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1. Overview

The simple harmonics (or harmonic oscillator) is one of the most important topics in quantum

mechanics. It can be solved in both classical and quantum mechanics. The annihilation operator
a and creation operators @ and are expressed in terms of the combination of the position
operator x and the momentum operator p, where the units of @ and a" are dimensionless.
When undergraduate physics students start to learn such topics and encounters elegant form of

a and a* due to Dirac, they may have some struggles in understanding the physical meaning.

The operator method for solving the quantum mechanics of simple harmonics appears to be

magic.

In this article, we discuss how new operators é and K (dimensionless) are related to x and

D5 =g p__p_k_,
h mho hpB P

with the commutation relation [é, Kl=i 1. The annihilation operator and creation operator can be

expressed by
.

&=%(é+iz€), a ﬁ(é—ik).

We also show that the eigenkets |§> and |K‘> are related to |x> and | p> as



|§>=ﬁ|x>, %) =B p),

respectively. The eigenket |W> of the Hamiltonian in the |§> and |K‘> representations are
defined by <§ | W> =y(&) and <K‘|l//> =/ (k). The function y(x) is the Fourier transform of the

function w (&)

(elw) = Jatm (el ) (xly) == [ axe (<)

using the closure relation with the transformation function.
Here we discuss the wave function of simple harmonics (quantum mechanics and classical
limit) with the use of Mathematica. The differential operators of the creation operator and the

annihilation operator is used for the derivation of the Hermite polynomials. We use the

differential operators of g and 4",

v = %(5 —%)w@).
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In Mathematica, we use the following expressions

a*

(elaly) > pEneDiDe, (2

)5 EH-DI2D&.

where the symbols (D, # and &) are used for the differential operators in the Mathematica
program. The use of such notations may be useful to understanding the essential points in simple
harmonics. Here we use "simple harmonics", instead of "harmonic oscillator. There are so many

useful textbooks on the quantum mechanics on simple harmonics without the use of Mathematica.

2 Introduction of dimensionless operators x andg‘2



The Hamiltonian of the simple harmonics is given by

H :L[oz +lma)2fc2,
2m 2

where o is the angular frequency, p and x are the momentum and position operators. Here we

introduce the new operators (K andé ) with the dimensionless units) instead of p and x. To

this end, we use the energy equipartition law in the classical limit, such that

2m 2 Jmho hmho BB B
and
1 5 5 1 ma
—mo'x" =—ho —Xx=pfx=
MY VT
with

p = hk =hpfx

Here we note that the phase factor of the plane wave form wave function is given by

%px=%(hﬂl<)%=l€§,
with
_ _k
E=pr kel



The parameter S is defined by

B = m7a) (the units of £ 1/cm)

The Hamiltonian can be rewritten as

~ 1 1
H=—p"+—ma’s*
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The commutation relation:

[%,6]= [—ﬂpﬂ ]——[f?,i]——

3. Creation operator and annihilation operators

Next, we introduce the annihilation and creation operators, The annihilation operator is

defined by

The annihilation operator is



- i)
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and the creation operator is
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Note that the commutation relation is
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with  [&,E]=-1.

4. Number operator

We note that the occupation number operator is definrd by



i=a’
1

3 (& —iR)(E+iR)

. %(éz )

— @)

or
RE+E2=2h+1.

So that, the Hamiltonian H can be rewritten as
H =%hw(1€2 +E) = ho(h +%i) .

We note that

I
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The average:
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Heisenberg's principle of uncertainty:



(AE)(AK)=n +% > %

We note that

. (equipartition law)
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2

The matrix elements of é and x is

<n'|&+&+|n>
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5. The eigenket of the Hamiltonian

|n> is the eigenket of the number operator;
So that, we have

1*:[|n>=ha)(ﬁ+%i)|n>=ha)(n+%l)|n>



We note that

a* |n> =+n+l1 | n+ l> , (creation operator)
&| n> = \/; | n-— l> , (annihilation operator)

where n =0, 1, 2, 3, .... (integers). |n> can be expressed by

1

7)== @)

0),

where a 0> =0

6. Dirac notation

Here we introduce the kets |§> and |K> , which are defined by

go)=cl) )= el
From the definition of the Dirac delta function, we have

(&lem=6(5-&M
=o(fx'-px")
=%5(x'—x”)
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and



k'—k"
' n :é‘
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(p'|p")=Slnp(x'-x")]
1
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These results lead to the following relations for kets,

|f>=ﬁ|x>, 1) =Bk - |p>=ﬁ|x>

7. Transformation function

We have transformation function given by

(+] p) =—=exptc pr)

27h
_ LS
—meXp(hhﬂKﬂ)

1
N exp(ik¢)

Since

we get a new transformation function
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(&]x) = \/;_ﬂ_exp(ilcf), (k] &) =(&]x) = \/;_ﬂexp(—ilcf).

8. The |£) and |«) and representation of |y/)
The |§> representation of |W> is related to the |K‘> representation of |W> by the closure

relation as

(elw)=[ar(c|e)(xly)

=ﬁjd"€”§ (xlv)
and
(elw) = Jas(x]€)(cly)
= [aze = ely)
Note that

1

(elv) = Jan—g=e (alv)

_ i [de (& |p) [dree
1 ' ' -
= —[ds (¢ lw)2mse -y

= [de (& y)oE-¢)
=(&lv)

with the use of the Dirac delta function
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[dre* 2 =275(2-¢,
and
Idéeig('“"') =2m0(k—K").

9. Differential operators for the creation and annihilation operators

We start with the relation

(x

V) =2 (xly)

p T
I Ox

and
(plly) =2 {olv)
Using the relations

|e>=ﬁ|x>, K=yBIK) . |p)=

we get
_La
(6lélv) =22 el
and
A .0
(xlSlw)=i——{x]w)
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Using the above relations, we find the expression of the differential operators for the annihilation
and creating operators.

&=T(§+i13), \/—(é iK)
We get
(¢lalv)= T<§|§+"<IW>
T(§+—><§|w>
and
(£1a°lv) = (€1 =ixlv)

=T(§——)<§|t/f)
Using the relations,
i |n)=n+1|n+1)
and
a|n)=~n|n-1)

we get the general expression
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n)y=——a
=7
From this relation, we have

(¢]m)=—7=(cla"

0)

-

1

0
——{Elo
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10.  Wave function of the ground state (£|0)

The ground state |0) is defined by

0)=0.

Using the relation,

A

a

(¢

0) =75 (£]£+ik]o)

BRI
- El)

we get the first order differential equation
22(el)=—¢(elo
og

The solution of this first order differential equation is

(¢]0) = Cexp(-<))
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where C can be determined from the normalization condition of the wave function
1=(0f0)= J £(0l¢)(¢lo)= Idé\ (elo)f
or

jdé\ £lo) =|c|’ jdéexp( £
=|c[’ V=

Thus, we have

(&]0y=7" exp(_%

Then we get the expression of the wave function <§ | n> as

e R

0 exp(_ S
o ,f)m(é Oy exn(-)

As will be proofed using Mathematica, we get the formula
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and

(:——§> exp(- 5—) (1)’ exp(i) e

-1 exnS) aa;

— 1y exp(—5—>exp(:> exp(—£)

o&"
—exp(- ) H(n.6)

$

e

5)

exp(—¢&?)

Here, the Hermite polynomial is defined by

Using the above expression finally we get the form
52

1

We also note that
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()= [ aglale) i)

= [ a(&ln) {&]n)

1 1 R 5 '
= T ey | 4R HH ()
=0,

or
T dEexp(-E)H (n,E)H (n,E) = (2" nNx)8,,

((Example)) from Arfken
Show that

[ & exp-£)(n,, 0 (n,, &) =T nin 1)
((Proof)))
= sz exp(=¢*)H (n,,§)H(n,,$) =J22"n!(n+%>

Using the expression of <§ | n>,

I Sy
(&[m)= mexp( H, (£)
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I=\/;2"n!.[§2 <n|§><§|n>Hn(§)
=x/;2"n!<n|éz|n>
=x/;2"n!(n+%)

((Mathematica Program-1))
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Creation operator and annihilation operator

a* (CR; creation operator)
a (AN: annihilation operator)

Clear["Global %"];

1
— (§# +D[#, €]) &;

AN : =
\2
CR==L (§# -D[#, &]) &;
2

Ground state wave function

21 = AN[¥1[£]] == @ // Simplify
EYL[E] +Y1' [E] =@

22 = DSolve[f21, Yy1[&], &]

({nie1 7 o))

Y1[e, £ ] :=y1[£] /. F22[1] //. {c; » n" ¥/}

19



Y10, &1 :=y1[€] /. F22[1] //. {3 » 7/}

y1[e, €]

Wave function @2[n,£] in the real £ space (in general case)

Yyl[n_, &£ ] := Nest[CR, ¥1[0, &1, n] //

n!

FullSimplify

Table[{n, Y1[n, §1}, {n, 0, 10}] //
TableForm[ #, TableHeadings -
{None, {"n", "¥[n,E]1"}}] &
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1/
&
1 V2e 2 ¢
i/a
£2
> e 2 (-1.2¢2)
,\/5 7.[.1/4
£2
5 e 2 g(-3:2¢2
3 n1/4
£2
4 e 2 (3.4%(-3.£7))
2 6 n1/4
£2
c e 2 € [f1s+4§2 (-5+§2))
2 15 7T1/4
E
6 e 2 (-15.9052-60£%+8¢°)
12 /5 n1/4
£2
. e 2 ¢(-105-210£2-845%-8¢°)
6 V70 ~/4
£2
i
g e 2 (105-840 £2-840 £4-224 £%+16 £8)
24 /70 ~1/4 )
£2
e 2 & |
g £ (94548 £2 (-315+189 £2-36 £4+2 £
72 \35 /4 -
£2
e 2 (-945+ 2 '
16 _‘ 9450 £2+8 &% (-1575+630 £2-90 £4-4 £8) |

720 7 x1/4
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((Mathematica Program-2))

Simple Harmonics wave function
Plot of probability ; P[n,&]=w[n,&J?
Clear["Global %"];

2
y[n_, &1 := 2-n/2 i (n!)'l/2 Exp[-i]
2

HermiteH[n, £1];
Pln_, £1:=¥[n, £1%;

pti[n_] :=Module[ {f1, f2},
f1 = Plot [Evaluate[P[n, £]]1, {&, -6, 6},
PlotPoints -» 100, PlotRange - All,
PlotStyle » {Red, Thick},
DisplayFunction -» Identity, Frame - True];
f2 =
Graphics|
{Text [Style["n=" <> ToString[n], Black, 15],
{4, ©.4}], Arrowheads[©.05], Blue,
Thick, Arrow[{{©, @}, {©, ©.6}}],
Arrow[{{-6, ©}, {6, ©}}],
Text[Style["&", Black, Italic, 15],
{5, 6.05}] ,
Text[Style["P[n,&]", Black, Italic, 12],
{-3,0.5}]11}1];
Show[fl, f2]];
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pt2 = Evaluate[Table[ptl[n], {n, @, 12}]];

Show[GraphicsGrid[Partition[pt2, 2]]]
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06F
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Pin,¢]
n=1
£
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0.4} n=6 { 04} n=7

Fig. Plot of the probability density P (&)= Ké | n>‘2 as a function of £ forn=1-11.

((Mathematica Program-3))
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Formula
(-1)"Exp[&*] ~D[Exp[-&*], {&, n}]|==Hermite
H[n,¢]

Proof

Clear["Global +"];
H[n_, ] =
(-1)"Exp[£*] “D[Exp[-£°], (£, n}]

f1 = Table[{n, H[n, &1}, {n, ©, 5}] //
Simplify //

TableForm[#, TableHeadings -
{None, {"n", "H[n,&]1"}}] &
H(n,<&]

1

2E

~33 8 £*
4¢(-3+2¢?%

4 (3-12&2+4¢%
8¢ (15-20&2+4 &%)

Vi A W N = ®|>S
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f2 =
Table[{n, HermiteH[n, €]}, {n, ©, 5}] //
TableForm[#, TableHeadings -
{None, {"n", "HermiteH[n,£]1"}}] &

12 -48¢2+16 &4
120 £ - 160 &3 + 32 &°

n HermiteH[n, <]
9 1

1 2§

2 @ 8L

3 A2 E+BE

4

5

Table[{n, (H[n, £] - HermiteH[n, &§])} //
Simplify, {n, @, 10}] // TableForm

(%) (%)
1 %)
2 (%)
3 (%)
4 %)
5 %)
6 (%)
7 %)
8 (%)
8 (%)
10 %)

26



((Mathematica Program-4))
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Clear["Global %"];

AN[y[E]] = %(s‘w[ﬂw[w[s‘] 3)
CR[y[¢]] = W(s‘w[s‘]-D[w[ﬂ,ﬂ)
CR1[y([¢]]=¢w(¢]-Dly(é],¢]

AN = — (§# +D[#, £]) &;
2

CRi= — (§# -D[#, £]) &;
2

CR1:= (§# -D[#, &]) &;
Proof

I[n, €] = [n, (-1)"Exp[&?/2] D[ Exp[-£2/2] ¥[€], (&, n}]

is equal to

HE1[n,&] = (CR1)"w[&] = Nest[CR1,y[&],n]

I[n_, €1 :=(-1)"Exp[€* /2] D[ Exp[-£2 /2] ¥ [£1, (£, n}] 1/
FullSimplify;
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HE1[n , £ ] :=Nest[CR1, ¥[£], n] // FullSimplify;

Table[{n, J[n, &1} // Simplify, {n, 0, 4}] //
TableForm[#, TableHeadings - {None, {"n", "J[n,£]1"}}] &
J[n, <]
¥[<€]
SY[E] -¥[€]
(-1+ &%) wiE]l -26W (€] + ¥ [€]
E(-3+&) UlE] -3 (-1+&) W& +3&Y [E] -y [€]
(3-6&2+&) Y[E]-4E (-3+&2) W [E]+6(-1+&2) Y [E] -4EYB[E] +y ™ [£]

A W N =R OS>

Table[{n, HE1[n, &1} // FullSimplify, {n, ©, 4}] //
TableForm[#, TableHeadings -» {None, {"n", "HE1[n,&]1"}}] &
HE1[n,&]
Y[€]
EY[E] -V [€]
(-1+8&) w[g] -26vw (8] +¥” (€]
E(-3+&) Y] -3(-1+&) W&l +3&Y”[&] -y [&]
(3-6&2+&*) W[E] -85 (-3+&2) W ([E]1+6(-1+8&) Y[E] -4EYD[&] +y@ (€]

A W N =R OS>

Table[{n, (3[n, §] -HE1[n, &])} // Simplify, {n, 0, 10}] //
TableForm[#, TableHeadings -» {None, {"n", "J[n,&]-HE1[n,E]1"}}] &

N 3(n,&]-HE1[n,¢]
(7} (7}
i | 0
2 0
3 0
4 0
5 0
6 0
7 (7}
8 0
9 0
10 0

11.  Parity operator

We introduce the parity operator. The parity operator has the following properties.
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>
.
A

Using these properties, ee show that

A

T

0)=|0) (even parity)

7

n)=(-1)"

n> (even parity for even n, odd parity for odd n)

We start with the ground state wave function

<§ |0>= ! exp(—é—2 ) (Gaussian)
72_1/4 2
We note that
R 1 §2
(¢]7|0)={-¢]0) =—7 exp(—=) ={¢]0)
So that 7|0) =|0).
12. Commutation relation between Z/ and Vs

The Hamiltonian H commutes with the parity operator
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[#,H]=0,

since
AHA =—hor(R> +EDHR

AAAAAA

= — ha (ARARRE + RERAER)

=—ha[(-K) +(=€)’]

Il
m)l\)h—al\)»—al\)»—a[\)»—a

where 7 =1, KT =—K, 7wt =-¢&.

So that, we have simultaneous eigenkets for H and 7

Aly=hom+ ), 7

n>=l|n>.

The eigenvalue A is determined as follows.

A2

Vs n>=l7%

n)=A%|n) =|n),

since 72 =1. So that we have 1 =+1. We note that
0)
0)
0)

z(a" ) zz

(—-a')'#

p—

— (_l)n _— Atn

N

a
n!
n)

=1y
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or

n)=(-1y

).

7

Here, we use the formula

zf(@)z = f(=a), 7g(a’ ) =g(=a"),

where f'and g are any polynomial functions. Thus, we have

(¢1#[m) =(=¢|m =17 {&]m).
Whenn=0,2,4, ..., #|n)=|n) (even parity)
(&|nyis the even function of &.
Whenn=1,3,4, ..., #|n)=—|n) (odd parity parity)
(&|n)is the odd function of &.
13.  The form of wave function (&|n)

We now return to the form of wave function.

(Eln) = o e H)

R WY
(~¢ln exp(-2

~ 2'nINm)” )
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Since
(=&|m) =1 (E]n)
It is concluded that
H (-&)=(-1)"H,(&). (the parity relation)

14.  Fourier Transform of <§| 0>
First, we calculate the Fourier transform of the ground state wave function <§ |0> The

Fourier transform of <§ | 0> is defined by

(x[0)= | d (i) o)
- ﬁﬁ[}dé exp(—ix&) exp(—%)

1

_L KT _(E+in)
_\/ﬂﬁmexp( 2).[Od§exp( 5

)

2

1 K
B exp(— 7)
where

jdgex (—(5“") y=+27 .

15. Fourier transform of <K‘|0>

We start with

al0)=0.
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Thus, we have

a

(x

0) = (zc|§+uc|0>

51 6l

0
Z(K+a—)<K‘|0>

in the |K‘> representation,

or
0
K+—)(x|0)=

oo+ o)

The solution of the first-order differential equation is
K,Z

(k|0)=7" exp(—;) .

16.  Fourier transform of <K|n>

~t

(xn)=—7=(x

"|0)

oL

=g {l@-ir|o)

= g I ey (x]0)

ey =l el ()
iy

= WGXP(_T)H(H’K)
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with

0 10 exp(=) = (1) exp(—") exp(?) 2 exp(—x?
(k=)' exp(=—) = (=) exp(—) exp(’)—exp(—x")

=exp(—"7>H(n,K>

(i) - Tdé<z<|§><é|n>

—00

&
(2 n'\/7)1/2 .[déexp( lKgZ)exp(—_)[-[(n &)

__ = _K
= (2”n!\/;)1/2 exp( 5 )H(n,K)

(_. n

or

2

=(-1)" exp( )H (n,x)

((Mathematica Program-5))
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Simple Harmonics wave function

Fourier Transform of w[n,¢]; w[n,k]=P[n,K]

Clear["Global *"];

conjugateRule =
{Complex[re , im ] :» Complex|[re, -im]};

Unprotect [SuperStar];

SuperStar /: exp " :=exp /. conjugateRule;

Protect [SuperStar];

2
Yin_, £1:=27"2 778 (n1)™H2 ExP['i]
2
HermiteH [n, £]

&[n_, x ] :=FourierTransform[y[n, £], &, x,
FourierParameters - {0, -1}]

Table[{n, &[n, x]}, {n, ©, 5}] //
TableForm|[ #,
TableHeadings -» {None, {"n", "&[n,x]1"}}] &

36



_:<2
e 2
0 71.1,.""4
x2
_iv2e 2 x
1 7,:1,/'4
_.-'(2 ’ \
’ e 2 (2-4x?
9 \',>'§ 71,4
_:,\2 ’
ie 2 x(-3+2x2)
3 bl
73 A1/
_:’/\-2
e 2 (3—12 :»<2—4:<4J
4 — )
2 N\B It
. ie 2 x(15-20x2:4x%

2 \"rE 7?1 /4

2
X
x[n_, x.] = (~1)" 272 x Y4 (n1)-V2 Exp[-—2 ]

HermiteH[n, x]
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Table[{n, (&[n, x] -x[n, x]) // Simplify},
{n, 0,10, 1}] //
TableForm[ #,
TableHeadings -» {None, {"n", "x[n,x]"}}] &

n X [N, K]
0 0
1 0
2 0
3 0
4 0
5 0
6 0
7 0
8 0
9 0
10 0

ptl[n_] := Module[{f1, f2},
f1l = Plot[Evaluate[&[n, x]" &[n, x]1],
{x, -6, 6}, PlotPoints -» 100, PlotRange -» All,
PlotStyle -» {Red, Thick}, Frame - True];
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2 = Graphics |
{Text[Style["|§[n,J<] |>", Black, Italic,

12], {-4,9.5}],

Text[Style["n=" <> ToString[n], Black,

Ttalic, 121, 14,0.5)1,

Text[Style["x", Black, Italic, 12],

{5, ©.04}], Blue, Thick, Arrowheads[©.05],

Arrow[{{@, @}, {0, 0.6}}],
Arrow[{{-6, @}, {6, ©}}]}];

Show [f1, f2]];

pt2 = Evaluate[Table[ptl[n], {n, ©, 8}]11];

Show [GraphicsGrid [Partition[pt2, 1]]]

06
0.5
0.4
0.3
02
0.1

0.0}

n=0
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Fig. Plot of ch|n>‘2 for n=0- 70, as a function of ¥ forn=1 - 10.

17. Classical mechanics
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1 1

H=—7p"+—mo’x’
am? 72
1 1 &
=—(hfBx) +—mw’ (=)’
2m( fK) 5 (,8)
1
=—ho(x’ + &)
2
—ha)(n+l)
2
K +E =2n+1
Equation of motion:
dt m dt

The probability density P is obtained from

P (&)dé = 27‘”

2 1
ZEE

@
_lde
Tz K

1 dé

:;«/2;%1—52

where T = 2z is the period. The factor 2d¢ comes from the passing of the particle in the region
1)

d& during the round trip of the movement.

1

1
;«/2n+1—§2

Fi(o)=
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We mote that

V2n+l NG
1 d
[ p@o-~ | =L
_ol T _paN2n+1-¢&
2
Ty A2n+1-&
=1
Classical probability
1 1
P(Q)=———rcx
T Joanr1-&

The classical turning point is

E,=t2n+1.

((Mathematica Program-6))
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Classical limit of the simple harmonics
Clear["Global *"];

ch
win_, £1 :=2""2 714 (n1)-1/2 Exp[-7]

HermiteH[n, &1
plotl =
Plot [
Table[¢¥[n, §]*2+n+0.5, {n, 0, 12}] //
Evaluate, {£, -6, 6},
PlotStyle -» Table[{Hue[0.07 1], Thick},
{1, 0,10}]];
plot2 =Plot[ £? /2, {&, -6, 6},
PlotStyle -» {Purple, Thickness[©0.005]} ];

plot3 =
Plot [Table[n +0.5, {n, ©, 12}] // Evaluate,
{5 -6, 6},
PlotStyle -» Table[Hue[©0.07 1], {1, ©, 10}],
Prolog -» AbsoluteThickness[2]];
fl = Show[plotl, plot2, plot3,
PlotRange -» {{-6, 6}, {0, 12}}]
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f2 = Show[plotl, plot2, plot3,
PlotRange -» {{-4, 4}, {0, 4}}]

/
i,

7

-4 .



Fig. The classical turning point (or classical limit) is the point where the potential

energy %52 is equal to n +% for each quantum number n. n=0, 1, 2, 3, ....

((Mathematica Program-7))

Classical limit-

Clear["Global *"];
wel[n , £ ] :=Which[-m < €< m,
1 1
T oAf2n +1- £2

£<-V2n+1,0b

2
win , €1 ez °N/2 ;-1/4 (n!)-uz Exp[—%]

»£242n +1, 0,

HermiteH[n, &1

Class[nl ] :=
Module [ {f1, f2},
fl = Plot[Evaluate[wc[nl, £§1]1, {&, -12, 12},
PlotStyle » {Blue, Thickness[0.004]},
PlotPoints - 200] ;
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f2 = Graphics[{Green, Thick,
Line[{{- A2n1 +1, e},
{—\/an +1,0.6} }],
Line[{{«/z nl+1, e},
{«/2 nl+1, a.s} }] }]; Show[f1, f2]];
Prob[nl_] :=Module|{gl, g2, g3},
gl =Plot[y[n1, £]1"2, {&, -12, 12},
PlotStyle -» {Red, Thickness[0.004]},
PlotPoints - 200,
Ticks -» {Range[-12, 12, 2],
Range [0, ©6.40, ©6.1]}, PlotRange -» All];
g2 = Graphics|
{Text[Style["f", Black, 12, Italic],
{9, ©.03}],
Text[Style["dr[n,g]z“, Black, 12, Italic],
{-7, 0.375}],

Text[Style["n=" <> ToString[nli]],
{3, ©.375}], Black, Thick,

Arrowheads [0.04],
Arrow[{{©, @}, {0, 0.6}}],
Arrow[{{-12, @}, {12, @}}1}];

g3 = Show[gl, g2]];

PC[nl1 ] :=Show[Prob[nl1], Class[nl],
PlotRange » {{-12, 12}, {©, ©.6}} ];
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vn, &1 =2
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vn, &1 =3
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¢ln$l n=4
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0.4}

¢In, &1
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A
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Fig. The quantum probability density Ké |n>‘2and classical probability P,

line) for n = 0 - 70 with the same energy, as a function of &. The vertical green

line denotes the classical limits.

18. Coherent state

&|a>=a|a>

|a> _ exp(—|0;| )Zn: (OZZ!) |0>

60

n=70




(ela)=exn- D2 (el

—exp(—| | )22 7 '(68_ <SZ|0>
- e |>22/2 (6~ o=
- exp(—| af )22 e 5 SH0.8)

B B 0! a" 1 _é_
- exp( 2 ); \/; (72_1/22,1”!)1/2 exp( 2 )H(I’l, é)

19. Fourier transform of the coherent state

(el = exp(- 25 < el o)
—GXP(—| ai )Z

iz, ,( )(K__) <K|O>

1 . ) 2
= exp(—%)@ i exp(- )

2
1 a an - K2
= WGXP(—u)Zw(—Z) eXP(—?)ILI(H,K)

— exp(— | |>2 ol 1/22’) exp(—’%)H(n,zc)
where
AN -
(& é) exp(~=) = exp(—=)H (n,)

2

(K—a%f exp(—"{) —exp(—= ) H ()
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20. Differential operator for creation and annihilation operator

(Mathematica)

AN = iz (#+ D[#, £]) &

Np)

CR = % (#-D[#, &) &

N

CRIp[£]) = %(W[é] —%w[é])

ANTYE]) = %(W[é] +6—6§w[§]>

[4,47]=1

' _l —i '
Ney () =y () -5 (e dé)(éw(é) +y'(S)]

S EO & O+ v + (O - €]

VO OV O -&r &) -y )
=y ()

AN[CR[y ()] - CR[AN[y ()]= %[(5 + dig

((Mathematica Program-8))
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Commutation relations for the creation and annihilation

operators

Clear["Global "];

1
R:=— (£# -D[#, &]) &;
2

A (E# +D[#, €]) &;
2

N1:= CR[AN[#]] &;
N11 := (CR[AN[#]] + AN[CR[#]]) &;

[a, (a*)*]=2at+

f11 = AN[CR[CR[¥[€]1]1]1] - CR[CR[AN[¥[E111] //
Simplify

V2 (EY[E] - ¥ [€])

f12 =2 CR[¥Y[&]] // Simplify
V2 (EY[E) - ¥ [€)])

11 - 12 // Simplify
0

[a*,a%]=-2a
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£21 = CR[AN[AN[¥[£]1]]1] - AN[AN[CR[¥[£]111] //
Simplify

-2 (Ey[€] + ¥ [€])
22 = -2 AN[¥[£]] // Simplify
-V2 (EY[E] + ¥ [€])

f21 - 22 // Simplify

31 =
AN[AN[CR[CR[¥[€]]]1]] - CR[CR[AN[AN[¥[&]]1]11] //
Simplify

2E2Y[E] -2y €]

32 =2N11[y[€]] // Simplify
282y (&) -2y €]
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31 - £32 // Simplify
)

[a,(@*)°] =3 (a+)*

f41 =
AN[CR[CR[CR[¥[&E]1]]1]1] -CR[CR[CR[AN[¥[&E]1]111] //

Simplify
((-1+&) w[&] -2 [E] +v'[€])

N W

f42 = 3CR[CR[Y[&E]]] // Simplify

g ((-1+ &) y[E] -2EW (€] + ¥ [€])

f41 - f42 // Simplify
0
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2 —~3” 2

[ &, (&")°] = 2 ra*)%a+2a(8")° +28" a &

f51 = 2CR[CR[AN[¥[£]]]] + 2AN[CR[CR[¥[£]]]] +
2CR[AN[CR[¥[&]]11] // Simplify

3
V2
3(6(-1+82) wI&) - (1+&) W€l -w (&) +uP [€])
52 =

AN[AN[CR[CR[CR[¥[&]]1111] -
CR[CR[CR[AN[AN[¥[E]11111]1 // Simplify

1
2
3(€(-1+&) wi€]l - (1+&) wg] -&v (€] +uP [€])

52 - f51 // FullSimplify
(%)

Sturm-Liouville differential equation

Eigenvalue problem

(&l fily)=noélaa+ilv) =hom+2)(Elw)

(¢laaly)=n(cly)
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%<g|(§_ne)(é+iz%|w>=n<§|'//>
or

0 0 ~
¢ —8—5)(9g +8—§)!// (&) =2ny(3)

We assume that

where H(n,&) satisfies the Hermite differential equation

This can be rewritten in the form of Sturm-Liouville type differential equation as

i[exp(—f DH (n,5)] = exp(=E")H "(n, &) — 2& exp(=&*)H (n, &)

dg
=exp(=&7)[H "(n,&)—2EH \(n, &)]
= 2nexp(-&E)H (n, &)

((Mathematica Program-9))
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Clear["Global *"];

Derivative operator of Hamiltonian of SH

AN:= — (§# +D[#, £]) &;
2

CR := = (§E# -D[#, £]) &;
2

Hl :=hw (CR[AN[#]] - ; #) &;

Schrodinger equation of

SH;
(L+2n- &%) y[g] +y[&]) =0

) )
gl=H1[Y[€]] -hw (n+ 5) VIEL /7
FullSimplify

—%wh ((1+2n-&%) y[&] +y¥"[€])
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We assume thaty (&) = Exp{—%] HO (<)

#2
rulel = {zﬁ-» (Exp[_7] HO[ #] &]};

gll=gl /. rulel // Simplify

1 _£ " »
-5 e wh (2nHO[E] -2 EHR'[E] +HRV [£])

HO(¢) satisfies the Hermite differential equation.
HO(é)=HermiteH[n,¢]

g2=2nHO[E] -2 EHO'[E] +HO[£] 3
DSolve([g2 == @, HO[E], £]

{{He[g] ¢y HermiteH[n, &] +

. 1
¢, HypergeometriclF1 —g, > 52] }}
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Table[{n, HermiteH[n, £]}, {n, ©, 10}] //
TableForm[#, TableHeadings -» {None, {"n" , "HermiteH[n,£]"}}] &

HermiteH[n, &

il

2E

-2 + B &2

-12£+8¢&3

12 -48 2+ 16 &4

120 £ - 160 &3 + 32 &£°

~120 + 720 £2 - 480 £* + 64 £°

~1680 £ + 3360 £ - 1344 & +128 &7

1680 - 13440 £2 + 13440 £* - 3584 £5 + 256 &8
30240 £ - 80640 &> + 48384 &° - 9216 &7 + 512 &°
~30240 + 302400 £2 - 403200 £* + 161 280 £° - 23040 £8 + 1024 £1°

O 00 N O i1 & W N P O®|S

=2
@

22.  Differential operator for Hermite polynomial

We prove that
- Ly1=H(n, &)
dé‘ no 5

which can be also used for the discussion of recursion relation.

((Mathematica Program-10))
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Prove that
(2 I %)”1:Hermite[n,§]

Clear["Global x"];
Gl:= (2§ #-D[#, £]) &;
G[n , £ ] :=Nest[G1l, 1, n] // Expand;
Table[{n, G[n, &1}, {n, @, 6}] //
TableForm[ #,
TableHeadings -

{None, {"n", "H,(£)"}}] &

Hy (€)

1

2§

-2 +4§'2

~-12£4+8€°

12 -48 &2 +16 &4

120 € - 160£ & 3267

~120 + 720 £2 - 480 &% + 64 &°

OO U1 A W N K O|S

23.  Derivation of H(n,&) from Generating function

From the generating function

S(&, 1) =exp(—t* +2t&),

we show that the Hermite polynomials H(n,&) can be obtained as
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%S(m o= H(n,E)

The proof of this equation can be done with the use of Mathematica.

((Mathematica Program-11))

S[¢,t]=Exp[-t*+2t ¢]
L S[€,t] | o=Hermite[n,¢]

dt”
Clear["Global *"];
D1:=D[#, t] &;
S[& , t ] :=Exp[-t?+ 2t ¢£];
Gl[n_, £ ] :=Nest[D1l, S[S, t]l, n] /. t->0;
Table[{n, G1[n, &1}, {n, ©, 6}] //
TableForm[#,
TableHeadings -» {None, {"n", "H,(£)"}}] &

Hy (£)

1

ZE

=TT ¥

A2 E 4+ BEE

12 - 48 &2 + 16:&°

120 £ - 160 &3 + 32 &

~120 + 720 £%2 - 480 &% + 64 &£°

o v A W N K O|S
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24. Recursion relation for Hermite polynomial

The Hermite polynomials satisfy the recurrence relations,
H(n+1,8)=25H (n,5)—2nH (n,3)

This relation can be proved with the use of Mathematica as follows, using the formula

d.,. _
(2§—d—§) 1=H(n,%)

25. Properties of the Hermite polynomials.
1) Property-1

The Hermite polynomials satisfy the recurrence relations,
d
H(n+1,¢)= 2§H(n,§)—d—§H(n,§)

((Proof))

H(n+1,§>=(2§—di§>"“1

d d.,
=(2¢ —a,—gg)[(%Z _d_g) 1]

d
=(2¢ _d_g)H (n,8)

_2¢ H(n,é)—d%H(n,é)

2) The property-I11

difH(n’é) =2nH(n—-1%)
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((Proof))

4 Hme=Liae-Lyn

dé dé dé
_d e A ne A
—d§(2§ dgg)(2§ dgg) 1
_d e A
_d§(2§ dgg)H(n 1,$)

_d 1.6-L Hn-
_dgg[ng(n 1,&) d§H(n N9

=2H(n-1LE)-H"(n—-1,{)+2EH ' (n-1,¢)
=2nH(n-15%)

since
H"(n-1,6)-26H'(n-1,{)=-2(n-1)H(n-1<%).

26. Conclusion

Here we have discussed the wave function of simple harmonics with the use of Mathematica.
We have shown the application of differential operator techniques. Such method has a number of
properties and a variety of uses. The objective of this method is to derive all the quantum
mechanics while keeping the properties of the state vectors as simple as possible.

The annihilation operator and creation operator can be expressed in terms of the differential
operators, where the symbols of D, #, & are used. We note that in a textbook written by David
Bohm, similar discussions on the wave functions of simple harmonics were extensively done,
using differential operators of annihilation and creation operators without Mathematica. It seems
that the mathematics used in the book of David Bohm is complicated to beginners who just starts
to study the quantum mechanics.

((Goswami))
We have three important operators for the simple harmonics; creation operator, annihilation

operator, and the number operator. " the late Dr. Sakurai (J.J.)used to joke, using his knowledge
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of Hindu mythology, that a" is like Brahma, the creator, a is like Shiva, the destroyer, and n

the benign Vishnu, the preserver."
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APPENDIX" Formula

The derivation of the following formula is discussed in the above sections.
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(¢]alw)= J—(é %)I//(f) (¢la|w)= \/—(5—%) w (&)

&|n>:x/Z|n—l>, n>=ﬁ|n+l>
al0)=0
)= (@)o)

(el) ==l
(]n)= mexp(—%zw(n,é)
#|n)=(=1)"|n)

(£l0) =" exp- )

2
(k|0y=7"" exp(—%)

<§| K‘> = \/;_ﬂ exp(ix&)

_9 & o &
& p 5) w($) =(=1)" exp(=- ) o exp(— )l//(é)
<K‘|I’l>=L<K‘ oy O>=iexp(—K—2)H(n K)
Jn! 2" n\\)" 2 ’

2 2

Flexp( f VH (1,8)] = (~i)" exp(—

)H (n,x)

1

1
;«/2n+l—§2

H(n,&)=(-1)' exp@z);—;exp(—éz)

Fi(S)=

H,(=¢)=(1D"H,(S)
d .. _
(2§—d—§) 1=H(n,q)

76



S(&,1) = exp(—t* +2t&) (generating function)
S0 = H)
im0 ’

H(n+1,6)=2¢ H(n,é)—d%H(n,é)

a%H(n,f) =2nH(n-1%)

H"(n,&) = 2EH (n,E) + 2nH (n,£) = 0

v'(n,8)-2n+1-Ey(n,5) =0

&|a>:a|a>

|a> _ exp(—|0;| ); (aZ!) |0>

I A 2
<§|a>—exp( 2 );M(ﬁl/zznn!)l/z exp( 2)H(”a68)

I RS )| &
<K|a>—exp( o) );\/a(ﬂ_lﬂznn!)lﬂ exp( 7 )H(n,K)
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