Spherical Harmonics in Quantum mechanics
Masatsugu Sei Suzuki
Department of Physics, SUNY at Binghamton
(Date: March 03, 2023)

Here we discuss the properties of spherical harmonics.

Spherical harmonics

Dirac delta function
Recurrence relation
Associated Legendre functions
Parity

Time reversal operator
SphericalPlot3D
ContourPlot3D

Series expansion

1. Formulation
The relation between the spherical coordinates and Cartesian coordinates are
schematically shown below.
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Fig.1 Spherical coordinates.

dV = d°r = dr(rd0)(rsin 0d ¢) = r’drsin 0dOdp = r’drd <) .

The spherical harmonics:

(n

l,m>:<0,¢

L,m)=Y"(0.9),



where

L|1,m) = mh|l,m),
or
(n|L. l,m>=—z‘ha—a¢<n I.m) = mh{n|l,m)
[n)=10.4).
The closure relation:
[16.9)d(0.¢| =1, or  [[n)dQ(n|=1

where the solid angle,

dQ =sin M ad ¢

The #and ¢ dependence of <n

l,m> is given by

1 7 N 1 J
sin® @ ap*>  siné 58
= l(I+1)Y,"(6,9)

(n| L’ |im) = -1’[ (sin 9%)]# (0,9)

i |im) =12 _1 9 ynio, 4y = hmyy
<n|Lz|lm>—ia¢<n 1,m) ia¢Yl (0,¢) = imY," (6,9)

Equation (2) shows that
Y"(0,4) = 0] (0)e™ .
It is required that the eigenfunction must be single valued

eimqé — eim (p+27)

b

which means that m =0, £1, +2, (integers). Equation (1) can be rewritten as

2
L4 (Ging Ly
sin@ dé@ d@” sin“ 6@

[ +1(1+1)]@7 () =0.

When we change the variable;

(1

)



x=cosf (|x|£1).

d dx d . od
—=——=-sinf—
dé do dx dx

Then we have the differential equation (the Legendre differential equation) as
2
Ly L+~ 18" (1) =0,
dx dx 1-x

where P"(x) is the associated Legendre function;
0,'(@)=C, P"(cos0).

l,m> =0,,0,,leads to

m,m

The orhogonality relation <l ,m'

8,18, = [dQ(1',m'[m)(n

LI" m,m'

I,m) = j j sin 0dOd gy (6,9)Y,"(6,4) .

Note that this differential equation (Sturm-Liouville type) can be solved by using the
series expansion method (see later).
To obtain the form of Y"(8,¢), we may start with m = L.

L|lm=1)=0,
or
- .z i a a
<n|L+ l,m:l>:—zhe (z——cot@—)(n l,m:l>:0.
o0 o¢
Since (n|l,m=1)=Y/(0,¢)=0}(0)e"’
(i —lcot 0)®!() =0
do ne
or

Y'(6,¢) = G sin’ 6

where C, is a normalization constant.



D [@r+1)!
20 dr

G

The result for m>0 is

Y7 (0, G \/(21+1) Urm)lme 1 d™ o

20\ 4z (-m)  sin” 0 d(cosf) "
and we define ¥ "(6,¢9) (m>0) by

Y"(6,0) = (-1)"[Y"(6.4)] for m>0,
or

[Y"(0,9)] =(=1)"Y,"(6,9).

where somewhat peculiar choice of sign is conventional. The definition of ¥, ™ (6,¢) with
m >0 arises from the property of time-reversal operator;

© 1,-m)=(~1)"®

1,m)=(-1)"

l,m>

[, —m>, or

where @ is the time-reversal operator. We note that

(0,4|1,—m)=(-1)"(0,8|6|1,m)
= (~1)" (6, 4|1, m)
or
Y"(6,8) = ()Y (0:9)] , for m=0,
since <6’,¢ 0|/ ,m> = <6’,¢ / ,m>* from the definition (see the Time reversal operator in the

lecture note of Quantum Mechanics, Graduate course),

http://bingweb.binghamton.edu/~suzuki/QM_Graduate/Time_reversal I _operator.pdf

Angular momentum in spherical coordinate is



L =—-ia(rxV)

0 1o 1 0

=—iherx(e, —+e,——+e,————

or r 06 rsin@ 0¢
:ih(—e(ﬁiJre‘g.Li
06 sin@ O¢

The angular momentum Ly, Ly, and L, (Cartesian components) can be described by

L =in[—(—singe, +cosde, )%+(cos&’cos¢e +cos fsin ge  —sin Oe )Li]

N0 oy

or

L =ih(sin ¢i+cot6’cos¢i),
00 ol

L —ih(—cos¢i+cot6’sin¢i)

’ 00 op"’

= —zhi

o

We define L+ and L. as

L =L +iL, =—ife® (i<~ cotgL-
. =L +IiL =—ihe (186’ ¢)

and

L =L, —il =—ihe (- zi—coté’—)
v 00 Py

2 Dirac delta function
The Dirac delta function can be described by

o(r—r'") :izé‘(r —-r')o(n—n')
r

since



jd3r'§(r—r'):I%é‘(r—r')r'zdr'.[dQ'é‘(n—n')
r

=IdQ'§(n—n')
=1

Here, we note that

(n[n)=6(m-n)= ZZ(

1=0 m=—1

)L

Z (0,47 (0.4) ;

NS 'cuMS

py P(n-n')

~
Il
(=}

where we use the addition theorem

An- n')—m ¥ (0.9)Y"(0'.¢")



Fig.2 Angle ysuch that n-n'= g =cosy

rr

In summary, the Dirac delta function is expressed by
1 .
o(r-r)==o6(r-ro(n-n’)
r

1 2041 ,
:Fé(r—r)z—47[ F(n-n')

=0
This formula will be useful in the theory of scattering from a spherical potential.
((Note))

P(x) is the /-th Legendre polynomial which is defined by the Rodrigues formula



3. Associate Legendre function
Y"(0,¢) can be also expressed by

20+1(1—m)!

OB =T

where P"(cos ) is the associated Legendre function.

m m d
B"(x)=(1-x7) /zd .

dl+m
1 m/2
( ) dxl+m

F(x)

2 !
211' b

(Il =m)!

B"(@)=(-1)" L F,
@=C0"

B(x)

The Rodrigues' formula:

B’(x)=h(x)= -1,

211 dx ’(

A1) =1,

R(-D=(-1y,

and
(I +1DB,,(x) =2l +D)xE(x) —IF_/(x)
where
P()(x) = 1 s
F(x)=x,
1

P =2 (G 1),
() =%<5x3 3x),

P,(x) =%(35x4 ~30x% +3),

e"’P"(cosh),

for m>0.



P(x)= %(63)65 —70x” +15x)

4. Parity operator 7
) 4
. §
s
) §
Fig.3 Space reflection on parity. 6 > 7 —-60. ¢> 7 +¢.
Vs n> :|—n> , Or <n|7% :<—n|

For n to -n, we have

0—>r—-6,and p>7+¢,

l,m> =<—n

(nl

Lm)=Y" (=0, +§)= (=)'} (0,4) = (~1)'(n

l,m>,



or

m) = (-

).
((Note-1))

Note that

= L,#[10).

, > is the state with either even or odd parity

Here we suppose that

7|, >=pel,0>.

Then we have

0) =

fz,>=pL ,>.

, > has also the same parity as the state

, > Repeating this

> 1s the same as that of the state

0).

procedure, we can find that the parity of the state

, > . The problem is reduced to the determination of the parity of the state

(n|#|2,0) =(-n[1.0)= p, (n[1,0).

Here

D" 21+1 '
2'' N 4rx d(cos@)

n|1,0)=Y(0,9) = (sin )*

e 1) ———(sin®)" = (-1)'Y," (0. 9)

)= (-1 21+ d'
2'1! d(cos6)

when @ —» 7 — 6. Therefore, we have

m) = (1Y |L,m).

((Note-2))  ((Binney))




We start with

Y/'(0,¢) = (0,

=1)=Ce"sin' 0

We note that

Z

= 1> < _
=Y (x-0,p+r)
=Ce"""sin' (7 - 0)
=" sin’ ()

=(-1'(6,

:1>

:1>

or

= |lm=1).

= > has an even parity if / is an even number and odd parity if / is an

In other words,

odd number.

A

The ladder operators ) =L * iiy are even parity operators;

[#,L,1=0.

We use the relation

L) = ).
L.|l,m)= ).
We apply the parity operator to =/-1).
Alm=1-1 =L lm=1)=—— 1 Allm=1)=——1 =)
2 2 Vai
or
Allm=1- 1):(—1) =) =(- =1-1)




So that

l,lm=1 —l> has the same parity as

l,m =l—l> . Since all the

[, m> for a given /

can be obtained by repeated application of L_ to

I,m=1I > , it follows that they all have
the same parity, (-1)".

S. Determination of the parity with the use of Mathematica

We evaluate the parity

Y'(z—-0.4+7)
1"(0.9)

b

as a function of (/, m).

All,m)=(-1)'

[, m> .
((Mathematica-1))

Table of {I/,m,the parity}; the parity is assumed to be (-1)'. We make sure of this
prediction using the Mathematica.

Clear["Global *"];

P[L , m ] := SphericalHarmonicY[L, m, n- 6, ¢ + 7] /
R SphericalHarmonicY[L, m, 6, ¢]

Simplify;

Column[Table[{L, m, P[L, m]}, {L, O, 5},
{m, -L, L, 1}], Left]
{{0, 0, 1}}
({1, -1, -1}, {1, 0, -1}, {1, 1, -1}}
({2, -2, 1}, {2, -1, 1}, {2, 0, 1}, {2, 1, 1}, {2, 2, 1}}
{{3, -3, -1}, {3, -2, -1}, {3, -1, -1},
{3, 0, -1}, {3, 1, -1}, {3, 2, -1}, {3, 3, -1}}
({4, -4, 1}, {4, -3, 1}, {4, -2, 1}, {4, -1, 1},
{4, 0, 1}, {4, 1, 1}, {4, 2, 1}, {4, 3, 1}, {4, 4, 1}}
{{5, -5, -1}, {5, -4, -1}, {5, -3, -1},
{5, -2, -1}, {5, -1, -1}, {5, 0, -1}, {5, 1, -1},
{5, 2, -1}, {5, 3, -1}, {5, 4, -1}, {5, 5, -1}}

6. Recurrence relation



Form =0,

-0 [20+1 d'
2''' N 4z d(cos@)

Y°(0.4)= (sin@)”

which can be written in the form

2l+

¥°(0.4) = ——hi(cos0),

where

- 4 .
Fi(cos6) = (211)! d(costy ™ o,

or

(1) d'

P
(x) = 2 d

it x’)"

P(x) is the /-th order Legendre polynomial. It has / zeros in the interval (-1<x<1). Note
that Py(1)=1.

B(=x)=(-1)' B(x).
i L
Through the repeat action of Ll, we construct
(n[Z,m)=(6,
withm =1, 1-1, [-2,.....,
~1)= (n )
JA+m)(I—m+1)h

1 e it
- ot
\/(l+m)(l—m+1)h( )= ae cot ¢)<

1 O
= — H_
Jami—m+D) (Cogtict ¢)<

)=1"(0.9),

(n

m)

m)

(recurrence relation)



Gi) L
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Through the repeat action of i+, we construct

(n|l,m)=(8,8|l,m) =" (6,0)
withm=0,1, 2,....., [:
(n|L, |1,m)
l, 1)=
(nlf,m-+1) JA=m)I+m+1)h
1

D 9
= —ihe”)(i——cot@—
\/(l—m)(l+m+1)h( e Nigg — et a¢)<n

l,m>

Here we use

(n

L =0)=70,8) = 2B (cos0).
T

where P (cos @) is the Legendre polynomial.

We can find the exact expressions for the spherical harmonics using the above
recurrence relation, using the Mathematica. We can make sure that

Y"(0.4) = (-)"[Y"(0.0)] for m20.

((Mathematica-2))



1=0,m=0

Table[ {©, m, SphericalHarmonicY [©, m,
©, 9]},
{m, ©, ©, ©8}] // Simplify // TableForm

5 5 1

2

l1=1,m=1,0,-1

Table[ {1, m, SphericalHarmonicY[1, m,

e, ¢] },
‘[m.s 1: _1: —1}] [/ Simplify [/
TableForm
1 .i0 [ 3 cinge
1 1 S © \ 2x S1n[O]
1 e %\E Cos [©]
f
i 3 cs -
1 -1 S e \/h Sin[6]



|=2,m=2,1,0,-1,-2

Table[ {2, n, SphericalHarmonicY[2, n,
e, Qb]}, {n, 2, -2, —1}] // Simplify //

TableForm
1,.2i0 [15 512
2 2 , € \fzn Sin (o]
2 1 ->e'? /-2 Cos[6] Sin[6]
1 /> =
2 0 sw/n (1+3Cos[29])
- 1e-io [15 91 SinTe
2 1 ) © \on Cos[9] Sin[9]
2 -2 le‘2i¢\/£Sin[8]2
4 2



1:3_,”1:3,2,1;'0)'11"21"3

Table[ {3, m, SphericalHarmonicY[3, m,
e, ¢1}, {m, 3, -3, -1}] // Simplify //

TableForm
3 3 = 3—*\&—5 sin[e]?
3 2 S e?*? [°® Cos[o] Sin[o]?
3 1 —é e—'?’,\“/? (3+5Cos[268]) Sin[©]
f-=
3 2] i\/% (3Cos[©] +5C0s[36])
3 -1 %e'ifﬁ\/@ (3+5Co0s[28]) Sin[@]
3 -2 ife—zl‘-@*f f;ﬁ Cos[6] Sin[©]?
I



l1=4,m=4,3,2,1,0,-1,-2,-3,-4

Table[ {4, m, SphericalHarmonicY [4, m, 6, ¢]},
{m, 4, -4, -1}] // Simplify // TableForm

3 4io 35 cinrpod
4 4 e © \jlh Sin[O]
4 3 -2 e3%% |22 Cos[@] Sin[e]?
8 \4' 7T
3 .2i¢ |5 ’ PR
4 2 e’ 7 (5+47Cos[268]) sin[e]
4 1 —iei’?\E (1+7Cos[26]) Sin[28]
4 ) 3 (9+20C05[25]+35C05[45])
128 +/m
4 1 %e—i?ﬁw{g (1+7Cos[26]) Sin[26]
_ 3 n219 Z . . 12
4 2 e \,/“ (5+7Cos[26]) Sin[&]
io {35 .
4 -3 36‘3—*’\1’3—5 Cos[&] Sin[e]?
. 3 41 [35 ginrer®
4 4 . © N S1n[ 9]
7. Useful formula (summary)
()
(n|2,m)=Y"(n)=Y"(6,4),
(I,m|n) =(n|l,m) =7 (8,4)
(ii)  Orthogonality
(1\m'|Lm)=3,,5,,, = [dQ(l"m'|n)(n|l,m)

2z Vg
= [ dp[sinoaoyr:" 0.9)Y(0.¢)
0 0



where

dQ=sin@bdgy
(iii)

<ez l’m>=}flm(0:0’¢): 2l+1§mO

4r

(iv)

(nlt.m=0) =104 = | 2L P(cos)

4r

\))

|n>=1§ R

.)s (n|=(e.

where R = f?z (¢)1§y (@) is the rotation operator

n> =<n [ m>*
=[Y7"(6,9)]
:<l,m R ez>

:z<l,m R l,m'><l,m' ez>

l,m '>§m,,0

<l,m

R

or

DYy (R)=(l,m|R

4 m *
L0)= |5, 1" 0.9
(vi)

<n|lA3 1,m)={e. |l§+l%

l,m>:<ez

l,m>



(n

m)

Y|

,m") DY) (R)

m.,m

)

or

l,m>= 2l+15,0=i< >D(1) (R)

m.,m

(n

m)

= ¥ et (| [ 1m)
= > (e Lm)it Y
=3 (e |Lm) DY, (R)

2071 25100” @®)

m,m'

since

v 20+1
> = (0 0 ¢) 5)71,0
4r

(e.

In summary, we get

2041y
«/ yy =D (R)=(n

Jm),

or



A

po* v
mO( ) +1<n l’m> 21 l ( )
(vii)
(njn’)=5m-n")= ZZ( ,m){l,m|n’)
0 !
=22 (0,4 (0,9) :
1=0 m
= N P -n'
; py ’(n-n')
where we use the addition theorem
P — Yln Yln
/(n-n") = —21 1 @,9)Y," (6',9").
8. Calculation of DY,(R) = (I,m|R|1,0)

DY (R) = (I, m|R

| 4r m s
:>—1/2€+1[Yz (6,9)]

where

R=R.($)R,(6).

(I=1,m=1|R|l=1,m=0) :—%ei"’sin@
(1=1,m=0|R|l =1,m=0)=cosd

(I=1,m=-1R|l =1,m=0) =%ei¢ sin @

where

Y'(0,4) = ——\/zei"’ sin@
2



(b) =2

<l:2,m:2|1§|l:2,m:0>:%\/geMsinzﬁ
<l =2.m= 1|I§|l =2.m= 0> = —\/ge”’ sin@cos @
[=2,m=0|R|l=2,m=0)=—(1+3co0s26)

:
I=2m=—-1|Rll=2,m=0)=_|=¢"sinOcosO
( i=2m=) = [o°

(1=2,m=-2|R|l=2,m=0) =1\Ee2"¢ sin” @
2\ 2

where

Y, (6,0) = %1 /;—ie’w sin” @
Y, (0,4) = —%1 /;—Se’”’ sin@cosd
I
0 1|5 2
Y, (6,9) =Z\/:(3cos 0-1)
I
Y, '(0,4)= %, /;—Se’”’ sin & cos 6
I
Y,2(0,4) = 51/;—%1‘” sin” 0
I



(c)

where

I=3,m=3R|I=3,m=0 :—lx/ge’wsif@.
( A )=

(1=3,m=2[RI=3,m=0)= %\/gem sin” @cos@.
(1=3,m=1|R|l =3,m=0) = —%«/gei¢(sin0+55in30).
(1=3,m=0|R|l =3,m=0) =%(3cos€+500539).
(1=3,m=-1|R|l =3,m=0) =%x/§ei¢(sin9+55in30) .
(1=3,m=-2|R[l=3,m=0)= %\/gem sin* cos 6.

(1=3,m =3[R/l =3,m=0) =%\/§e3"¢ sin 6.

Y, (0,4) = —%,/ﬁe’” sin’ 4.
T
Y7 (0,0) =11/ﬁei2¢ sin® @coséb .
4\ 2%

ACE —%\/ge”’ sin@(5cos’ 6 -1).

Y, (0,0) =%\/z(50053 60 —3cosf).

Y, '(0,0) = % \/ge”‘ sin@(5cos” @ —1).



}’3’2(49,¢)=11/E 7% sin” @cos b .
4\ 27

Y (0,0) = [ sin’ 0.
8\ 7w

d 1=4
<l=4,m=4|l§|l=4,m=0>=%\/§ “*sin*6.

(I=4,m=3|R|l=4,m=0)= —%\/S " sin’ @ cos O .
(I=4,m=2|R|I1=4,m=0)= %\Ee"”[s +7cos(20)]sin’ 6.
(1=4,m=1|R|l=4,m=0)= —3%66”’[25&1(20) +7sin(40)] .
(I=4,m=0|R|/=4,m=0)= ép +20c0s(20) + 35cos(46)].
(I=4,m=-1|R|l =4,m=0)= 3izx/§ei¢[2sin(29) + 7sin(40)].
(I=4,m=-2|R|l =4,m=0) = %\Ee"“’[s +7cos(26)]sin* 6

<l =4,m= —3|1§|l =4.m= 0> =%\/§ B4sin’* @ cos O

(I=4,m=-4|Rl=4,m=0) = %\/%ef“’ sin* @

where

V(0 =5 sin'0



Y, (0,¢) = —%1/3—;ei3¢ sin’ @cos &

Y (0,4) = 31 /ie’w sin® @(7cos” 6 —1)
8\ 2z
Y, (0,4) = —%\Ee’”’ sin@(7 cos” 6 —3cos )
Y (0,4) = i\/IGS cos* @ —30cos’ @ +3)
16\ 7
Y, '(0,¢) = %\/ge”’ sin@(7cos’ @ —3cos )
Y, 2 (0,4) = % . /%e’” sin® @(7cos” 8 —1)

Y, (0,¢4) = %1 /3—;ei3¢ sin’ @cos @

Y,(0,4) = 3 ﬁe”M sin* @

16 V27
See the Table of spherical harmonics (in detail)
http://en.wikipedia.org/wiki/Table of spherical harmonics

9. Addition theorem
Let

In,)=R(9,.4)

e.)=|R(6,.4)e.)
with the geometrical rotation defined by

cosf cosd, —sing sinb cosg
RO,P)=R.(H)R (0)=| cosf sing cosg sind sing
—sin 6, 0 cosf,



cosg, —sing 0 cosd 0 sind
R.(4)=|sing cosg 0], R@G)=| O 1 0
0 0 1 —sinf 0 cosd

The unit vector n; is defined by

n, =R, 4)e,

cosf cosd —sing sinb cosg |( 0

=| cosf sing, cosg sinfsing || 0
—sin 6, 0 cos 6,

sin @ cos ¢,

=| sin g, sin g

cos G,

Another ket |n,) is defined by

In,)=R(6,.4,)|e.)=|R(0,.4,)e.)

where the geometrical rotation matrix is given by

cosf,cosgp, —sing, sind,cosg,
R(O,,0,) =R_(4,)R ,(0,)=| cosb,sing, cosp, sinb,sing,
—siné, 0 cosd,

Note that

n, =%R(0,.4,)e,

cosd,cosg, —sing, sind,cosg, \(0

=| cosb,sing, cos¢, siné,sing, || 0
—sin 6, 0 cos 6,

sin 6, cos ¢,

=| siné, sing,

cos b,

Then we have the inner product as

n, -n, =cosd cosd, +sin G sinb, cos(4 —,)



We assume a new ket defined by

1) = R (0. 4)|m,) =| R O )m,).
and

(n]=(n, | R(G.41)
Note that the matrix R™'(6,,4,) is given by

cos@ cosg cosf sing —sinb,
R(O,4)=| -—sing cos g, 0

sinf,cosg sinf,sing  cos6,
and

n'= SJr1(017¢1)nz
—sin g, cos 8, + cos 6, sin 8, cos(@ — ¢,)
—sind, sin(g, —¢,)
cos 6, cos &, +sin 6, sin &, cos(g, — @,)
R(O,D)e,

sin® cos ®

sin ®sin @

cos ®
Since
n'e, =cos cosd, +sind sinb, cos(¢ —¢,)
it is found that
n -n,=n"e, =cos®

In other words, © is the angle between n' and e and it is also the angle between n, and

n,.



n;
N4
y
X
Fig.4 Three vectors n, =R(6,.4)e.. n, =R(6,,4,)e..

n'=R"(6,4)n, =R(O,D)e,. The Mathematica is used for this figure.

6, =60°. 0,=45°. ¢ =30°. ¢, =50°. Without Mathematica, it is hard
for me to get the line for the unit vector n’.

Using the closure relation, we get

Y"(©,0) = (n'|im)
= (n, |R(6, $)|1,m)
=" (|11, m'|R(6,.¢,)|1,m) (1)

= YT O R )

l,m>

where

D;Sf'?n 6,9) = <l, m'|lA3(6’1, $)

l,m>



Equation (1) relates spherical harmonics in three different directions. The most useful
caseism=0;

DO

m'm=0

0.9)= e d,g')m=o @)

where
40 o (0) =" |1y (0, )]
"= 2/ +1
and

472— m'=0" *
digil')=0,m=0(el) = m[Y; 0(31,4’51)] = P(cosb)

Then we have
Y,"(0,0) =YY" (6,,4,)D%), (6.4,
= Y"(6,,4,)e " (6,

A
2[+1

zefim%eim% [Ylm'(el’¢l)]*ylm'(92’¢2)
— S O T Y (G
U414 TR e
which leads to the addition theorem for the spherical harmonics
47[ m *ym
P,(cos®)=m2[1’, (6,0)1 1,"(6,,4,)

(@)

|n'>:1§ n>, |n>:1’§+

Using the closure relation, we get

l,m> = z l,m'><l,m'LIA€

m'

R

l,m>

and



(o &l1n) = 3 o) o o
Noting that (n|=(n'|R, we get

(1) = X o o) o )
or

Y ()= X" (D}, (R).
(b)

[m)=R|n’)... (n[=(n'|R"
Using the closure relation, we get

BV} = Xt o)
and

(|t = 3 o1 )
Noting that (n|=(n'|R", we get

(1) =310 10 ] 1)

m'

or

Y m)= 21" (D), (R)
10.  SphericalPlot3D of ‘Y,’” 4, ¢)‘2

A (n|l=0,m=0)

Y0(0.9) =ﬁ



[=0,m=0

Fig.5 SphericalPlot3D of ‘YOO(@, ¢)‘2

(i) (n|l=Lm) (m=10,-1)

Y11(9,¢)=—% /%ew’sin@:_% /%M
T T r
3 3 z
Yl°(6,¢>:,/acose: /E?
K1(9,¢)=%,/2ie"“’sine=% /%LW)
T T r

Sy
-y

I=1,m==1 I=1,m=0
Fig.6 SphericalPlot3D of |1 (8.4 with m=1,0, -1.

(i) (nl=2,m) (m=2,1,0,-1,-2)



1[15 1 (15 (x+iy)
Y20, :__2¢ 20:__ ,
2( ¢) 4 272_8 Sin A\ 2, r2
Yzl(@,¢)=—l,/l—se'”’sin@cosez—l 1_5_(x+;y)z,

2\ 27 A

2_ 2

r0.9) =L 21+ 300520 = L 2 eosto-1y = L [F 30

SV ANz ANz r

nl(e,m:%,/;—ie%inecose:% 15 =)z

2 r

- 1 /15 i - 1 /15 ()C—iy)2
ng, = — _82¢Sln29:_ 10 .
2 (6:9) 4\ 27 a\N2r 2

1=2,m=+2 [=2,m==1 1=2,m=0
Fig.7 SphericalPlot3D of |¥7"(8.¢)| withm =2, 1,0,-1, -2.

(i) (m|/=3,m) (m=3,2,1,0,-1,-2,-3)

N
V0.4 =L [P sindg =L 3500
8V 7« 8V 7 7
.2
v20.9) =+ 195 2 Gin2 peos = 1 [105 2(x+i0)*
4\ 27 4\ 27 7



Y, (0,4) = —%\/ge’”’ﬁ +5c0s(26)]sin @

_ 1 }ge’”’(Scosz@—l)sin@ ,
8\ 7

121 52
o LT

Y, (0,¢) = %\/2[3 cos@ + 5cos(36)

=% lcos0(5c0s20—3) ,

\/72(52 r?)
16 7

1 121 4 .
Y, (0’¢):E ;e [3+ 5c0s(26)]sin g

_1 /ge””’(Scosz@—l)sin@ ;
&\«

121 52
=— x—i
2 )( y)
—7 2
}’3’2(0,¢):l 105 e *sin’ 0cos0—11/—105 2x=iy) 3zy) ,
4\ 27 4\ 27 r

0=t B nonl Bei

=3, m=43 [=3,m=42 1=3,m=x1 1=3,m=0
Fig.8 SphericalPlot3D of |1," (6, ;;ﬁ)\2 withm=3,2, 1,0,-1,-2, -3

((Mathematica-3, SphericalPlot3D))



Clear["Global "];
fi[L1 , M1 ] :=
Module[{gl, g2},
gl = SphericalPlot3D [Abs [SphericalHarmonicY[L1, M1, &, ¢] ]2,
{e, e, 7}, {¢, 0, 271}, PlotRange » All, PlotPoints - 50,
PlotStyle » {Green, Opacity[©.5] }] // FullSimplify;
g2 =
Graphics3D[
{Text [Style[" (1,m) =" <> ToString[{L1, M1}], Black, Italic, 15],
{e.1, 6.1, 6.10}]1}];
Show[gl, g2] ];

[ =0 (m =0): SphericalPlot3D

Fig.9

0.10

=1 (m =1, 0): SphericalPlot3D

Fig.10



[=2 (m=2,1,0): SphericalPlot3D

Fig.11






[=3(m=23,2,1,0): SphericalPlot3D

Fig.12







=4 (m=4,3,2,1,0): SphericalPlot3D

Fig.13










I=6,m=6,5,4,3,2,1, 0: SphericalPlot3D

Fig.14















11. Contour plot of Re[Y,"(6,¢)] on the Bloch sphere
Here we show a contour plot of Re[Y,"(6,¢)] for several spherical harmonics, where

the contours of Re[Y,"(8,¢)]=constant are drawn on the unit sphere (the Bloch sphere).

Since the spherical harmonics are functions on the unit sphere, the figures show a series
of balls with contours drawn on them. We show the plot contours on which the squares of
the real part of the spherical harmonics is constant. The contours on which

Re[Y,"(6,¢)] > 0 are denoted by red lines, while the contours on which Re[Y,"(6,¢)] <0

are denoted by blue lines. For large /, Re[Y/(0,4)] is significantly non-zero only where
sind ~1, i.e., around the equator. As m decreases from m = [ to m = 0, the region of the
unit sphere in which Re[Y/(8,4)] is significantly non-zero gradually spreads from the

equator towards the poles. For large / the phase of Re[Y/(8,4)] changes rapidly with ¢.
As m decreases, the change of the phase of Re[Y/(8,4)] becomes smaller.

((Mathematica-4))

Clear["Global %"];
ReYDensityPlot [/ Integer, m Integer] :=
Block [ {ymap, &, ¢},
ymap =
Image [ContourPlot [
Re [SphericalHarmonicY [/, m, 6, ¢]] // Evaluate,
{¢, @, 271}, {6, O, t}, AspectRatio » Automatic,
ColorFunction -» "Rainbow", Frame -» False,
ImagePadding —» None, PerformanceGoal —» "Quality",
PlotPoints —» 80, PlotRange - All,
PlotRangePadding —» None], ImageResolution - 200];
ParametricPlot3D|[
{Cos[¢] Sin[e], Sin[¢] Sin[e], Cos[E]},
{¢, @, 27}, {6, O, 7}, Lighting » "Neutral”,
Mesh -» None, PlotStyle » Texture[ymap],
Axes -» False, Boxed - False,
TextureCoordinateFunction » ({#4, #5} &) 1]



(@) |l = 3,m> state

(@ 1=3,m=0

b  I1=3,m=1

© I1=3,m=2



@ 1=3,m=3

(i)  |[/=15m) state

(@) [=15m=2



[=15,m=7

(b)

[=15,m=15

(©)



Fig.15 Contour plot of Re[Y,"(8,4)] on the Bloch sphere

12.  Reotational motion
We define the unit: Kaiser (cm™) as

ahc 1.23984x107
A A(cm)

E:ha):hck:2

[eV]

This is the relation between energy (erg) and Kaiser (cm™). When one discusses the
optical spectrum, the unit (Kaiser, cm™) is conventionally use.
The Hamiltonian for the rotation is given by

~ 2 22 22
H= L, + L, + L
21, 21, 21

where Iy, Iy, and I, are the moment of inertia.

(a) I, =1,=1 =1 (isotropic)



1,m) is the eigenket of L’ \ with the eigenvalue 7°/(/ +1);

L’ |, m) =111 +1)|1,m).
Then we have
2
All,m) =@ 1,m) = ED)|1,m).

where m =/, [-1,...., -[+1, and -/. The energy level is given by

2
E()= G
21
The degeneracy of the energy level is (2/ + 1). Note that

RA+DI+2) RIG+1) 0
21 27 I

E(+1)—E(l)= (+1).

The wave function is given by

(n

() [,=1,butl #I

Lmy=Y"(0,p).

l,m>=<9,¢

. LP+0? L 1P-f? P?
H = + = .
21 21 21 21

X z X z

Since [I:2 ,iz] =0, |/ ,m> is the simultaneous eigenket of L2 and iz with the eigenvalue

7’I(I +1) and im , respectively.

L|L,m)=w1(+D|l,m),  L|l,m)=nhm|l,m).
Then we have
H|lm) = E(l,m)|l,m)




where

I +1)—m’] . Wm’

E(l,m) =
(m) 21 21
We note that
(n|L,m)=Y"(0.¢).

13. Spherical harmonics in the Cartesian coordinate
Using the relation given by

x =rsinfcosg, y =rsindsing, z=rcosd,
the spherical harmonics can be expressed as follows,

X 12y (6.9) - Y (60.9)]
7 3




((Mathematica-5))

()C+ly) /27TY2(H ¢)

r2
204 ) _ L, 274

= 2 151/2(9,415)
222—(x2+y2)_ o

> _4\EY2(9,¢)

z(x —1iy) 27,

> 21/151/2 0.9)
(x—ip)* 27 42

S o =4 15Y2 0.9)

zX

2_’;[4; 0.4)+Y,(0.9)]

Y_f _; 2_”[17;(6’, $)+Y, ' (0,9)]
B 15

’rf_{ — _[Yz(e $)-Y,2(0,9)]

Spherical harmonics using the Cartesian co-ordinate (x, y, 7)



Spherical Harmonics: representation in Cartesian co-ordinates

Clear["Global ="];

r‘ulel:{r—;\}x2+y2+zz,a—»ArcCos[ - ],

x? +y?+ 22

b aArcTan[E]};

f[n , m ] :=Module[{gl, g2},
gl = r " SphericalHarmonicY[n, m, 6, ¢]1};
gl //.rulel // FullSimplify[#, {x>90, y>0, z>0}] &];

G[ni ] :=Table[{n1, m1, f[n1, m1]}, {ml, -ni, n1, 1}] //
TableForm;

[=0 (s), m = 0; even parity

G[e]

) ) 1

o

%]
=

=1 (p), m =-1,0,1; odd parity

G[1]

1 3 -
1 -1 E f;{x—_y}



|=2(d), m=-2,-1, 0, 1, 2; even parity

G[2]
2 -2 % 21—5 (x-1ivy)?
2 -1 1 /1 (x-iy)z



=3 (f), m=-3,-2,-1,0, 1, 2, 3: odd parity

G[3]
3 -3 é /% (x-iy)?
1 185 = 2
3 -2 p f; (X-1y)“z
3 -1 —é 2 (x-1y) (x*+y*-42?%)
3 Z] % %zt—s{xz—yz} 2z%)



|=4(g), m=-4,-3,-2,-1,0, 1, 2, 3, 4; even parity

G[4]

[ 2 S om (2 [y2 2 2
\ (X-1y)z (3 (x"+y°) -4z
o (x2+y2)2-72 (x2+y?) 22224 74
16+~

4 -1 -3
8

4 1 g E (x+iy)z (3 (x*+y*) -42%)

14.  Example-1
((Sakurai 3-15)) The wave function of a particle subjected to a spherically symmetrical
potential V(r) is given by

y(r)=(x+y+z)f(r)

(a) Is w(r)an eigenfunction of L2? If so, what is the /-value? If not, what are the

possible values of / we may obtain when L2 is measured?
(b)  What are the probabilities for the particle to be found in various m states?



Noting that

r_ 2_”[17;1(6’,415) ~Y'(6.4)]
r 3
Y

:iﬁ[zl(e,mml(e,w]
7 3

47 o
7_\/;},1 (H’¢)

we have

N

x+y+z

2Tﬁ[(l +D)Y(0,4)~ (1=DY] (6,4) +72%(6,9)]

Then, w(r)can be rewritten as

w(x,y,z) = \/%[(1 + )Y (0,4) ~ 1= DY (0,4) + V25 (0.9)1if ()
This implies that

L) ++/2

1,0) + (1+1)

)=l 1-1)]

So we get
Lly)=r’I(+D|y)

with /=1

PaanoszWszé,

which is independent of m.

15.  Example-2
A particle moving in a potential is described by the wave packet

v(r)=(xy+ yz+zx) exp[—ozz(x2 + y2 + zz)]

What is the probability that a measurement of L2 and L, yields the results 642 and 7,

respectively?



((Solution))
We note that

zX

Z_ 2_”[_}’;(6’, #)+Y,"(0,9)]
r 15

yz_, %[gl(e,¢)+n‘(9,¢)]

3 =
r

X —[YZ(H $)-Y,2(0,9)]

2
r

Then, we have

2
r

S %{—Y; O.P)+Y," (0. P)]+i %Y; @9+, (0.9)]

- [T20.0)- V0.9
or
M \/7[( 1+ DY 0,8) + (1 + )Y, (0,8)— iY2(6,0) +iY;2(0,4)i].
Thus, the wave function can be rewritten as
y(x,y,z) = \/7[( 1+0)Y,(0,8) + (1 +0)Y; ' (0,) ~ i (0,9) +iY, (0,91 ™,

or

_>]_

-1)

1)

)= -22)

The probability that a measurement of L2 and L, yields the results 642 and 7, respectively
(I=2,m=1)is



P= \(2,1 v

>‘z_‘—l+i

ARG

16.  The Series expansion of the Legendre differential equation

We note that
[#,L]=0, and [#,[*]=0,

where 7 is the parity operator and L is the orbital angular momentum. Then we have a

simultaneous eigenket of 7 and I? such that

7 l,m> = i|l.m>, I’

1,m)=n*I(I+D)|y).
We obtain

(0.4

7 l,m> = <7z—9,7z+¢|7%

l,m>=i<9,¢

l, m> .
This means that under the parity operation, we get
x=cosf — cos(r—0)=—-cosf =—x,

Here we consider the case of m = 0. The function y(x) is defined as

y(x)=(0,¢

[,m= O> ,

where
x=cosé.

The function y(x) is either even or odd function of x,
y(=x) =ty(-x).

depending on the value of /. The function y(x) satisfies the differential equation

(1=x")y"(x)=2xy'(x)+ Ay(x)=0.



where A is the eigenvalue to be determined. So it is reasonable to assume that
y(x)=x"Y a2k)x* = ak)x™7,
k=0 k=0

where a(0)#0 and the index p is expected to be either 0 (even function) or 1 (odd

function). We solve the second order differential equation by using the series expansion.
Then we have

p(p—Da(0)=0,
[4—=p(p+DIa(0)+(p+1D(p+2)a(2)=0,
[A=(p+2)(p+3)]a2)+(p+3)(p+Ha(4) =0,
[A=(p+4)(p+3)a(@)+(p+5)(p+6)a(6)=0,
[A=(p+6)(p+D]a(6)+(p+T)(p+8a(8) =0,
[A=(p+8)(p+9]a(®)+(p+9)(p+10)a(10) =0,
From the first equation, we have
p=0,or  p=1.

In general, we have the recursion relation

(2k+p)(2k+p+1)—/1a

aRk+2)=
Rek+p+D)2k+p+2)

(2k)

When
A=Rk+p)2k+p+1),

we have



a2k +2)=ak+4)=...=0

Then the series terminates. The solution is just the Legendre polynomial.

(1) p=0
We have
a2k +2y=GRCEAD =2 oy
k+1)(2k+2)
with

Aa(0)+2a(2) =0

(A —6)a(2) +12a(4) =0

(A —20)a(4) +30a(6) = 0

(A —42)a(6) + 56a(8) = 0

(A —72)a(8) +90a(10) =0

i) p=1

2k +1)(2k +2) - A

k) = S D2k +3)

a(2k)

with

(A —2)a(0)+6a(2) =0

(A —12)a(2) +20a(4) = 0

(A —30)a(4) + 42a(6) = 0

(A —56)a(6)+72a(8) =0

(A —90)a(8) +110a(10) =0



where
A=Il(+1)
((Mathematica-6)) Series expansion method

Clear["Global *"];

eql = (1- &%) D[@[E], {£, 2}1 -2ED[@[E], €] + L (L+1) @[€];
DSolve[eql == 0, ¢[£], £€] // Simplify

{{w[&] »C[1] LegendreP[L, £] +C[2] LegendreQ[L, &]}}

eq2 = (1-&°) D[@[E], {£, 2}]1 -2ED[@[E], €] + X ©[§];

6
£1[x ] := %7 ) a[2k] x**; rulel = {p > (£1[#] &) };
k=0

eq3 = §¥Peq2 /. rulel // Simplify;
listl = Table[{ n, Coefficient[eq3, §, 2n]}, {n, 0, 5}] //
FullSimplify;
3

£2[x ] := xP Z a[2k+2m] x2%2",;

m=-3

rule2 = {¢p » (£2[#] &) };
eqd = £8P 2% (eq2 /. rule2) // FullSimplify;

list2 = Table[{ n, Coefficient[eq4, §, 2n]}, {n, 2, 6}] //
Simplify;

seql = 1list2[[3, 2]] =0;

seqll = Solve[seql, a[2 +2k]] // FullSimplify;



seql2 =seqll /. p~>1

<2+6k+4k2—)\)a[2k]}}

{{a[2+2k]e
(2+2k) (3+2k)

seql3 =seql2 /. p->0

<2+6k+4k2—)\)a[2k]}}

{{a[2+2k]e
(2+2k) (3+2k)

listl /. p-> 0 // TableForm

0 0

1 2a [O]+2a[2}

2 —(6-2) a[2] +12a[4]
3 -(20-2)af[4] +30a[6]
4 ~ (42 - 1) a[6] +56a[8]
5  —(72-2) a[8] +90a[10]

listl /. p> 1 // TableForm

0 0

1 -(2-A) a[0] +6a[2]

2 -(12-A) a[2] +20a[4]

3 -(30-Q) a[4] +42a(6]

4 -(56-A) al[6] +72a[8]

5 -(90-A) a[8] +110a[10]

(b) Legendre function determined from the series expansion
(1) [=0

A=0, a(2)=0

£(&) =a(0)



2) I=1

A=2, a(2)=0
(&) =a(0)$
k) 1=2
A=6, a(4)=0,  a(2)=-3a(0)

P(&) =-a(0)(-1+3&7)

4 1=3

A=12, a(4)=0, a2)= —%a(O)

R =ae1-26) =D 3¢ 455
(5) =4

A1=20, a(6)=0, a(2)=-10a(0), a(4) = 3—3561(0)

P& =a0)1-105" +22 ) = 03308 + 35
Note that the value of a(0) can be determined from the normalization such that

‘ 2
jl AU ()P (1) = 6,y

(¢). Legendre function (Mathematica)

((Mathematica))



Clear["Global *"];

Table[{L, LegendreP[L, £]}, {L, O, 10}] // TableForm

0 1
1 g
1 2
2 , (—1+3§>
1 3
3 > (-3&+5¢&°)
4 c (3-30¢&+35¢")
5 S (156-708 + 6387
6 fz(—5-%10552-315§4+231§6>
7 ~ (-356+31567-693¢6°+429¢")
8 o (35-12606%+ 6930 - 12012 €° + 6435 &°)
9 - (3156-4620€° +18018 £ - 25740 €' +12155 £°)
10 7 (-63+3465&%-30030 £* + 90090 £°- 109395 £° + 46189 £1°)
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APPENDIX: Recursion formula

A A

L =L +iL, L =L -iL,.

L.|1,m)y=nJ( —m)(I +m+1)

l,m+l>.

L |1,m)=nJ( +m)(I —m+1)

l,m—l>.

(a) Method-I:  the use of i+

Suppose that <n l,m= l> is given exactly. We determine the exact form of <n [, m> in

the following way.



,0) =l +1)

L,1)

L1y =1 -1)(I+2)

2)
3)

, >=h (I-2)(1+3)

) 0

By multiplying terms of both sides separately, we have

(L,)"]1,0) =" JI(I = 1)...(I - m +1)
)
or
1 +m)! m
l,m>—hm - )'( )"[1,0)
or
_ (+m)! .,
(nftm) = oo (L) nl10)

where L, is the differential operator and is given by

L, =he" —+ cot@—
e ( 20 i )

o¢
In Mathematica, this differential operator is given by

L. —> he' (D[#,0]++icot OD[H, §]) &



(b) Method-1I: the use of L
Suppose that <n

l,m= l> is given exactly. We determine the exact form of <n

l,m> n

the following way.

L |11y=n211

Li-1),

L

LI-1)=h(2[-1)-2

1,1-2),

L

1,1-2)=n\J(2-2)-3

1,1-3)

L

Lm+2)=h(l+m+2)(I—m—-1)

l,m+l>

L

Lm+1) =1l +m+1)(I —m)

[, m>
By multiplying these terms of both sides separately, we have

1,1y = pion |GDM=m)!
, (I +m)!

( Ll )l—m

l,m>

or
1 [AEm
b= @y 1D
or

(n

1 [dEm
L) =5 Gyt ) I

where L, is the differential operator

L =he™ (—i +icot Gi)
20 o4



In Mathematics, the differential operator is given by
L —> he ™ (—~D[#,0]+icot OD[#,4]) &

((Note))

L = he””(i+icot9£),
06

o¢
L = heii”’(—iﬂcot@i) ,
00 o0¢
with
L_=ih(sin ¢i + cot @ cos ¢i) .
060 o0¢
L, =ih(—cos ¢%+ cot@sin ¢a—a¢).
L = in
0¢
(a)

Differential operator:

L =he™" (i —icot Gi) =L .
00 o

For the operators in quantum mechanics



(n|L.|y)=(w|L |n)
(L |n)
=[-L (y[n)I
— L (y|n}
=L, (n|y)

(n|Z_|w)=(w|L"|n)
(L. oy
=[-L, <1//|n>]*
=L (y|n)
=L (n|y)

Note that
(wIL[m)=—L (yn),
(w2 m) ==L {y|n).
(b)

(w|L, [m)=(w|L |n)
=(n|L.|y)
e (ot G%Mn)]*
_ i i_- i *
he (G icotL oy (m

=—Ly (n)
L {y|n)



(w|L ) =(y|L,|n)
=(n[L_|y)
=lhe * (L icoto Lyl

= he' (—% —icot 9%)!//* (n)

=—L.y (n)
- L. {yn

((Mathematica))



Recursion formula for the lowering operator for spherical harmonics

(a) Determination of spherical harmonics <n|l,m=0> from <n|l,m> using the

recursion relation with rasing operator

Clear["Global™ "];

20 +1

yl[L , & ] := LegendreP[L, Cos[&]];

4

JR:= (e*? (D[#, 6] + 1Cot[6] D[, ¢])) &;

[ ,{L-m)!
Y[L ,m, & ,&]:= —— Nest [IR, #, m]
(L+m)!

gl[L ] := Module[{eql, L1, sl}, L1=1L;
eql = Table[{L1, ml1, Y[L1, m1, &, ¢] [y1l[L1l,&]1] }, {ml, @, L1, 1}] //
Simplify; sl = Prepend[egl, {" L ","™ M ","™ Y(L,M, &,¢) "}1;
Grid[s1]];

&;

gl[1] // Simplify

L M Y{L,M, &,0)
1 /3
1 e 2 “«.":r Cos [Z]
1 i | 3
_ 1 =TT 2 >
1 1 5 e \2n 5in[8]



gl[2] // Simplify

L M Y':I—,M, S:Q:l
1 [s | ..
2 B E,,IIIIII'; l._1—3-'|:ﬂ'5[25]}
x |'_
2 1 —; et? J ;-f Cos[&] Sin[&]
1 _2i¢ [15 o 2
2 2 ; = \ 27 51n[&]

gl[3] // Simplify

L M Y(L,M, 8,0)
3 0 = E (3Cos[6] +5Cos[38])

3 1 —i ei:ﬂu."g (3+5Co0s[28]) Sin[8]
3 2 1 glio m"IIE Cos[&] Sin[&]2

3 3 —é e3=? w."'% Sin[s]?

gl[4] // Simplify

L M Y':L:M: 5::':':'
4 0 3 [9:208C0s[25]+35Cos (48]
128 o
4 1 —% Eiﬂ,u.@ (1+7Cos[28]) Sin[2 8]
a2 2ete "n"lle— (5+7Cos[25]) Sin[5]2
. Ir
4 3 —i =3¢ Mﬁ—f Cos[&] Sin[&]?
a 4 2 gtie (35 gipn[g]®

16 N 2w



(b) Determination of spherical harmonics <n|l,m=l> from <n|l,m> using the

recursion relation with lowering operator

Clear["Global "];

(-1)" /mmz . . .
z1[L , & , &1 = (S5in[#]) Exp[al &];
28 L 4

IL:= (e?? (-D[#, 8] + 1 Cot[6] D[%, ¢])) &;

(L+m)!
Z[L ,m , & , & ] := Nest [JL, #, L -m] | &;
(2L ! (L=-m) !
hl[L ] := Module[{eql, L1, s1l}, L1=1L}
eql = Table[{L1, m1, Y[L1, ml, &, ¢] [v1[L1l, &1] }, {ml, @, L1, 1}] //
Simplify; =1 = Prepend[eql, {" L ", " M ™",™ ¥Y(L,M, &,¢) "}1;
Grid[s1]];

hl[1l] // Simplify

L M Y(L,M, &,0)
1 |I?
1 8 N \,"r Cos [Z]
1 (3
1 1 -3 gt” \J,'; 5in[2]

hl[2] // Simplify

L M Y{L,M, 3,0)
I
2 0 %a \,"Ii (1+3Cos[28])
2 1 -21gte "'1—_5(205[5] Sin[&]
'\ll}"_rf
2 2 1g2i0 [15 Sin[8]?
4 \IIZ:'.



h1[3] // Simplify

L M Y':L,M, .5“;.}
3 ) 115 |2 (3Cos[8] +5Cos[38])
L'

_1 _io I."g = es

3 1 15[: \ (3 +5Cos[23]) S51n[&]
1 _2ip [1B85 . 2
3 2 4 e "M'I . Cos[&] 51n[&]
1 _3:0 [35 3

3 3 -- e H.? 51n[&]

h1[4] // Simplify

L M Y(L,M, 8,0)
a 0 3 [9:2BCos[25]+35Cos 457"
128 4
4 1 -2¢&°% [2 (1:7Cos[22]) Sin[25]
32 Ao
a2 I M."z—f‘_ (5+7Cos[25]) Sin[5]>2
a4 3 —i e3ie ,u,@ Cos[5] Sin[a]3
a4 4 3 gfte 35 giprg)t

15 No2m



