnn  R̂'  

 

nnn  R̂'  

 
Using the closure relation, 
 

mlRmlmlmlR
m

,ˆ',',,ˆ
'

   

 
mlRmlmlmlRml

m

,ˆ',',,ˆ,'
'

  nnn  

 
or 
 

*

'

' ',ˆ,)()'( mlRmlYY
m

m
l

m
l  nn  

 

',ˆ,)ˆ()(
', mlRmlRD l

mm   

 
If there is an operator that acts like )ˆ(Vm

lY , it is then reasonable to expect 

 

)ˆ()ˆ(',ˆ,)ˆ(ˆ)ˆ(ˆ *)(
'

'

'*

'

' RDYmlRmlYRYR l
mm

m

m
l

m

m
l

m
l   VVV  

 
from the relation 
 

RYRY m
l

m
l

ˆ)ˆ(ˆ)'( Vn  , )ˆ()( '' Vn m
l

m
l YY   

 

We define a spherical tensor operator of rank k as a set of 2k+1, )(ˆ k
qT , q = k, k-1,…, -k 

such that under rotation they transform like a set of angular momentum eigenkets, 
 




 
k

kq

k
q

k
qq

k
q TRDRTR

'

)(
'

*)(
'

)( ˆ)ˆ(ˆˆˆ , (1) 

 
where 
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)ˆ(ˆ )( Vqm
kl

k
q YT 

   [q = k, k-1, ….., -k+1, -k; (2k+1) components)] 

 

',ˆ,)ˆ()(
' qkRqkRD k

qq   

 
or 
 

qkRqkqkRqkRD k
qq ,ˆ',',ˆ,)ˆ(

**)(
'

  

 
with q = k, k-1,…, -k. This can be rewritten as 
 




 
k

kq

k
q

k
qq

k
q TRDRTR

'

)(
'

)(
'

)( ˆ)ˆ(ˆˆˆ  

 

The switching of  RR ˆˆ  leads to another expression 
 




 
k

kq

k
q

k
qq

k
q TRDRTR

'

)(
'

)(
'

)( ˆ)ˆ(ˆˆˆ  (2) 

 
Considering the infinitesimal form of the expression (1), we have 
 













k

kq

k
q

k
q qk

i
qkT

i
T

i

'

)(
'

)( ,
ˆ

1̂',ˆ)
ˆ

1̂(ˆ)
ˆ

1̂(


nJnJnJ 
 

 
or 
 





k

kq

k
q

k
q

k
q

k
q qkqkT

i
TT

i
T

'

)(
'

)()()( ,ˆ',ˆˆ]ˆ,ˆ[ˆ nJnJ



 

 
or 
 





k

kq

k
q

k
q qkqkTT

'

)(
'

)( ,ˆ',ˆ],ˆ[ nJnJ  

 
In general, we have 
 





k

kq

k
q

k
q qkqkTT

'

)(
'

)( ,ˆ',ˆ],ˆ[ JJ  

 
For n = ex, ey, ez 
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)(

'

)(
'

)( ˆ,ˆ',ˆ],ˆ[ k
q

k

kq
z

k
q

k
qz TqqkJqkTTJ  



 (3) 

 





k

kq
x

k
q

k
qx qkJqkTTJ

'

)(
'

)( ,ˆ',ˆ],ˆ[  

 





k

kq
y

k
q

k
qy qkJqkTTJ

'

)(
'

)( ,ˆ',ˆ],ˆ[  

 

)(
1

'

)(
'

)( ˆ)1)((,ˆ',ˆ],ˆ[ k
q

k

kq

k
q

k
q TqkqkqkJqkTTJ 


     (4) 

 
where 
 

1,)1)((,ˆ  qkqkqkqkJ   

 
These two commutation relations can also be taken as a definition of a spherical tensor of 
rank k. 
 
We now consider  
 




 
k

kq

k
q

k
qq

k
q TRDRTR

'

)(
'

)(
'

)( ˆ)ˆ(ˆˆˆ  

 
This equation is rewritten as 
 





k

kq

k
q

k
qq

k
q RTRDTR

'

)(
'

)(
'

)( ˆˆ)ˆ(ˆˆ  

 
Then have 
 



 









k

kq

k
q

m

j
mm

k
qq

k

kq m

k
q

k
qq

k
q

mjTRDRD

mjRmjmjTRDmjTR

'

)(
'

'

)(
'

)(
'

' '

)(
'

)(
'

)(

',ˆ)ˆ()ˆ(

,ˆ',',ˆ)ˆ(,ˆˆ

 

 
(a) Spherical tensor operator of rank 1 

The spherical tensor operator of rank 1 is related to the vector operator by the 
relation, 
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2

ˆˆ
ˆ )1(
1

yx ViV
T


 , zVT ˆˆ )1(

0  , 
2

ˆˆ
ˆ )1(

1
yx ViV

T


  

 

The vector operator V̂ satisfies the commutation relation. 
 

kijkji ViJV ˆ]ˆ,ˆ[   

 
Using this relation, we can show that 
 

)1(
1

)1(
1

ˆ)ˆˆ(
2

1
]ˆ,ˆˆ[

2

1
]

2

ˆˆ
,ˆ[]ˆ,ˆ[ TVViJViV

ViV
JTJ xyzyx

yx
zz  


  

 

)1(
1

)1(
1

ˆ)ˆˆ(
2

1
]ˆ,ˆˆ[

2

1
]

2

ˆˆ
,ˆ[]ˆ,ˆ[  


 TVViJViV

ViV
JTJ xyzyx

yx
zz   

 
0]ˆ,ˆ[]ˆ,ˆ[ )1(

0  zzz VJTJ  

 
where 
 

yyzx ViViJV ˆˆ]ˆ,ˆ[ 132    ,  xxzy ViViJV ˆˆ]ˆ,ˆ[ 231    . 

 
((Note)) 
Using 
 

2

ˆˆ
1̂

yx ViV
V


 , zVV ˆ

0̂  , 
2

ˆˆ
ˆ

1
yx ViV

V


  

 

the vector operator V̂  van be expressed as 
 




 
1

1
110011

ˆ)1(ˆˆˆˆˆˆ



 uuuueeeV VVVVVVV zzyyxx  

 
where 
 

2
1

yx iee
u


 , 

2
1

yx iee
u


 , zeu 0 . 

 
The orthonormality relation of these new unit vectors is 
 


  )1(','  uu  
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Thus the ordinary scalar product of two vectors has the form 
 

)ˆˆˆˆ(ˆˆ

ˆ)1(

)(ˆ)1(ˆˆ

111100

,

',
''

'


















WVWVWV

WV

WV









 uuWV

 

 
(b) Spherical tensor operator of rank 2 
 
Spherical tensor of rank 2 
 
(i) 
 

6

]
2

))((

2

))((
2[

8

15

)3(
16

5

),(),,(

2

22

0
2

2
0,2

iyxiyxiyxiyx
z

rz

YrzyxP



















 

 
which corresponds to 
 

6

ˆˆˆ2ˆˆ

8

15ˆ
)1(

1
)1(

1

2)1(
0

)1(
1

)1(
1)2(

0

TTTTT
T  




  

 
(ii) 
 

22
2

2
2,2 )

2
(

16

15
),(),,(

iyx
YrzyxP


 

 
  

 
which corresponds to 
 

 2)1(
1

)2(
2

ˆ
16

15ˆ
  TT


 

 
(iii) 
 

22

)()(

8

15
),(),,( 1

2
2

1,2

ziyxiyxz
YrzyxP





  
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which corresponds to 
 

2

ˆˆˆˆ

8

15ˆ
)1(

0
)1(

1
)1(

1
)1(

0)2(
1

TTTT
T 






 

 
(iv) 
 

22

)()(

8

15
),(),,( 1

2
2

1,2

ziyxiyxz
YrzyxP


 

 
  

 
which corresponds to 
 

2

ˆˆˆˆ

8

15ˆ
)1(

0
)1(

1
)1(

1
)1(

0)2(
1

TTTT
T





 

 
8 Product of tensors (CG) 
 
((Theorem)) 

Let )( 1

1

ˆ k
qX  and )( 2

2

ˆ k
qZ  be irreducible spherical tensors of rank k1 and k2, respectively. 

Then 
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2
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k
q

k
q

k
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is a spherical (irreducible) tensor of rank k, where 
 

qkkkqqkk ,;,,;, 212121  

 
is the Clebsch-Gordan (CG) coefficient. 
 
((Proof)) 
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(Clebsch-Gordan series) 

 
where 
 

21212111
...1 kkkkkkkk DDDDD   , 

 
or 
 

||,...,1," 212121 kkkkkkk  . 
 
Orthogonality of the Clebsch-Gordan coefficient 
 
 

',',212121
,

212121 2211
,;,',';,,;,,;, mmmm

mj

mjjjmmjjmjjjmmjj   

 
and 
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',',212121
,

212121 ',';,,;,,;,,;,
21

mmjj
mm

mjjjmmjjmjjjmmjj   

 
9 Tensor of rank 2 from CG 

In the case of 
 

01211 DDDDD   

 
we consider the case k = 2 for k1=1 (q1 = 1, 0, -1), and k2 = 1 (q2 = 1, 0, -1): 
 

211 DDD   
 

 
 
We use the values of CG. 
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When iii xVU ˆˆˆ   (in a special case), we have 
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Therefore we have the following relations. 
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((Note)) We use the commutation relations; 
 

0]ˆ,ˆ[ yx , 0]ˆ,ˆ[ zy . 
 
10 Tensor of rank 1 from CG 

We consider the case k = 1 for k1=1 (q1 = 1, 0, -1), and k2 = 1 (q2 = 1, 0, -1): 
 

111 DDD   
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This tensors can be written in terms of its Cartesian components as 
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This is, up to a factor, nothing but the ordinary vector product. 
 
11 Tensor of rank 0 from CG 

We consider the case k = 0 for k1=1 (q1 = 1, 0, -1), and k2 = 1 (q2 = 1, 0, -1): 
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APPENDIX 

We consider the rotation operator for the angular momentum J = ħ.  
 

  )ˆexp(ˆ  zz J
i

R


  

 

We calculate RJR i
ˆˆˆ   for i = 1 (x), 2 (y), and 3(z), and compare these with j

j
ij Ĵ  
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



 
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0cossin

0sincos




z  

 
Here we present the calculation for J = 3/2 using the Mathematica program. 
 
((Mathematica)) 
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Matrices j = 3/2

Clear"Global`"; j  3  2;

exp_  : exp . Complexre_, im_  Complexre, im;

Jxj_, n_, m_ :
—

2
j  m j  m  1 KroneckerDeltan, m  1 

—

2
j  m j  m  1 KroneckerDeltan, m  1;

Jyj_, n_, m_ : 
—

2
 j  m j  m  1 KroneckerDeltan, m  1 

—

2
 j  m j  m  1 KroneckerDeltan, m  1;

Jzj_, n_, m_ : — m KroneckerDeltan, m;

Jx  TableJxj, n, m, n, j, j, 1, m, j, j, 1;

Jy  TableJyj, n, m, n, j, j, 1, m, j, j, 1;

Jz  TableJzj, n, m, n, j, j, 1, m, j, j, 1;

Jx  MatrixForm

0 3 —

2
0 0

3 —

2
0 — 0

0 — 0 3 —

2

0 0 3 —

2
0
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Jy  MatrixForm

0  1
2
 3 — 0 0

1
2
 3 — 0  — 0

0  — 0  1
2
 3 —

0 0 1
2
 3 — 0

Jz  MatrixForm

3 —

2
0 0 0

0 —

2
0 0

0 0  —

2
0

0 0 0  3 —

2

Rotation around the z axis

A1z  MatrixExp
—

Jz  .Jx. MatrixExp 
—

Jz   Simplify;

A1z  MatrixForm

0 1
2

3   — 0 0

1
2

3   — 0   — 0

0   — 0 1
2

3   —

0 0 1
2

3   — 0
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A2z  MatrixExp
—

Jz .Jy.MatrixExp 
—

Jz   Simplify;

A2z  MatrixForm

0  1
2
 3   — 0 0

1
2
 3   — 0    — 0

0    — 0  1
2
 3   —

0 0 1
2
 3   — 0

A3z  MatrixExp
—

Jz .Jz.MatrixExp 
—

Jz   Simplify;

A3z  MatrixForm

3 —

2
0 0 0

0 —

2
0 0

0 0  —

2
0

0 0 0  3 —

2

Mz  RotationMatrix, 0, 0, 1
Cos, Sin, 0, Sin, Cos, 0, 0, 0, 1

Mz  MatrixForm

Cos Sin 0
Sin Cos 0

0 0 1
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B1z  Mz1, 1 Jx  Mz1, 2 Jy  Mz1, 3 Jz  FullSimplify;

B2z  Mz2, 1 Jx  Mz2, 2 Jy  Mz2, 3 Jz  FullSimplify;

B3z  Mz3, 1 Jx  Mz3, 2 Jy  Mz3, 3 Jz  FullSimplify;

A1z  B1z  Simplify

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

A2z  B2z  FullSimplify

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

A3z  B3z  FullSimplify

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0
Rotation around the y axis

A1y  MatrixExp
—

Jy  .Jx. MatrixExp 
—

Jy   Simplify;

A1y  MatrixForm

3
2
— Sin 1

2
3 — Cos 0 0

1
2

3 — Cos 1
2
— Sin — Cos 0

0 — Cos  1
2
— Sin 1

2
3 — Cos

0 0 1
2

3 — Cos  3
2
— Sin
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A2y  MatrixExp
—

Jy .Jy.MatrixExp 
—

Jy   Simplify;

A2y  MatrixForm

0  1
2
 3 — 0 0

1
2
 3 — 0  — 0

0  — 0  1
2
 3 —

0 0 1
2
 3 — 0

A3y  MatrixExp
—

Jy .Jz.MatrixExp 
—

Jy   Simplify;

A3y  MatrixForm

3
2
— Cos  1

2
3 — Sin 0 0

 1
2

3 — Sin 1
2
— Cos — Sin 0

0 — Sin  1
2
— Cos  1

2
3 — Sin

0 0  1
2

3 — Sin  3
2
— Cos

My  RotationMatrix, 0, 1, 0; My  MatrixForm

Cos 0 Sin
0 1 0

Sin 0 Cos
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B1y  My1, 1 Jx  My1, 2 Jy  My1, 3 Jz  FullSimplify;

B2y  My2, 1 Jx  My2, 2 Jy  My2, 3 Jz  FullSimplify;

B3y  My3, 1 Jx  My3, 2 Jy  My3, 3 Jz  FullSimplify;

A1y  B1y  Simplify

0,
1
2
 3 — My1, 2, 0, 0,  1

2
 3 — My1, 2, 0,  — My1, 2, 0,

0,  — My1, 2, 0,
1
2
 3 — My1, 2, 0, 0, 

1
2
 3 — My1, 2, 0

A2y  B2y  FullSimplify

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

A3y  B3y  FullSimplify

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0
Rotation around the x axis

A1x  MatrixExp
—

Jx  .Jx. MatrixExp 
—

Jx   Simplify;

A1x  MatrixForm

0 3 —

2
0 0

3 —

2
0 — 0

0 — 0 3 —

2

0 0 3 —

2
0
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A2x  MatrixExp
—

Jx .Jy.MatrixExp 
—

Jx   Simplify;

A2x  MatrixForm

 3
2
— Sin  1

2
 3 — Cos 0 0

1
2
 3 — Cos  1

2
— Sin  — Cos 0

0  — Cos 1
2
— Sin  1

2
 3 — Cos

0 0 1
2
 3 — Cos 3

2
— Sin

A3x  MatrixExp
—

Jx .Jz.MatrixExp 
—

Jx   Simplify;

A3x  MatrixForm

3
2
— Cos  1

2
 3 — Sin 0 0

1
2
 3 — Sin 1

2
— Cos  — Sin 0

0  — Sin  1
2
— Cos  1

2
 3 — Sin

0 0 1
2
 3 — Sin  3

2
— Cos

Mx  RotationMatrix, 1, 0, 0; Mx  MatrixForm

1 0 0
0 Cos Sin
0 Sin Cos

B1x  Mx1, 1 Jx  Mx1, 2 Jy  Mx1, 3 Jz  FullSimplify;

B2x  Mx2, 1 Jx  Mx2, 2 Jy  Mx2, 3 Jz  FullSimplify;

B3x  Mx3, 1 Jx  Mx3, 2 Jy  Mx3, 3 Jz  FullSimplify;

A1x  B1x  Simplify

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

A2x  B2x  FullSimplify

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

A3x  B3x  FullSimplify

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0


