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1. Introduction
In the |r> representation, we have the following relations,
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The Schrodinger equation can be rewritten as
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So that the wave function and the differential operators in quantum mechanics can be expressed

by differential operators in the |r> representation. Is it possible to calculate equations including

differential operators? The answer is yes. The Mathematica has an excellent function for that. One
can make us of the pure function of Mathematica. We learned this technique from a famous
textbook, Mathematica for Physics book, 2™ edition by R.L. Zimmerman and F.I. Olness
(Addison-Wesley, 2002). Such differential operators can be realized in the Mathematica
(combination of # and &). For example, the operator of the linear momentum p, we use the

following notations,
h
p. =—D[#x]&, p.[n]= Nest[p ,#,n]&,
i

in the Mathematica. In this case, we have
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The syntax D[#,x]& represents a pure function that will take a single argument (in our case, wave
function )y[x]. The argument is inserted in slot number one represented by the symbol #. The

symbol & is short hand notation for the Function function.
Using our original programs based on these techniques of Mathematica, , we will discuss the
angular momentum and linear momentum, and so in the cylindrical co-ordinates.

2. Cylindrical coordinates

Fig.  Cylindrical coordinates. The angle between the unit vectors e, and e_ is ¢.

The vector r is represented by
r=pe, +ze =e pcosgte psing+e.:z.

The unit vectors:
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which are dependent on ¢. Using the matrix form, we get

e, cosg sing O)fe,

e, |=|—sing cosg O e,

e, 0 0 1)le.
and

e cosg —sing Olfe,

e, |=|sing cosg O|e,

e, 0 0 1)\e.
Or

e =e, cosg—e,sing,

e =e sing+e,cosg

We also have

e =lr=1(pep +ze.)
A

dr=e dp+e,pdp+edz=e hdp+ehdp+ehdz
with h,=1, h,=p, h =1

2. Differential operators;p and L

The orbital angular momentum L .s given by



L:rxp:zrxv,
I

With the linear momentum as

p:zV:zGrad.
i i

We note that

The raising operator:
L =L +iL,

The lowering operatot:
L =L -iL,

The radial linear momentum is defined by

I r r. h.r r
p,=5p+p-)=—(=V+V-—)
2r ro2ir r
Note that
h
pxzex-pzzex-v, p},ze},-pzze},-v, p.=e -p=—e_-V.
i i i
and
h h h
ppzep-p=7ep-v. p¢=e¢-p=7e¢-v, pzzez-p=7ez-V
3. Mathematica program for differential operators in cylindrical coordinates

The following Mathematica program (combination of #, &, pure function) is made by us for
calculating differential operators in the cylindrical coordinates.



L—)E_rxV, p—)E_V
i i

Vector analysis
Angular momentum in the cylindrical coordinates

Clear["Global "];

rl= \} z? +p2 3
ux = {Cos[¢], -Sin[¢], ©};
uy = { Sin[¢], Cos[¢], 8};
uz = {6, 0, 1};

r={p, 8, z};

1
ur=— {p, 9, z};
rl

Gra :=Grad[#, {p, ¢, 2}, "Cylindrical™] &;

Lap := Laplacian[#, {p, ¢, z}, "Cylindrical"] &;
Curla := Curl[#, {p, ¢, 2}, "Cylindrical™] &;
Diva :=Div([#, {p, ¢, 2}, "Cylindrical™] &;

L:= (-2hCross[r, Gra[#]]) &;

Lx := (ux.L[#] &) // Simplify;
Ly := (uy.L[#] &) // Simplify;
Lz := (uz.L[#] &) // Simplify;
LP := (Lx[#] + & Ly[#]) &;
LM := (Lx[#] - 2 Ly[#]) &;
-1 h -1 h
prq := { ur .Gra[#] + Diva[# ur]] &;
Leq := (Nest[Lx, #, 2] +Nest[Ly, #, 2] +Nest[Lz, #, 2]) &;

p:=(-1ha Gra[#]) &;

pX 1= (ux.p[#]) &;
Py = (uy.p[#]) &;
Pz := (uz.p[#]) &;
pe = ({1, @, B}.p[#]) &;



4. Expressions of Laplacian V>, Gradient, Divergence, and Curl (Rotation) in the
cylindrical co-ordinates
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((Mathematica))



Laplacian, grad, div, and rot (curl)
Lap[¥[p, ¢, z]] // Simplify

%52 o, g, z]

Ps b, 2] + +
[ ] 02

E,i’r [9)9)2}

w|1,9,9} [D, @, Z]

o)

| T L[;’;Z,e,ej [O) (I)} Z}

Gra[¥[p, &, z]] // Simplify

( \ wfa,l,ﬂ‘ ,O Ql) ya o .:
{21[{},,1,9,0, (0, ®, 21, [D » O, Z] , y(©:8,1)

[0, ¢, 21}

Diva[{Ve[p, ¢, z], Vé[p, ¢, 2], VZ[p, ¢, 2]}]
VZ{B,@,I]— [D, (‘D, ZJ +

Volp, ¢, z] +Vo(®19 [p ¢, z]
ol

+Vp 199 [p, ¢, 2]

Curla[{Vo[p, ¢, z], Vé[p, ¢, 2], VZ[p, &, Z]}] //
Simplify
(0,1,0)
{_VQEB,B’M [05 &5 2] + e ;E)‘O" T »
V-O‘:B,a’l} [,O, Qb: Z] _Vz[l,O,B'J- [0: Cb: 21 >
Vo(p, ¢, 2] -V *1? [p, ¢, 2] +p V012 [p, ¢, 2] }
fo)

Expressions of the orbital angular momentum in the cylindrical coordinates
We discuss the differential operators in the cylindrical coordinates,

L,L,,L L*il,P=L>+L>+L’



in the cylindrical coordinates. The results are as follows.

(a)
=-to
o¢
(b)
L = ih(zsin¢%+%cos¢a—a¢—psm¢a—i)
(c)

o z . 0 0
L =it(—zcos¢p— +—singp— + pcosg—
, =ih(-z ¢8p B ¢a¢ P ¢82)

The ladder operators for angular momentum,
L =L +iL,

:ih(zsin¢i+£cos¢i—psin¢i)
op p o¢p oz
+ih(—izcos¢i+£isin¢i+ipcos¢ﬁ)
op p 0@ oz
=ihei¢(—izi+ipi+ii)
op oz p0¢

L =L -iL,
=ih(zsin ¢i+icos ¢i—psin ¢ﬁ)
op p o¢p 0z

+ih(iz cos¢i —Zisin ¢i —ipcos ¢ﬁ)
op p 0@ 0z

((Mathematica))



Angular momentum in the cylindrical coordinate
L! .LHX,! .Lh}':! .Isu_z,! .Ie_é(,+||-y5 LZ'S"L}’

L{¥[ps ¢, 211 // Simplify

(8,1,8)

rizhy (0, @, Z]
% IO 2
i h [p i{iB,B,l} (0, ¢, 2] -2 i{ii,a,a} (0, ¢, 2] _, _in i{iB,l,B} (0, O, ZJ}
Lx[¥ [y &5 2]] // FullSimplify
in|-pSin[e] ¥ *%Y (o, ¢, z] -

zCos[o] v'%1® (o, o, z . - \

2l 02 92 21 7 singg) %9 [, 9, 2]
o]

Ly [¥ [es &, z]] // FullSimplify
1-," ] . (e,1,8)
—ih (zSin[¢] ¥ [P, ¢, 2] +
o .

o COS _CDJ ||O _;I:.J,[B,B,:L;- _.O; ':D; ZJ -z ;':J'I:lsasa:l _.O_, CD_, ZJ : :

Lx[¥[ps é> 211 + i LY[¥[p, ¢, 2]1] // FullSimplify

L 18,8,1) (8,1,8) L 1,8,8)

Eiéf—' |.f—-—jz e (o5 @, 2] - izy o O, 2] -2 Y [0y @, 2] :
o)
Lx[¥[ps ¢» 211 -d Ly [¥[p, ¢, 2]] // FullSimplify
e?n (02 ¥ ®%V [p, ¢, 2] +12y®% [p, ¢, 2] ~204 > [p, ¢, 2])
o]

Lz[¥[p, ¢, 2]1] // Simplify
~iny®h® [p, ¢, 2]

Commutation relations of anguylar momentum
Next, we discuss the commutation relations for the angular momentum using Mathematica.



|L,.L,|=inL., |L,.L.|=inL,, [L..L.]=inL,

|L.L, =0, |L.L,]=0, | L.L.]=0
[L..L,]=nL, [L..L ]=-hL
((Mathematica))

Lx[Ly[¥[p, ¢, 2]1] - Ly [Lx[¥[p, &, 2]]] -
inlz[¥[p, ¢, z]] // Simplify

%)

Ly[Lz[¥[p, ¢, z]]] -Lz[Ly[¥[p, ¢, 2]]] -
inlx[¥[p, ¢, z]] // Simplify

%)

Lz[Lx[¥[p, ¢, z]]] - Lx[Lz[¥[p, ¢, 2]]] -
1hly[¥[p, &, z]1] // Simplify // Simplify



Leq[Lx[¥[p, ¢, z]]] - Lx[Leq[¥[p, ¢, 2]]] // Simplify
(%]

Leq[Ly[¥[p, ¢, z]]] - Ly[Leq[¥[p, &, 2]]] // Simplify
(%]

Leq[Lz[¥[p, ¢, 2]]] - Lz[Leq[¥[p, ¢, 2]]] // Simplify

%)
Lz[LP[¥[p, ¢, z]]1] -LP[Lz[¥[p, &, z]]] -BLP[¥[p, &, 2]] //
Simplify

%)

Lz[LM[¥ [, &, z]]] -LM[LZ[¥[p, ¢, 2]]1] + D LM[¥ [P, &, 2]] //
Simplify

%)

7. Expression of L’ =L *+L’+L? in the circular cylindrical coordinates.

The square of the magnitude of total angular momentum is obtained as

L=L’+L>+L’

n 0 o 0
=——{2zp —+p'—=+(+p)—
pz{ PP (z p)a¢2
0 o 0 0
12— Py 32 2 25
ZP3 pap p8p8 z/oapz)

((Mathematica))



[? inthecylindrical coordinate

eql = Lx[Lx[¥[p, &, z]]] + Ly[Ly[¥ [P, &, 2]]] +
Lz[ Lz[¥[p, ¢, 2]]] // Simplify

_th (=2 zp® %D (o, g, 2] wp* § %2 [p, @, 2] +

2y @20 [p, 9, 2] + 02y ®29 [p, 6, 2] +
22 p Y% [p, 0, 2] -2 ¥ %% [p, ¢, 2] -
2203 df[l’e’l'\ (0, &, 2] + 22 .02 wlZ,@,B:- (0, &, Z])

eq2 = Leq[¥[p, &, z]] // Simplify
1 ( ) ( )

-th (_2202 wﬂ’e,l’ [O, Q')J Z} +r04 W\B,B,Z. [DJ d): Z] +
22 lL,[@,z,e_? [.O, d), Z:I +pz w{@;z;@:' [,O, {b’ Z} 1
2> p B0 (p, 9, 2] -0 ¥ [p, @, 2] -
2 z 03 w[l,@,ln [D, Cb, z:l + 22 }92 w(Z)@,GJZ' [O, (I), Z} )

eql2 = eql - eq2 // Simplify

%)

8. Radial linear momentum
The radial linear momentum is defined by

1 r r hr r
p=Cpap D= Evav.D)
2r r 2ir r

Using the Mathematica, the corresponding differential operator is obtained as

f ! (1+z£+p—

5
b i e & P



Note that

h
[pr’r]:7'

((Mathematica))
Radial momentum (quantum)
prq[ ¥[p, &, z]] // Simplify

ih (¢[p, ¢, 2] +z¥ @Y [p, ¢, 2] + 0 ¥ 2 [0, ¢, 2]]

z2 + p?

Commutation relation for radial momentum and magnitude of r

prq[rl¥[p, ¢, z]] -rlprq[¥[p, ¢, z]] // Simplify

_J]--ﬁ #H.CJ; ¢'J Z]

9. Expression of p’
We show that the differential operator p* is expressed by

L2
p’=p’+

Z+p°

using Mathematica. The expression is so complicated that we expect. However, the expression is
mathematically correct.

SN T T

= +—+p—+ ,
p = i oF pap p apz)
2 2 2 2
p’=- 2h 2(222+226—2+2pi+2pz 2 +p26—2),
zZ +p oz oz op 0p0z op

Thus, we have



S PN N I,

-p’=—— t——t p—+
p - pzpazz oF pap papz)
2 2 2 2
2h 2(222+228—2+2pi+2pz 0 +p° 82)
zZ +p oz 0z op 0p0z op
So that we get
(® —p )p'+2")=L"
" 0 0’ 0’
= [2zp" =+ p' —=+(+p)—
p[ PP (z2+p oF
0 0’
t2ip——p —+2zp ——+7°p°
pap pap p 0 papz]

or

((Mathematica))



p? inthe cylindrical coordinate

eql = px[px[¥[p, ¢, z]]] + py[py[¥[p, ¢, z]]] +
pz[ pz[¥[p, &, 2]]] // Simplify

1 \ )
-Fﬁz (o® g®%hpp, 4, 2] ' %SR0p, 0, 2]«

o (W9 (o, ¢, 2] +pU**? [p, 0, 2]))

pr’ inthe cylindrical coordinate

eq2 = prq[prq[¥[p, ¢, z]1]] // Simplify

1
2% + p?
22y @22 (o, ¢, 2] +0 (242 [0, ¢, 2] +

22y %Y (o, 0, 2] + 0¥ >*% [0, ¢, 2]))

n* (2z4%Y [p, ¢, 2] +



eql2 = (eql - eq2) (z2 - ,02) // Simplify

1

o

o h? (-2zp2 0N [p, ¢, 2] +p* ¢y ®%2 [p, ¢, 2] +

2 ,(0,2,0) 2
2oy s 2] + P P, &, Z] +

22 p 4% [p, ¢, 2] -7 Y% [p, ¢, 2] -

(0,2,0) [

L% in the cylindrical coordinates

eq3 = Leq[¥[p, ¢, z]] // Simplify

1

02

. (0,0,2)

n? (—ZZozwla’e’lj [0, &, 2] +0* ¥ [P, &, 2] +

22 &,{0,2,@'} [Q, ¢, Z] +02 wl'a,z,@-: [_O, (D, Z] 3
22 p ¢ 1:%9 (o, ¢, 2] - p? y!1:9® [p, ¢, 2] -
2z o [, @, 2] + 280" 1 1, ¢, 1)

eqd = eql2 - eq3 // Simplify
2}

10.  Example-1 (Goswami, Quantum Mechanics p.265 problem-4)
Prove the following equivalence:

Pr”zpr = ”prz”
with
[p,,r]=—ih

((Proof))

We use the commutation relation [ p, 7] =—ih.



pr’p, =(pr)p,)
=(rp, —ih)(p,r +ih)
= (rp,p,r) +ih(rp, = p,r)+ 1’

_ 2
_rpr r

((Mathematica))

prq[ri¥[p, ¢, z]] -rlprq[¥[p, ¢, z]] //
Simplify

prq[r1®prq[¥ (e, ¢, 2]]1] -
rliprq[prq[rl¥[p, ¢, z]]] // Simplify

11.  Example-2: Goswami Quantum Mechanics, P.265 Problem 5
((Problem-5)) Find the expression for V* in the cylindrical coordinates. Then show that

pp’=(pp,)+L +p’p}
where

e phl ho
Po = P =550 T

Using Mathematica we get

2.2 2 2 62 62 2 ?
=1 (P =+ —+
p p (p 622 a¢2 p

+ i)
op° p@p

2

o o
(pp,)’ = pp,pp, =N (p% +p’ o )




L} =-n"—

z 6¢2
62

2 2: hZ 2
ppz 822

pp’=(pp,)+L +p'p}
o pi+5_2+ p25_2
op> "~ op o4 oz’

=1 (p’

((Mathematica))
eql =
o® (Nest[px, ¥[p, ¢, z], 2] +Nest[py, ¥[p, ¢, z], 2] +
Nest[pz, ¥ [p, &, 2], 2]) // Simplify

o) {:w[l,a,e:‘ [,O_, (DJ Z] +0 w\‘2,9,0: [.O, (:D, Z:] ])

eq2 = ppolo pol¥[p, ¢, z]11] // FullSimplify
-pn? (4% [p, ¢, 2] + 0¥ %Y [p, ¢, 2])
eq3 = Lz[Lz[¥[p, ¢, z]]] // FullSimplify
-n? y®29 [p, ¢, z]

eq4 = p? pz[pz[ ¥[p, &, z]]] // FullSimplify
-p? n* %% [p, 9, 2]

eql - (eq2 +eq3 + eq4) // Simplify

%)

12. Example-3
Show that



[L2,[L?, x]] = 2#% (xI? + L’x)

With



X1 = ux.r

o Cos[¢]

eql =
Leq[Leq [x1¥[p, ¢, z]]] - Leq[x1Leq[¥[p, ¢, z]]] -

Leq[x1Leq[¥[p, ¢, z]]] +x1Leq[Leq[¥[p, &, 2]]] //
FullSimplify

1t
54}‘14 (02 Cos (o] ¥([p, ¢, Z] +

(2% + 0?) Ssin[o] ¥'@1® [p, ¢, z] -

\

Cos[o] (-320y' %Y [p, ¢, 2] +

2t OB gy 2] wp (222 PTOa, ¢, 2] «
(0,0,2) [

o (¥ ®*%[p, ¢, z]+p (0¥ P, @5 2] -
Y89 15 0, 2] -2z 910V [p, ¢, z]) +

22 §(2,0,0) (0, 0, 2] } ) ) )

eq2 = 2 1% (x1Lleq[¥[p, ¢, z]] +Leq[x1¥[p, &, 2]]) //
FullSimplify
1

54# (p2 Cos[d] ¥[p, @, 2] +

(2% +0%) sin[o] ¥®1P [p, ¢, 2] -

Cos[¢] (-3z02 4 %%V [p, ¢, 2] +

22 w'esz.‘a [p) ®, z] + |O (2 22 wl‘l,e,e?

5 (wIG,Z,GE

[Py &5 2] +

[0, &, 2] +0 (p¥'®®? [p, 0, 2] -
b9 [0, ¢, 2] -2z ¢ =%V [p, ¢, 2]) +

22 y 209 [, ¢, 2]))))

eql2 = eql - eq2 // Simplify
(%]

13.  Example-4: Problem (9-23) Townsend, A Modern Approach to Quantum Mechanics
((9-23)) The Hamiltonian for a three-dimensional (3D) system with cylindrical symmetry is given

by



where

(a) Use symmetry arguments to establish that both p_, the generator of translations in the z
direction, and iz , the generator of rotations about the z axis, commute with H.
(b)  Use the fact that H , p.,and iz have eigenstates in common to express the position-space

eigenfunctions of the Hamiltonian in terms of those of p_ and iz .

(c) What is the radial equation? Note: The Laplacian in cylindrical coordinates is given by

) 1 0 0 1 ¢ 0°
\% l//(pa¢72) =__[p_W(p7¢aZ)]+_2_2W(pa¢a Z)+_zl//(pa¢az)
pop~ oOp p- 09 z
((Solution))
The Hamiltonian:
~ 1 AD A
A=—p+V(p)
2p
The commutation relation:
(ap)=0,  [Ai]=0

Then, we have a simultaneous eigenket;

A

H|E,m,k )=E|E,mk), L

E,m,k2>:mh|E,m,kz>
ﬁz|E’m’kz>:hkz|E’m’kz>

The wave function can be expressed as

w(p.g.k.)=e"e" x(p)



x(p) satisfies the following differential equation,

o)+ o I+ + )+ (D) = E ()
up 2u p

or

2

2up

L o () + (k2 + ™) 1V (o) (p) = Ex(p)
dp 2u p

((Mathematica))



Hamiltonian
1

Hl := (— Peq[#] +V1[p] #) &;
2 u

Schrodinger equation

eqll =Hl[y[p, ¢, Z]] -EL ¥ [p, &, Z] // Simplify

(-E1+V1[p]) ¥[p, ¢, 2] - 3
2up

B (0?42 [p, ¢, 2] +¥*2 [p, 9, 2] +

p (¥%9 [p, ¢, 2] +p¥'*%? [p, ¢, 2]))

Commutation relation between H and Lz

eql2 = H1[Lz[¥[p, &, 2]]] - Lz[H1[¥[p, &, 2]]] // Simplify
)



eq2l = Lz[H1 [y [p, ¢, 2]]1] // Simplify
1

2up?
(©,3,0)

-invi[pe] ¥ (p, ¢, 2] +

in’ (02 ¢ @2 [p, ¢, 2] +¥
(y11.0)

o (¥ [P, &, 2] +p Y

[Py &5 Z] +

2,.1.9) \
'- (o5 ¢, 2]))

Commutation relation between H and pz

eq22 = H1[pz [¥[p> &5 2]]1] -pZ [H1[¥[p, &, Z]]] // Simplify
e

Simultaneous eigenket of pzand Lz

eq3l = H1[Lz[¥[p, ¢, 2]]] - Lz[H1[¥ [P, ¢, 2]]] // Simplify
e



eqdl = Lz[y[p, ¢, Z]] = mA Yy [p, ¢, 2] // Simplify

~ihy®L® (o, 0, 2] =may[p, ¢, 2]

eq42 = DSolve[eq4l, ¥ [p, ¢, 2], ¢]

{{vles ¢, 2] » € "®c1}}

eq51 = pz [¥[p, ¢, 2]1] =hkz¥[p, ¢, 2] // Simplify

-iny'®%Y (o, ¢, 2] =kzhy([p, ¢, 2]
eq52 = DSolve[eq51, ¥ [p, ¢, 2], z] // Simplify
{{@ﬂps C.D: ZJ _}eikZZ {:1}}

Ve, &5 2] /. eq52

f. 2 kxz. .
‘LE (,1}



14.

eqdl = Lz[y[p, ¢, Z]] = mA Yy [p, ¢, 2] // Simplify

~ihy®L® (o, 0, 2] =may[p, ¢, 2]

eq42 = DSolve[eq4l, ¥ [p, ¢, 2], ¢]

{{vles ¢, 2] » € "®c1}}

eq51 = pz [¥[p, ¢, 2]1] =hkz¥[p, ¢, 2] // Simplify

-iny'®%Y (o, ¢, 2] =kzhy([p, ¢, 2]

eq52 = DSolve[eq51, ¥ [p, ¢, 2], z] // Simplify

i k
{{@‘JLD: C.D: ZJ _"el s {:1}}

Ve, &5 2] /. eq52

f. 2 kxz. .
‘LE (,1}

The form of the wave function
rule2 = {y» (x[#1] Exp[im #2] Exp[1 kz #3] &) }};

eq6l = eqll /. rule2 // FullSimplify
1
2 up?
el (kzzmo) ‘ (_2 Elu p2 . {m2+kzz pz} B2, 2upz Vi[o] ) x[o] -

ph® (X'[e] +po X" [p]))

Summary



The differential operator in the Mathematica can be made with the Function function. Using
the above Mathematica program, one may solve more complicated problems in quantum
mechanics (circular cylindrical coordinates).
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